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We describe a new non-LTE average-atom-kinetics model of plasmas in which the two-electron
transitions of autoionization and its inverse, resonant capture, play a dominant role in establishing
ionization and energy balance. We show that, compared with a familiar collisional-radiative-equilibrium
model for laser-produced gold plasmas: (1) the two-electron transitions force recombination of the
plasma with decreasing density, and (2) the two-electron transitions nevertheless further act to greatly
increase the radiative emissivity of the plasma.

PACS numbers: 52.25.Jm, 32.30.Rj, 52.55.Dy
The ionization state of laser-produced high-Z plas-
mas must often be modeled by a nonlocal thermody-
namic equilibrium (NLTE) atomic kinetics scheme [1].
Typically this results from a weak and NLTE ambient
radiation field, far from the free electron temperature.
Furthermore, the collisions of the free electrons may not be
strong enough to establish detailed balance of the bound-
bound and bound-free electron transitions of the ions. The
NLTE ionization state is then determined by the balancing
of the strongest electron transition processes.

A familiar physical model is that of the collisional-
radiative equilibrium (CRE) and its one-electron �1e�
collisional and radiative bound-bound and bound-free
transitions [2]. In a CRE model, and in a negligible
radiation field, the plasma ionization state becomes in-
dependent of density with decreasing density as the
balancing source and sink, radiative recombination and
collisional ionization, respectively, both become propor-
tional to the free-electron density. This is the well-known
coronal limit.

Thompson scattering of probe pulses in recent laser-
produced-plasma experiments [3] provide data which
suggest that the CRE model requires improvement. De-
creasing ionization was observed with decreasing density.
Indeed, default radiation-hydrodynamics NLTE model-
ing, LASNEX�XSN [4,5], failed to satisfactorily simu-
late the observed plasma state, especially the behavior
with electron density. On the other hand, practically pro-
hibitive detailed-configuration-accounting NLTE model-
ing, LASNEX�DCA [6], gave quantitative improvement
and qualitative agreement. The present report concerns
a key feature implemented in LASNEX�DCA, and de-
scribes the first analytical and numerical results of its
practically efficient formulation for implementation in
models such as LASNEX�XSN.

We describe the NLTE modeling of plasmas in which
the two-electron �2e� transitions of autoionization and
its inverse, resonant capture, play an important role in
establishing ionization and energy balance. We develop
a new model suitable for application in situations where
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detailed models are too complex or costly. We show
that 2e transitions can dominate the ionization balance
and force recombination of the plasma with decreasing
density; we derive a new density scaling law which
stands in contrast to the coronal limit and in concert with
the recent experimental results. We also show that 2e
transitions act to greatly increase the radiative emissivity
and thereby increase the thermal cooling rate of the
plasma; this has significant consequences for modeling the
dynamics of laser plasmas.

For the purpose of instruction it is sufficient to con-
sider a model system of ions possessing only two bound
levels, an effective ground/inner level and an excited/
outer level, denoted 1 and 2, respectively. An ionic con-
figuration of integer level occupations is �N � �N1, N2�,
and �D � �D1, D2� are the level degeneracies or maximum
occupations. Heuristically, the plasma ionization state is
determined by the large number of ions with at least par-
tially filled inner levels, while the radiative emissivity is
determined by the relatively small number of ions with
electrons also in outer levels. That is, it is useful to
consider configurations such that N1 . N2, so the ion-
ization state Z� � Z 2 �N1 1 N2� � Z 2 N1, depends
dominantly on N1. Similarly, D1 . N1, so the power
emitted in spectral lines from spontaneous radiative de-
cay transitions from level 2 to level 1, X21 � N2�D1 2

N1� � N2D1 � N2, depends dominantly on N2. The oc-
cupations of the two levels act separately to control the
plasma ionization and energy balance.

Figure 1 is a schematic illustration of a 2e autoioniza-
tion transition, an event in which one electron falls down
from level 2 to level 1, while another electron in level
2 receives the transition energy of the falling electron and
jumps up into the continuum, that is, is ionized. If the ini-
tial configuration is �N1, N2�, then the final configuration
is �N1 1 1, N2 2 2�. Note that a multiply excited ion is
required, N2 2 2 non-negative, and that an inner vacancy
must exist, �D1 2 N1� positive.

Energy conservation in the 2e transition requires that the
kinetic energy of the ionized electron is
© 1999 The American Physical Society
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´kin � Eion�N1, N2� 2 Eion�N1 1 1, N2 2 2�

� �´1 2 ´2� 2 ´2 � ´1 2 2´2 .

Here Eion is the total energy of the bound electron
configuration, and 2´i are the energies (negative definite
eigenvalues) of the bound levels; ´1 2 ´2 is the energy
made available to the jumping electron, and ´2 is the
minimum amount it must jump to reach the continuum.
The 2e transition is energetically allowed, or above
threshold, when ´kin is non-negative. Note that the
inverse transition of free electron capture is a resonant
process, involving a free electron of kinetic energy equal
to the difference between the two ion configuration
energies.

The kinetic equation governing the time evolution of the
probability distribution of configurations of ions under 2e
autoionization transitions may be written as
�F�N1, N2� � 2F�N1, N2�A122�N1, N2� �D1 2 N1�N2�N2 2 1�

1 F�N1 2 1, N2 1 2�A122�N1 2 1, N2 1 2� �D1 2 �N1 2 1�� �N2 1 2� �N2 1 1� . (1)
Here “dot” denotes the time derivative, and A122 is the 2e
transition rate for autoionization, reckoned according to
the number of electrons and holes available to participate
in a transition; these are the final factors in the transition
terms above. The subscripting denotes the three levels
involved in the 2e transition, inner�outer�outer. Note
that from A there is both a gain and a loss term to
the configuration of interest, and that the sum over all
occupations of the two terms vanishes, so that the total
probability is conserved. Gains to a certain configuration
are exactly losses from another, “adjacent,” configuration.
Later in our development we include the inverse process
of resonant capture, and then also the usual 1e transitions.
Finally, we show results from a complete multilevel model.

For our purposes LASNEX�DCA may be viewed as
the direct treatment of Eq. (1) by including many configu-
rations; construction of such a plasma ensemble can be
a costly exercise. Here we describe the statistical treat-
ment of Eq. (1); we formulate equations for the evolution
of the average populations of the levels, P1 � 	N1
 �P

�N N1F� �N� and P2 � 	N2
 �
P

�N N2F� �N�. This great

FIG. 1. In an autoionization event of a multiply excited ion,
an electron in a higher energy level, n00, is ejected, while
another, in n0, falls to a lower energy level, n. Energy
conservation requires that ´kin � ´n 2 ´n0 2 ´n00 $ 0. In the
two level atomic kinetics system treated in the text n00 � n0 �
2, and n � 1.
reduction in the detail of the treatment yields a corre-
sponding reduction in the effort required for its applica-
tion; it further yields useful physical insight through the
scaling laws able to be deduced.

We begin by multiplying Eq. (1) by N2 and summing
over all �N to obtain the equation governing P2. As is
useful in demonstrating conservation of total probability,
introduce the dummy indices N 0

1 � N1 2 1 and N 0
2 �

N2 1 2 in the sum from the second term on the right-
hand side (rhs) of Eq. (1) to obtain a partial term-wise
cancellation with the first:

�P2 � 22
X

F� �N�A122� �N� �D1 2 N1�N2�N2 2 1� .

The terms proportional to the leading factor of N2 cancel;
the surviving number minus two is the change in the upper
level occupation upon an autoionization event.

Now suppose that A is slowly varying about its value
at the mean occupations, A� �N� � A� �P�, and remove that
from the summand. Also write �N � �P 1 � �N 2 �P� �
�P 1 D �N to perform the remaining sums “exactly.”

�P2 � 22A122�D1 2 P1� �P2�P2 2 1� 1 	DN2
2 
� .

It turns out that if A is effectively independent of
occupation, then F is a separable function of N1 and
N2, F�N1, N2� � F1�N1�F2�N2�, so that the “cross”-
correlations vanish, 	DN1DN2
 � 0, and only the
“self”-correlations, 	DN2

2 
, survive. This is the familiar
physics of the noninteracting Fermion model of systems
of bound electrons. The self-correlations are well known

	DN2
2 
 � P2�D2 2 P2��D2

and combine conveniently with the first term in the square
brackets.

�P2 � 22A122�D1 2 P1�P2
2�1 2 1�D2� .

The retention of the self-correlation term is essential in
obtaining a model which obeys the LTE limit. In the
following we absorb the factor �1 2 1�D2� into the 122
rate; it will no longer appear explicitly.

Including the resonant-capture terms yields the total
time rate of change of P2 due to 2e transitions.
�P2 � 22A122�D1 2 P1�P2

2 1 2R122P1�D2 2 P2�2. (2)
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The equation for P1 is seen to be
�P1 � 1A122�D1 2 P1�P2

2 2 R122P1�D2 2 P2�2. (3)

The conservation rule for integer configuration transitions,
2N1 1 N2 � const, is obeyed by Eqs. (2) and (3).

Now Eqs. (2) and (3) are linearly dependent, on ac-
count of the conservation rule, so our two-level system
requires further constraint in order to yield nontrivial so-
lutions. In the density, temperature, and radiation regimes
of many laser-heated plasmas the 2e transition rates are as
great as the 1e bound-bound transition rates, while the 1e
ionization and recombination rates are smaller. We close
the system by augmenting Eqs. (2) and (3) with 1e bound-
bound excitation and deexcitation terms.

�P1 � 2P1�D2 2 P2�2R122 1 �D1 2 P1�P2
2A122

2 P1�D2 2 P2�T12 1 �D1 2 P1�P2T21 , (4)

�P2 � 12�D2 2 P2�2P1R122 2 2P2
2�D1 2 P1�A122

1 �D2 2 P2�P1T12 2 P2�D1 2 P1�T21 . (5)

Here the total one-electron bound-bound transitions be-
tween the levels include both collisional and radiative
rates; T12 � C12 1 R12, T21 � C21 1 R21.

The 1e bound-bound transitions conserve the total
number of electrons in the two levels, N1 1 N2, while
the 2e transitions conserve 2N1 1 N2. This provides a
path to the solution of the system in steady state; linear
combinations of Eqs. (4) and (5) are

� �P1 1 �P2� � �D2 2 P2�2P1R122 2 P2
2�D1 2 P1�A122 ,

(6)

�2 �P1 1 �P2� � 2P1�D2 2 P2�T12 1 �D1 2 P1�P2T21 .

(7)

In steady state the 2e and 1e processes are separately in
balance, and together determine the two level populations:

P1 � D1��1 1 �A122�R122� �T12�T21�2� , (8)

P2 � D2��1 1 �A122�R122� �T12�T21�� . (9)

All the preceding development has been guided by
the usual treatment of the 1e transitions, and its LTE
limit in particular. Let us confirm that if the 1e bound-
bound processes obey detailed balance, then the required
LTE populations of the two levels are recovered. Using
detailed balance

TLTE
12 � exp�2�´1 2 ´2��Te�TLTE

21 ,

R122 � j exp�2�´1 2 2´2��Te�A122 ,

we find that indeed

PLTE
i � Di�1 1 exp�2�´i 1 m��Te� . (10)

Equations (10) contain the Fermi factors of the tempera-
ture, Te, level energy, ´, and chemical potential, m.
The relation between R122 and A122 is always true for
a nondegenerate Maxwell-Boltzmann distribution of free
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electrons, where j � �ne�2� �h�
p

2pmeTe �3 and m �
Te ln�j�.

Observe that as free electron density, ne � Z�Ni , de-
creases in an LTE plasma, both the lower and the up-
per level populations decrease proportional to the density,
PLTE

1 � D1O�ne� and PLTE
2 � D2O�ne�, on account of

m; examine Eqs. (10). Then the LTE ionization state in-
creases with decreasing density, Z�LTE � Z 2 PLTE

1 �
Z 2 O�ne�. This behavior is often observed to be vio-
lated, and thus stimulates much NLTE work.

NLTE regimes of 2e transition driven recombination
and ionization, “2e equilibrium” (2eE), can be identified
according to the ratio of the bound-bound excitation and
deexcitation rates which appear in the effective Fermi
factors in Eqs. (8) and (9). At modest-to-low density,
and in the absence of a strong radiation field, collisional
excitation and radiative deexcitation are dominant; T12 �
C12, and T21 � R21. Note that A122�R122 � 1�ne, so
that when T12�T21 � C12�R21 � ne, the smaller upper
level population, P2, becomes independent of density,
while the larger lower level population, P1, increases with
decreasing density

P2eE
1 � D1��1 1 O�ne�� ,

P2eE
2 � D2��1 1 O�const�� .

Since Z�2eE � Z 2 P2eE
1 , our average atom model

predicts the recombination of laser plasmas as density
decreases.

The preceding description is in sharp contrast to the
CRE which goes to the coronal limit with decreasing
density. Straightforward analysis of the CRE model
including only 1e bound-bound and bound-free transitions
of the two level system yields

PCRE
1 � D1O�constant�, PCRE

2 � D2O�ne� .

FIG. 2. The average ionization state, 	Z�
, for gold plasmas
with Te � 600 eV and Tr � 0. The 2eE results exhibit
the recombination scaling derived in the text for electron
densities below about 1022�cm23, and the CRE results exhibit
the coronal limit for densities below about 1021�cm23. A
radiation field of Tr � 100 eV arrests the 2eE recombination
for densities below about 1021�cm23, but has no appreciable
effect on CRE.
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FIG. 3. The ratio of the total power emitted in line radiation
by the 2eE and CRE plasmas, X2eE

tot �XCRE
tot , from the calcu-

lations of Fig. 2. Xtot�W�cm3� is the sum of all spectral lines
Xn0n, as displayed in Fig. 4. The 2eE emissivity always exceeds
the CRE by at least 50%, and is partly due to elevated excited
level populations as derived in the text. X2eE

tot is about �2 3
1019, 5 3 1017, 1 3 1016, 1 3 1014, 1 3 1012� W�cm3 from the
highest to the lowest density points.

Thus we expect to find that P2eE
1 . PCRE

1 , so that
Z�2eE , Z�CRE, and also that P2eE

2 . PCRE
2 , so that

we also expect to find that the radiated power obeys
X2eE

21 . XCRE
21 .

In a many-level model including 2e transitions, the
levels are coupled via all “triples” as illustrated in Fig. 1.
Because a level can be any member of a triple, there
are both gain and loss terms from both R and A. It is
also necessary to test the triples against the energetics
threshold for 2e transitions. The terms to add to a CRE
model to obtain a 2eE model are straightforward to derive
from the development above.

Results were computed for “complete” seven-level
hydrogenic 2eE and CRE [7] models of gold (Au, Z �
79, A � 197) plasmas at Te � 600 eV and Tr � 0 where
heuristically the N,O shells correspond to levels 1,2 of
the two-level model analyzed. Hydrogenic 2e rates were
approximated by extrapolating the collisional-excitation
differential cross section below threshold [8].

Figure 2 shows the average ionization, 	Z�
, over a
wide range of electron density. The two characteristic
scalings of the average ionization state with density are
evident and significantly different. We also show the
effect of introducing Tr � 100 eV at low density where
it acts to arrest the 2eE recombination, but does not
appreciably affect the CRE.

The power radiated by the plasma as x rays, its
emissivity, comes from the free electron thermal energy; it
is an important contribution to the plasma thermal cooling
rate. Figure 3 shows that the plasma energy balance
implied by the 2eE population scaling is remarkable as
well. The 2eE radiative cooling rate greatly exceeds that
FIG. 4. The line radiation emission spectra, Xn0n�W�cm3� at
energy ´n0n � ´n 2 ´n0 (n0 . n; see Fig. 1), of the 2eE and
CRE models at the highest density point of Figs. 2 and 3.
The sum of Xn0n over all lines, pairs n0 . n, equals the total
radiated power of Fig. 3. Here the enhanced emissivity of the
2eE plasma is partly due to X2eE

43 , which results from enhanced
M-shell vacancies. This characteristic difference in the spectra
ought be observable in the laboratory.

of the CRE, and is partly due to enhanced excited level
populations as shown for the two-level model. This may
be expected to have a significant effect on the plasma’s
hydrodynamical evolution.

Figure 4 shows the 2eE and CRE radiated power
spectra for the highest density point of Figs. 2 and 3. The
emissivity of the lines X54 and X43 is responsible for the
difference in the total emissivity of the two models, and
exhibits an observable signature of the underlying NLTE
atomic kinetics.
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