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We study the propagation of the normal-superfluid interface under inhomogeneous cooling.
Assuming a uniform temperature gradient we establish the conditions for creating topological defects
for both slow and fast superfluid transitions using the time-dependent Ginzburg-Landau theory. For
fast transitions, we find agreement with the Kibble-Zurek scenario. Experiments where the temperature
change is generated by absorption of a neutron in 3He are discussed.

PACS numbers: 67.57.Fg, 05.70.Fh, 74.40.+k

Superfluid *He can be heated locally above the super-
fluid transition temperature 7. by absorption of a neutron
[1]. The number of vortices [2] and the therma energy
[3] generated in this process were measured in recent ex-
periments. It was argued that vortices and other defects
are created when the heated region cools back to the su-
perfluid state. The results of the experiments were in-
terpreted as evidence of the Kibble-Zurek mechanism of
defect formation at a rapid phase transition [4].

The purpose of this Letter is a more detailed analysis
of the defect formation near a propagating second-order
phase interface. The origina Kibble-Zurek estimate ap-
plies to a spatially constant temperature T'(r,t) = T(r)
which cannot be realized in a condensed-matter system.
These ideas were generalized to inhomogeneous tempera-
ture distribution by Kibble and Volovik [5]. While our
work was in progress, we learned about the numerical
work in Ref. [6]. An important point not discussed in
these papers is that the creation of defects depends on the
amplitude of fluctuations in the system.

The energy released in the nuclear reaction (n +
He — *H + p)is764 keV. This should be compared to
the energy of an elementary vortex ring created during the
cooldown which is on the order of 10 meV. We are not
looking for a theory that could give a detailed description
of the energy flow through the interval of 7 orders of
magnitude. Instead, we consider the simplest but realistic
model. In particular, we assume that the temperature
is well defined, and use the time-dependent Ginzburg-
Landau (TDGL) theory to determine the dynamics of the
superfluid order parameter. We derive the conditions for
defect formation in both rapid and slow cooling. During
a rapid cooling, a large number of vortices is initially
created in a supercooled region according to the Kibble-
Zurek scenario, and these survive the interaction with the
normal-superfluid (N-S) interface propagating from the
bulk ligquid. In a slow cooling, defects are created by
sufficiently strong fluctuations beyond the N-S interface.
The theory can be used for superconductors and superfluid
3He. Being applied to the neutron experiments in *He, it
confirms the scenario of fast phase transitions.
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Propagation of the N-S interface.—We assume atem-
peraturedistribution T'(r, ¢) that has gradient in the x direc-
tion. Thelength scaleof thegradientisA = T.(T/dx) ™!
and the time scale of cooling 7o = —T7.(3T/dt)"!. The
derivatives are taken at the pointwhereT = T.. Thetem-
perature profile moves along the x axis with the velocity
v = A/7g.

Our analysis is based on the TDGL model for a scalar
order parameter. We thus neglect the complicated struc-
ture of defects which may exist in real *He superfluid. As
is well known, the TDGL model can be applied only for
gapless systems (see Ref. [7] for areview). For superfluid
3He, this restricts the temperature to a very narrow vicin-
ity of T, such that 7A(T) << hi. Here 7 isthe mean free
time of quasiparticlesand A the pairing amplitude. There-
fore, our analysis is valid only for a very initial stage of
the development of a superfluid phase where the charac-
teristic time scale for the variation of the order parameter
is on the order of /i/T.. At later stages, when A(T) ex-
ceeds i/ 7, the speed of variations of A decreases and the
characteristic time becomes comparable with 7.

We start with the TDGL equation

oA 2 92A
o~ = —ald = BIAFA 4y o 1)

with the standard notations 1o = #wh/8T., a« = T /T, —
1, B=7,03)/872T2, and y =7/(3)é5/12. Here
& = hvg/27w T, is the superfluid coherence length and
vr isthe Fermi velocity. A propagating superfluid-normal
interface has a(x,t) = a(x — vt) = (da/dx) (x — vi).
The point x = vr corresponds to 7 =T.. For
(da/dx) > 0, the cool part is to the left, while the
temperature front moves towards the hot part at the right.
We introduce dimensionless variables z, 7, and V':

x = z¢§ 763 A 1/3' t=1r 12 )\—2 "
N2 &) N\7¢6) &
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The velocity of the temperature front v = A/7y in
dimensionless form is then

3773 2/3 A 1/3v A 4/37_0
”:<14z<3>> (f_) E~<5> o O

We look for a solution which propagates with the same
velocity as the temperature front: ¥(z,7) = ¥(z — ui).
Equation (1) reduces to

>V dv 3

= + u &z 4 0. 4
The boundary conditions are ¥ — 0 for z — +o and
¥ — /—zforz — —o. Weassumearea V. Itimplies
that we neglect the supercurrent which is induced by the
temperature gradient. This is justified in Fermi liquids
because the conversion of the normal heat conduction into
superfluid counterflow occurs at distances much longer
than the characteristic width of the N-S interface [8]. In
3He this limits us to z > —T%/T., where T ~ 10°T, is
the Fermi temperature. The linear temperature profile will
ceaseto hold for z < —Tg/T..

We solve Eq. (4) numerically. The results are pre-
sented in Fig. 1 for different values of u. The solution
exigts for all values of u. As the velocity increases the
superfluid domain lags behind the temperature front by
the distance zo, which is approximately equal to u’/4.
Equivalently, thetimelag 7o = zo/u = u/4.

Rapid cooling.—The results in Fig. 1 can be under-
stood using a universal solution of Eq. (4) which is avail-
able in the limit u > 1. There are three overlapping
regions with different behaviors of ¥ as a function of z:
(i) In the region where W is small, we can neglect the cu-
bic term and write ¥ = y exp(—uz/2). We get

dz—X—(Z-i-u;))(:. (5)

The solution for y is the Airy function shifted towards
negative z by zo = u?/4. It decays exponentialy with
increasing z in the region z > —zy. (ii) The nonlinearity
of the full equation (4) becomes important around the

0

z

FIG. 1. The order parameter front [solution of Eqg. (4)] for
different values of the dimensionless velocity u. The dashed
line gives the solution ignoring all derivative termsin (4).

maximum of the Airy function located at z = —zg, where
a rapid growth of the order parameter forms the N-S
interface. The position of the interface on the temperature
profile determines the local temperature and thus both the
order parameter magnitude and the spatia dimension of
the interface. It is convenient to use the local coordinate z
and ¥ accordingtoz = —zo + Z/Jzoand ¥ = /zo V.
Equation (4) takes the form

d*v u d¥ . - 5 .
— +¥ -9 - P =0. (6
dzz = 7 dz 2 )

For zo = u?/4, the last term is small while the first
four terms constitute a parameter-free equation since the
coefficient of the second term equals 2. They determine
the fast increase of ¥ up to its local equilibrium value
¥ ~ /zo. The interface width in Z coordinates is on
the order of unity. (iii) In the superfluid region, 7 <
—1, the solution has the asymptotics ¥ = (—z)'/2 —
(u/4) (=) + 0(z7>7).

A large supercooled normal region is unstable towards
fluctuations of the order parameter. Their growth is de-
termined by the linearized version of Eq. (1). Neglecting
the spatial inhomogeneity, it reduces to

o
ot
This has the solution W(7) = ¥(0) exp(u7>/2) with the

time constant ¥ = +/2/u. In the case of a constant
temperature, the dominant thermal fluctuations have [9]

T,

aNOET)’ ®
where £(T) = +/y/a and N(0) is the density of quasi-
particle states at the Fermi surface. According to Zurek,
the dominant fluctuations in a temperature sweep corre-
spond to the temperature 7, which is reached in time 7,
i.e, 1 — Tz/T. ~ +/70/7¢ [4]. Thelength scale of such
fluctuations & ~ (u7)~'/2 ~ u~/*isfully determined by
u. However, the dimensionless initial amplitude

1/4
2y NU - [Te
ey NO)T. & ( 7o ) ©

is an independent parameter in the theory. Equation (9)
corresponds to a lower limit of fluctuations because ex-
periments may contain also other fluctuations arising, for
example, from nonmonotonous temperature distribution
as in the “baked Alaska’ scenario [10]. For simplicity,
we assume that only thermal fluctuations are present.

For large u, the size of a superfluid nucleus is small
compared to the width of the supercooled region: zo/& ~
u?/*. The fluctuations grow initially according to Eq. (7).
Since the time needed for the interface to propagate
through the supercooled region 7, = u/4 is large com-
pared to 7 the fluctuations will have time to grow by afac-
tor exp(u?/32) > 1. The phases of ¥ in different nuclei

= ui\v. (7

<|A - Aeq|2> -~
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are uncorrelated. After coalescense, the random phases
produce topological defects such as vortices, according
to the Kibble-Zurek scenario [4]. Ultimately the super-
fluid nuclel in the supercooled region meet the propa-
gating N-S interface. This collision leads to a profound
perturbation of the interface if |¥| in a nucleus has the
same order of magnitude as that at the N-S interface. Us-
ing (9), the condition for this instability is

”76 eXp(u3/4) = [N(O)Tc§8]4(To/TQ) foru> 1.
(10)

Defects in bulk superfluid.—The next step is to study
how the perturbations of the interface can enter the
bulk superfluid, i.e, to study how vortices or other
defects separate from the interface. We illustrate this
process with the one-dimensional model used above. The
conclusions are qualitatively the same as we can anticipate
for vortices near a moving N-S interface.

Defectsin 1D should be modeled by areal ¥. Consider
a nucleus with a negative W (z) located on the right hand
side of the interface shown in Fig. 1. If the nucleus is
strong enough, it can create a kink in the order parameter
such that W(z) changes its sign and then continues as
negative valued; see Fig. 2. The stability of the kink on
the interface can be studied using Eq. (6), where —z, now
denotes the location of the kink. Assumefirst zo > 1 and
u < 1. In this case, we can treat the second and last
terms as small perturbations. The unperturbed equation
has the solution Wy(z) = *tanh(z/+/2). Writing ¥ =
v, + Wy in Eq. (6), we find for the correction W,

dzq’l ~ = 0NF 7 = u d\i’o

— + WV =3V, = =¥y - — ——. (11

a2 o¥1 =2 Yo~ T gy -
It has a solution only for certain zo. The solvability condi-
tion isfound by multiplying Eq. (11) with dWVy/dZ andin-
tegrating over the kink. The left hand side vanishes while
the right hand side implies zo = 3/2u. This defines an
unstable equilibrium position for the kink. The numeri-
cal solution of Eq. (1) shows that, if the kink is located to
theright of —zg, i.e., —3/2u < zxink, it will move with a

u=0.15
e

4E= L L L z
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FIG. 2. A kink in the order parameter near its critical location
z = —3/2u, where the whole profile moves with the same
velocity.
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velocity larger than u, and thus will be absorbed to the in-
terface. On the contrary, it will remain in the superfluid if
placed to the left, ziink < —3/2u, because its velocity is
smaller than u. We see that with increasing u, the critical
position approaches the interface and cannot be separated
from it any more when u ~ 1. It means that the defects
created under condition (10) in the supercooled region will
remain in the superfluid after the passage of the interface.

There is no supercooled region in a slow transition,
u < 1. Nevertheless, defects can be created directly
within the growing bulk superfluid if the amplitude of
the fluctuations (8) is larger than the equilibrium order
parameter at the critical position of the kink:

w = [N(O)TC§8]4(TO/TQ) foru<1. (12)

Discussion.—Equations (10) and (12) constitute the
conditions for creating topological defects at an inhomo-
geneous phase transition. There is no universal critical
value of u; it depends on the fluctuations. The conditions
in fast (u > 1) and slow (1 < 1) transitions approach
a common limit when u — 1. This point corresponds
to 7o/70 = [N(0)T.£31* and A/&y = [N(0)T.& ] such
that the Zurek temperature T, equals the Ginzburg tem-
perature Tg where the fluctuations are comparable to the
mean-field order parameter, 1 — Tg/T. ~ [N(0)T. &3] 2.
The parameter N(0)T.£; ~ T¢/T?2 islargein *He.

The slow transition result (12) is, of course, on the
borderline of applicability of the GL theory. Neverthe-
less it shows qualitatively where the mean-field picture
of the moving interface breaks down and the defects can
be spontaneously created. Equation (12) can be com-
pared to experiments where different types of vortices of
3He-A were detected in a rotating container after a usual
cooldown (no nuclear reactions) [11]. The relative abun-
dance of two vortex types was found to depend on the
cooling rate. A changeover was seen at 7o = 3000 s.
Assuming that this value corresponds to the instability
condition (12), we can trandlate it to a critical u ~ 0.04
and A ~ 10 m. The experimental parameters are not well
known but they agree in order of magnitude with these
values.

If [NO)Te& 1 (ro/70) = (Te — T2)*/(Te — Tg)* is
large, the fluctuations are relatively weak and a large
supercooled region is required for creation of defects.
Equation (10) determines the condition where the cooling
can be regarded as a rapid quench for which the Kibble-
Zurek scenario of vortex formation works. Defects can
always be formed at sufficiently large u because the |eft
hand side of Eq. (10) grows exponentially with u. The
condition (10) ceases to be accurate for very high cooling
rates (1o < 7o[N(0)T.£}]?) where the superfluid front
gets outside of the validity region of the TDGL theory.

The condition (10) can be fulfilled for neutron triggered
phase transitions in *He. Let us consider this case in
more detail. If the temperature profile is determined by
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heat conduction we have

Eo exp(—r?/4Dt)

C (@mwDr)¥2
where Ty < T. is the initial temperature. The specific
heat C and the diffusion coefficient D = vg€/3 are
assumed constant, ¢ = ve7 being the quasiparticle mean
free path. We assume that the deposited energy E, is
large enough to heat the volume of the order of ¢3 to
a temperature much higher than the critical temperature:
Ey > 03C(T. — Ty). Thetime

Lo Eo
" 4xD | C(T. — To)

T(r,t) =Ty + (13)

2/3
:| > 7 (24)

is needed for the temperature at » = 0 to decrease down
to T.. Equation (13) gives

T, 2Dt

A= T. — To\ 3In(tmax/t)’ (15)
2Tt _
TQ = m[l — IN(trmax/1)] ™" (16)

so that A is much longer than € and the cooling rate is
To = tmax- 1he temperature front defined by T'(rg) =
T, has the radius r§ = 6D In(tmax/?). The front starts
to move towards the center of the hot bubble with
the velocity v = A/7g for t > rye/e. The velocity
parameter u ~ [T./(T. — To)](7/tmax) (£/&0).

With the experimental values A = 1072 cm and &, =
107°-107% cm, we get (£,/A)'? = 107!, The front
velocity isroughly v ~ 10~ 'vg. This estimate suggests
that u ~ 1, i.e, at the initial moment, the velocity of the
temperature front u is small and the superfluid domain
expands without delay into the cooled region. However,
when ¢ approaches 1, both the scale A and the front
velocity v = A/7y increase according to Egs. (15) and
(16). The velocity parameter u in Eq. (3) increases as
(tmax — 1)"23 and reaches umax ~ uo(imax/7)*> before
the divergence is cut off a tnex — ¢t ~ 7. Under the
conditions of experiment [2], umx Can be as high as
10—-100. We conclude that the regime of cooling by
diffusion, at least in its final stage, corresponds to a rapid
guench: the value u = 4 needed to satisfy Eq. (10) iswell
within the experimental range.

The instability inside a big supercooled volume cre-
ates roughly Ny ~ (47 /3)[ro/&(T)] initial topological
defects (vortices) through the Kibble-Zurek mechanism.
The radius ry should be taken at the moment when u
reaches its critical magnitude u = 4 such that the instabil-
ity occurs. We estimate Ny ~ (€/&0)>u=%%. This num-
ber is large due to a big ratio €/¢&, for He. For large

u, dmost al of the initial vortices remain in the super-
fluid after the passage of the N-S interface. Many of the
small vortex rings shrink away, but some may grow in
the velocity field created by other vortices and by external
conditions (rotation of the vessel). Finally some vortices
are detected in the experiments of Ref. 2. However, it
is difficult to say definitely that the observed vortices are
created by the Kibble-Zurek mechanism: vortices might
also nucleate when the hot bubble distorts the externally
applied flow field and aso nonthermal fluctuations may
contribute to vortex nucleation.

The possibility to realize the Kibble-Zurek scenario
via diffusive cooling depends crucialy on the ratio of
the mean free path and the zero-temperature coherence
length: large u > 1 can be achieved only for systems
with € > &,. Such systems are, for example, superfluid
3He and clean superconductors. On the contrary, if € <
&0, asis the case in dirty superconductors, the velocity
parameter u < 1, and defects can be created only by
strong fluctuations under conditions of Eq. (12).

The authors are grateful to M. Krusius and G. Volovik
for many stimulating discussions and continuous interest
in this work. The research was supported partially by
INTAS Grant No. 96-0610, by the Russian Foundation for
Fundamental Research, and by the Academy of Finland.

[1] P. Schiffer and D.D. Osheroff, Rev. Mod. Phys. 67, 491
(1995).

[2] V.M.H. Ruutu et al., Nature (London) 382, 334 (1995);
V.M. Ruutu et al., Phys. Rev. Lett. 80, 1465 (1998).

[3] C. Béuerle, Yu.M. Bunkov, S.N. Fisher, H. Godfrin, and
G. R. Pickett, Nature (London) 382, 332 (1995).

[4] T.W.B. Kibble, J. Phys. A 9, 1387 (1976); W.H. Zurek,
Nature (London) 317, 505 (1985); Phys. Rep. 276, 177
(1996); G. Karra and R.J. Rivers, Phys. Rev. Lett. 81,
3707 (1998).

[5] T.W.B. Kibbleand G.E. Volovik, Pis ma zZh. Eksp. Teor.
Fiz. 65, 96 (1997).

[6] J. Dziarmaga, P. Laguna, and W.H. Zurek, cond-mat/
9810396 (http://xxx.lanl.gov/abs/cond-mat/9810396).

[7] B.1. Ivlev and N. B. Kopnin, Adv. Phys. 33, 47 (1984).

[8] M. Grabinski and M. Liu, Phys. Rev. Lett. 58, 800 (1987).

[9] L.D. Landau and E. M. Lifshitz, Satistical Physics, Part
1 (Pergamon, Oxford, 1980).

[10] A.J. Leggett and S.K. Yip, in Helium Three, edited by
W.P. Halperin and L. P. Pitaevskii (Elsevier, New York,
1990), p. 523.

[11] U. Parts, V.M.H. Ruutu, J.H. Koivuniemi, M. Krusius,
E.V. Thuneberg, and G.E. Volovik, Helsinki University
of Technology Report No. TKK-F-A736, 1995.

119



