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Entropically Induced Euler Buckling Instabilities in Polymer Crystals
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Molecular simulations show that heating crystalline polyethylene leads to an entropically indu
Euler buckling instability, associated with the softening of the long wavelength transverse acou
vibrational modes propagating along the chain axis. This entropic effect is augmented by a
compressive stress, leading to a decrease in the instability temperature with applied stress. For z
low compressive stresses, the instability will occur above the melting temperature and impose a m
mum temperature for the superheated crystal; for high compressive stresses, the instability will o
below the melting temperature and trigger a transition to another solid structure. [S0031-9007
08367-7]

PACS numbers: 63.70.+h, 62.20.Dc, 65.70.+y
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Instabilities of crystals, and the associated destabiliz
tion mechanisms, are phenomena of some interest. T
application of pressure leads to amorphization in syste
such as silica [1] and ice [2], which have been explain
in terms of mechanical instabilities in the crystal [3–6
Similarly, the application of uniaxial stress can lead
material failure, which has been explained in many i
stances in terms of underlying crystal instabilities [7–11
Thermally induced mechanical instabilities can lead
solid-solid phase transitions if occurring below the mel
ing temperature [12,13], or impose a maximum temper
ture limit for superheated crystals if occurring above th
melting temperature [11,14–18].

Previous studies of mechanical instabilities in crysta
have usually focused on simple nonmolecular crysta
The behavior of polymer crystals can be very differen
due to the extreme anisotropy in these systems. We h
previously shown that material failure in extended-cha
polymer crystals under axial compression (i.e., alon
the polymer chain axis) proceeds through mechanic
instabilities corresponding to Euler buckling, which i
unique to long chain systems [9,10]. The present wo
addresses the temperature limits of stability in polym
crystals under stress.

Molecular simulations are used to examine the stabil
of crystalline polyethylene as a function of temperatu
and axial stress. The force field of Karasawaet al. [19]
is used, which explicitly models all atoms and leads to a
curate vibrational frequencies (qualitatively similar resul
were also obtained with the force field of Palmoet al.
[20]); Ewald methods are used to sum the long ran
Coulombic and dispersion interactions. Thermal effec
are incorporated with lattice dynamics. A single unit ce
is explicitly modeled, and Fourier space methods are us
to account for vibrations occurring over more than on
unit cell (the unit cell is orthorhombic for polyethylene)
The unit cell dimensions are obtained as those that mi
mize the Gibbs free energy, which is evaluated as the s
of the potential energy, stress-strain energy, and vib
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tional free energy obtained in the quasiharmonic appro
mation (using the quantum mechanical partition function
This method is described in detail elsewhere and is sho
to give very good results for polyethylene over a fairl
wide temperature range [21,22].

The lattice dynamics approach is used due to its e
ficiency in accounting for long wavelength motions i
Fourier space; these long wavelength modes are imp
tant in regards to the stability of a polymer crystal [9,10
Direct-space methods, such as molecular dynamics, wo
require extremely large simulation cells to capture the
effects. A disadvantage of the lattice dynamics approa
is that it cannot determine the outcome of an instab
ity (but only when an instability occurs). Also, at tem
peratures near the stability limit there may be significa
quantitative error associated with the quasiharmonic a
proximation, but as discussed below, we feel that t
qualitative picture that emerges is nonetheless correct.

The results for the unit cell dimensions are shown
Fig. 1 as a function of temperature, at zero pressure a
zero axial stress. As the temperature is increased, the
cell area perpendicular to the chain axis increases wh
the lattice parameter parallel to the chain axis decreas
The negative thermal expansion along the chain axis h
previously been explained as an entropic effect arisi
from the increased motion perpendicular to the chain a
that is allowed as the lattice parameter along the cha
axis decreases [23], specifically, this motion is associa
with the transverse acoustic mode (TAM) propagatin
along the chain axis, shown schematically in Fig.
A stable crystal structure could not be obtained abo
,480 K, because the free energy minimum correspondi
to the crystal structure no longer exists.

The disappearance of a free energy minimum, at ze
pressure and stress, is associated with the elastic stiffn
matrix becoming nonpositive definite. The stiffness m
trix, in Voigt notation, is a6 3 6 matrix with components
Cij  s1yV d s≠2Ay≠´i≠´jd, whereA is the Helmholtz free
energy,V is the volume, and́ i is the strain (́1 ´3 are the
© 1999 The American Physical Society
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FIG. 1. Unit cell dimensions as a function of temperature
Open circles: parallel to chain axis; closed circles: perpendic
lar to the chain axis.

strains with respect to the orthorhombic lattice paramete
with ´3 being along the chain axis, and´4 ´6 are the shear
strains). As shown in Fig. 3, the increase in temperatu
leads to decreases inC11, C22, C33, andC21 but increases in
C31 andC32. These changes in the stiffness moduli cau
an eigenvalue of the stiffness matrix to decrease to ze
asT ! 480 K; the eigenvector associated with this eigen
value indicates that the instability involves increases in´1
and´2 coupled with a decrease iń3.

A normal mode analysis shows that this instability i
driven by the softening of the long wavelength TAMs
which propagate along the chain axis, with Brillouin zon

FIG. 2. Schematic of thek1  k2  0 transverse acoustic
vibrational modes which propagate along the chain axis. T
wavelength of the vibration isl  2pyk3. Note that k1 
k2  0 implies that all chains vibrate in phase.
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FIG. 3. Results for the stiffness matrix as a function
of temperature: (a) Orthorhombic diagonal component
(b) orthorhombic off-diagonal components; (c) eigenvalues o
the stiffness matrix. The corresponding eigenvectors are as f
lows: closed circless´1 . 0, ´2 . 0, ´3 , 0d; closed squares
s´1 , 0, ´2 . 0, ´3 , 0d; open circles sC44d; open squares
sC55d; open trianglessC66d. The eigenvalue corresponding to
s´1 . 0, ´2 . 0, ´3 . 0d is not shown because it has a value
greater than 250 GPa at all temperatures.
953
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the
wave vectorsk1 ø 0, k2 ø 0, andk3 ! 0. These TAM
frequencies are decreased most significantly by the st
combinations´1 . 0, ´2 . 0, ´3 , 0d, because both the
increase in the cross-sectional area per chain and
decrease in the lattice parameter along the chain a
allow for more motion perpendicular to the chain ax
The effects of these strains are coupled (entropical
leading to the increase inC31 and C32 and the decrease
in C21 with temperature.

The present instability, which occurs as polymer cry
tals are heated, is somewhat analogous to the tetra
nal shear instability which occurs as cubic crystals a
heated [11,14]. The two instabilities are characteriz
by the same strain combinations´1 . 0, ´2 . 0, ´3 , 0d
and arise from similar changes in the stiffness matrix (i
the decrease inC11, C22, andC33 and increases inC31 and
C32 which lead to the present instability are comparab
to the decrease ofCii 2 Cij sj fi id which leads to the
tetragonal shear instability).

Equilibrium along the axial direction implies tha
≠Gy≠´3  0, where the Gibbs free energyG  f 1

Uvib 2 TS 2 V´3s
app
3 , f is the potential energy,Uvib

is the vibrational energy,S is the entropy, andsapp is the
applied stress. Thus, the condition for equilibrium can
considered as

1
V

≠f

≠´3
2 ssvibE

3 1 sent
3 1 s

app
3 d  0 , (1)

where s
vibE
3  2s1yV d s≠Uviby≠´3d and s

ent
3 

sTyV d s≠Sy≠´3d. The results of athermal continuum
models [24] and molecular simulations [9,10] have sho
that the sk1  0, k2  0, k3 ! 0d TAM frequency be-
comes imaginary fors1yV d s≠fy≠´3d . G, where G is
the lowest value of the second derivative of the poten
energy with respect to shear strain in a plane that inclu
the chain axis (for polyethylene,G  ≠2fy≠´

2
5). Since

s
vibE
3  s

ent
3  0 for the athermal case, this TAM

frequency becomes imaginary in athermal systems
s2s

app
3 d . G [9,10,24]. The soft mode instability of this

TAM corresponds to Euler buckling.
For thermal systems in the absence of applied str

the TAM frequency becomes imaginary for2ssvibE
3 1

s
ent
3 d . G. As discussed previously [21], the value

of s
ent
3 and s

vibE
3 in polyethylene are characterize

by s
ent
3 , 0 and s

vibE
3 . 0 (svibE

3 is due to quantum
effects and equals zero with classical mechanics).
high temperatures the effects ofs

ent
3 dominate and move

the system towards a soft mode instability. Note th
a mechanical instability involving changes in the latti
parameters will precede a vibrational instability (whic
corresponds to fixed lattice parameters). As shown
Fig. 4, the instability does in fact occur just befo
2ssvibE

3 1 s
ent
3 d reachesG.

These entropically induced stresses are augmented
applied compressive stresses, becauses

ent
3 and s

app
3
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FIG. 4. G (closed circles) and2ssvibE
3 1 s

ent
3 d (open circles)

as a function of temperature.

are both negative. The condition2ssapp
3 1 s

vibE
3 1

s
ent
3 d , G necessary for the crystal to be stable th

implies that the instability temperature will decreas
with increasing compressive stress and approach zero
2ssapp

3 1 s
vibE
3 d approachesG. We therefore carried

out finite stress simulations, in which the instabilit
temperature is determined as the highest temperature
which the free energy minimization yields a stable crys
structure (this method avoids the finite-stress complic
tions associated with the instability criteria based on t
stiffness matrix [25]). Our simulation results, show
in Fig. 5, exhibit the predicted decrease of the instab
ity temperature with increasing applied axial compre
sive stress.

When the crystal is heated at low applied stresses,
instability will occur at temperatures above the meltin
temperature and will thus trigger melting of the supe
heated cycle as in other systems [15–18]. The atom
motions and unit cell distortions which accompany the i
stability can be construed as the initiation of chain coilin
However, as the applied stress becomes large enou
the instability temperature will decrease to a value belo
the melting temperature; the instability will now trigge
a transition to another solid structure, similarly to oth
systems [12,13]. (There is presumably another crys
structure which becomes thermodynamically stable, b
the transformation to this structure will most likely be k
netically hindered; the result of the instability is therefo
likely to be a disordered structure.)

These results present a simple picture of the thermal s
bility of extended chain polymer crystals which we fee
is valid beyond the approximations used in the simu
tions. This simple picture is that temperature genera
an entropically induced axial compressive stress that
entirely analogous to an applied compressive stress;
axial compressive stress leads to axial contraction of
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FIG. 5. The instability temperature as a function of applie
stress.

crystal, which in turn can lead to a mechanical instabilit
An applied compressive stress will augment the entro
cally induced stress, causing the instability temperature
decrease to zero as the applied stress increases. Evid
of the validity of this simple picture is that the separa
parts of this picture concur with experiment: The resu
that temperature leads to an entropically induced co
pressive stress concurs with the observed axial therm
contraction in polymer crystals [23], and the result th
axial contraction leads to mechanical instabilities concu
with the material failure observed in polymer fibers und
axial compression [24]. Regarding the quasiharmon
approximation, tests on simple systems show that th
approximation gives qualitatively correct results (i
comparison with molecular dynamics results) for therm
expansion up to the instability point, even though th
magnitude of thermal expansion becomes increasin
overestimated [26]; the quasiharmonic approximation
thus expected to give a quantitative underestimate of
instability temperature, but not to invalidate the qualita
tive picture described above. We note that direct-spa
methods (e.g., molecular dynamics) could be used
simulate the instability, but will overestimate the stres
and/or temperature necessary to induce Euler buckl
instabilities due to finite system size (the stress for
instability ø A 1 Byssystem lengthd2, whereA andB are
constants) [9,10,24].

The present results are expected to apply to all polym
crystals composed of extended chain polymers. T
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importance of these results is that such polymer crysta
comprise the polymer fibers used in many composi
materials, and these composite materials are often used
structural applications under external stresses and eleva
temperatures.
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