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Two-Dimensional Copolymers and Exact Conformal Multifractality
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We consider in two dimensions (2D) the most general star-shaped copolymer, mixing ran
walks (RW) or self-avoiding walks (SAW) with specific mutual avoidance interactions thereof.
exact conformal scaling dimensions in the plane are derived from an algebraic structure exi
on a random lattice (2D quantum gravity). The multifractal dimensionstsnd of the harmonic
measure of a 2D RW or SAW are conformal dimensions of certain star copolymers. The e
associatedfsad are identical for a RW or a SAW in 2D. These are the first examples of conform
multifractality. [S0031-9007(98)08110-1]
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The concepts of generalized dimensions and associa
multifractal (MF) measures have been developed mo
than a decade ago [1–4]. They are encountered in ma
physical situations: strange attractors in dynamical sy
tems, growth phenomena, harmonic measure of diffusio
limited aggregates, electron localization, random resisto
and random spin systems. Recently, analytic progre
has been made for turbulence of a passive scalar
or for a growth model of diffusion-limited aggregation
[6], both where the MF dimensions can be calculate
perturbatively.

It is well known that universal geometrical fractals, e.g
random walks, polymers, Ising, or percolation models a
essentially related to standard critical phenomena and fi
theory, for which conformal invariance in two dimension
(2D) has brought a wealth of exact results. By contra
few connections between multifractals and field theo
have been found, although the algebras of their respec
correlation functions reveal intriguing similarities [7]. I
remains a challenge to see if an exact description of so
multifractal phenomena could emerge in 2D from th
conformal invariance classification.

A particularly interesting multifractal phenomenon wa
singled out some time ago by Cates and Witten [8]. Th
showed that the moments of the harmonic measure, i
the Laplacian diffusion field near an absorber, the latt
taken as a simple random walk (RW, i.e., Brownia
motion), or self-avoiding walk (SAW, i.e., polymer),
exhibit in d dimensions multifractal scaling ford ,

4. The associated exponents can be recast as those
star copolymers made of a bunch of independent RW
diffusing away from a generic point of the absorbe
This allowed the perturbative calculation of the MF
spectrum through standard renormalization group theo
for polymers and thé  4 2 d expansion.

Star polymers or networks made of self-avoiding walk
only and their scaling properties are well understood [9
especially in 2D, where all topology dependent exponen
are known exactly from conformal invariance [9,10]. Fo
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simple random walks, scaling exponents describing R
nonintersections [11,12], conjectured in [13], have be
recently derived using conformal invariance and the s
called quantum gravity method [14].

The aim of this Letter is to extend conformal invarianc
to arbitrary mixed copolymers, thereby providing th
exact MF harmonic spectrum of a RW or a SAW, a
example ofconformal multifractality.

Consider a general star copolymerS in the planeR2

(or in Z2), made of an arbitrary mixture of Brownian
paths or RW’s (setB ), and polymers or SAW’s (set
P ), all starting at neighboring points. Any pairsA, Bd
of such paths,A, B [ B or P , can be constrained in a
specific way: either they avoid each other (A > B  [,
noted A ^ B), or they are transparent and can cro
each other (notedA _ B), corresponding to four different
fixed points [15]. This notation allows for anynested
interaction structure; one can decide for instance th
the brancheshP, [ P j,1,...,L of an L-star polymer, all
mutually avoiding, further avoid a bunch of Brownian
pathshBk [ B jk1,...,n, all transparent to each other,

S 

√^L

,1 P,

!
^

√_n

k1 Bk

!
. (1)

In 2D the order of the branches of the star copolymerdoes
matter and is intrinsic to ours^, _d notation.

To eachspecificstar copolymer centerS is attached a
conformal scaling operator with a scaling dimensionxsS d.
To obtain proper scaling we consider the Brownian pat
and the polymers to have the same mean sizeR. It is
convenient to define for each starS a grand canonical
partition function [9,11,16], with fugacitiesz and z0 for
the total lengthsjBj andjP j of Brownian or polymerlike
paths,

ZRsS d 
X

B ,P [S

zjBjz0jP j 1IRsS d , (2)

where the set of walks ofS is constrained by the indi-
catrix 1IRsS d to stay within a disc of radiusR centered
© 1999 The American Physical Society
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on the star. At the critical valueszc  m
21
B , z0

c  m
21
P ,

where for the RW’smB is the coordination number of
the underlying lattice, andmP is the effective one for the
SAW’s, ZR decays as [9,16]

ZRsS d , R2xsS d2x_

, (3)

wherexsS d is associated only with the singularity occur
ring at the center of the star where all critical paths me
while x_ is the contribution of the independent danglin
ends or split star. It readsx_  kBkxB,1 1 kP kxP,1 2

2V , wherekBk andkP k are, respectively, the total num
bers of Brownian or polymer paths of the star;xB,1 or xP,1
are the scaling dimensions of the extremities of asingle
RW xB,1  0, or SAW xP,1  5

48 [9,17]. The last term
V  kBk 1 kP k corresponds in (3) to the integration
over extremity positions in the disc of radiusR.

When the star is constrained to stay in ahalf planewith
its core placed near theboundary, its partition function
scales as [9,10]

Z̃RsS d , R2x̃sS d2x_

, (4)

where x̃sS d is the boundary scaling dimension, withx_

staying the same for star extremities in the bulk.
Any scaling dimensionx in the bulk is twice the

conformal dimension(c.d.) Ds0d of the corresponding
operator, while near a boundary (b.c.d.) they are identic

x  2Ds0d, x̃  D̃s0d. (5)

This Letter provides the main lines of a derivation of the
exponents.

The idea is to use another representation where
RW’s or SAW’s are on a 2D random lattice, i.e., in th
presence of 2Dquantum gravity[18]. One can indeed
put any 2D statistical system on a random planar gra
thereby obtaining a new critical behavior, correspondi
to the confluence of the critical point of the infinite
random graph with that of the original model. Th
partition function of the random graphG made of, e.g.,
trivalent vertices, reads

Zx sbd 
X

Gsxd
e2bjGj, (6)

where the sum extends over graphsG with a given
topology of Euler characteristicx , modulo the group
of automorphisms ofG, with jGj being the number of
vertices. Near the critical pointbc where jGj becomes
infinite,

Zx sbd , sb 2 bcd22gstr sxd. (7)

gstr sxd  2 2
5
4 x is the string susceptibility exponen

[19]. The partition function of the copolymer starS on
the random latticeG, with the sphere topologysx  2d,
is defined as

ZsS d 
X

Gsx2d
e2bjGjZGsS d , (8)

where the partition functionZGsS d is defined as in (2),
with the indicatrix1IR for the star being confined to the
-
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disc of radiusR now being replaced by the indicatrix1IG

of the star being embedded inG. The partition sum (8)
is now threefold grand canonical, depending implicitly o
fugacitiese2b , z, andz0. A further fugacity term has to
be added when dealing with a random graphG with the
disc topologysx  1d and boundary lengthj≠Gj, in order
to define a boundary partition function,

Z̃sS d 
X

Gsx1d
e2bjGj2b0j≠GjZ̃GsS d , (9)

where the core star is nowon the boundary≠G.
There exists a finite size scaling regime [20] where bo

the lattice and the walks become infinite,b, b0, z, andz0

approaching together their respective critical values in
well-defined way. In this regime, the partition function
Z, Z̃, after normalization by the random surface ones (
are expected to scale as [21]

ZsS dyZx2sbd , jGj2DsS d2D_

, (10)

Z̃sS dyZx1sbd , j≠Gj2D̃sS djGj2D_

. (11)

Here jGj , sb 2 bcd21 is the average size of the
random lattice, whilej≠Gj , jGj1y2 is the mean length
of the boundary. DsS d and D̃sS d are, respectively, the
bulk and boundary conformal dimensions of the star co
dressed by gravity. Finally the dimensionD_ in (10) and
(11) is associated with the star extremities, as wasx_ in
(3). Equations (10) and (11) are formally identical to (
and (4) in the plane, after recalling (5) and identifying th
star areaR2 in the plane to the random areajGj.

A general constitutive relation due to Knizhniket al.
exists between the conformal dimensionDs0d of a scaling
operator in theplaneand the c.d.D of the same operator
on therandom surfaceDs0d  Df1 2 s1 2 Ddykg, where
k is a parameter related to the central charge of
original statistical model in the planec  1 2 6s1 2

kd2yk [18,22]. For walksc vanishes, whencek  3y2,
and

Ds0d  UsDd, D̃s0d  UsD̃d,

Usxd 
x
3 s1 1 2xd , (12)

this relation holding also forboundaryoperators.
Here I give a set of basic underlying topologic

“surgery” rules which allow the mixing of geometrica
operators on a random surface. The set of relatio
for walks is so stringent that it yields immediately th
conformal dimensions of any copolymer star, both on
random surface and in the plane.

Star algebra.—The bulk and boundary conformal di
mensions, in the presence of gravity, satisfy

2D 2 gstr sx  2d  D̃ . (13)

This fairly general relation can be derived from facto
ization properties of partition functions like (10) and (11
[14,21]. As a consequence, substituting relation (13) w
881
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gstr sx  2d  2
1
2 in (12) gives the planarbulk dimen-

sions from the gravityboundaryones,

Ds0d  UsDd  V sD̃d, V sxd 
1

24 s4x2 2 1d .

(14)

Consider now two substarsA, B, issued at the same point
near aboundaryline and avoiding each other. We state
that theirboundarydimensionsD̃ on therandom surface
areadditive,

D̃sA ^ Bd  D̃sAd 1 D̃sBd . (15)

Owing to (13), a similar relation, but with a constan
shift, exists for bulk exponents. OnG, two elements in a
pair sA, Bd of walk sets are indeed made nonintersectin
by gluing a fluctuating patch of random surface betwee
them. Each set,A or B, defines its own independent disc
as in (9), with additive b.c.d.’s (11) and (15). So,mutually
avoiding sets are rendered independent by the fluctuatio
of a random surface.Thus relation (15) can be derived
from factorization properties of exact partition function
[14,21].

Consider by contrast two setsA, B of walks which are
mutually transparent, i.e.,A _ B. In the half planeR1 3

R, they are independent, and their boundary dimensio
obey a linear relation,

D̃s0dsA _ Bd  D̃s0dsAd 1 D̃s0dsBd , (16)

due to the trivial factorization of their partition functions.
On a random surface, their boundary dimensions a
obtained by inverting (12)

D̃  U21sD̃s0dd, U21sxd  1
4 s

p
24x 1 1 2 1d

(17)

and are not additive. The metric fluctuations indee
couplethe setsA, B.

It is clear at this stage that the set of equation
above is complete. It allows for the calculation of
any conformal dimensionsDsS d or Ds0dsS d associated
with a star structureS of the most general type, as
in (1), involving s^, _d operations separated by neste
parentheses. Any such structure can be systematica
reduced: One starts from the outermost parenthesis s
and calculates b.c.d.’s of operationss^, _d by using (15)
for ^ on the random surfaceG, and (16) for_ on the
plane R2, while applying repeatedly the nonlinear map
U: G ! R2 (12), or its inverseU21 (17) to transfer to
the proper space where the boundary dimension is a line
representation of̂ or _. At the end, one uses (14) to
recover bulk dimensions.

Brownian-polymer exponents.—The single extremity
scaling dimensions are for a RW or a SAW near a Dirichle
boundary inR2 [9,23],

D̃
s0d
B s1d  1, D̃

s0d
P s1d 

5
8 , (18)

or on G, using (17), D̃Bs1d  U21s1d  1, D̃Ps1d 
U21s 5

8 d 
3
4 . Because of the star algebra describe
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above, these are the only numerical seeds, i.e., genera
we need.

Stars can include bunches ofn copies of transparent
RW’s or m transparent SAW’s. Their b.c.d.’s inR2

are, respectively, by using (16) and (18),D̃
s0d
B snd  n

and D̃
s0d
P smd 

5
8 m, from which the inverse mapping

(17) to the random surface yields̃DBsnd  U21snd and
D̃Psmd  U21s 5

8 md. The star made ofL bunches, [
h1, . . . , Lj of n, transparent RW’s each, andL0 bunches
,0 [ h1, . . . , L0j of m,0 mutually transparent SAW’s, all
mutually avoiding, has planar scaling dimensions owin
to (12), (14), and (15),

D̃s0dhn,, m,0j  UsD̃d, Ds0dhn,, m,0j  V sD̃d ,

D̃hn,, m,0j 
LX

,1

U21sn,d 1

L0X
,01

U21

√
5
8

m,0

!
.

These exponents areinvariant under permutationof the
bunches of walks. The existence of such a relation h
been found for RW’s in [24], but with an unspecified
U, which is here derived from quantum gravity an
generalized to SAW’s.

For a copolymer starSL,L0 made of L RW’s and
L0 SAW’s, all mutually avoidings;,, ,0, n,  m,0  1d,
D̃sSL,L0d  L 1

3
4 L0 gives the c.d. inR2,

D̃s0dsSL,L0d 
1
3 sL 1

3
4 L0d s1 1 2L 1

3
2 L0d

Ds0dsSL,L0d  1
24 f4sL 1

3
4 L0d2 2 1g ,

recovering forL  0 the SAW exponents [10] and for
L0  0 the RW nonintersection exponents [14].

Disconnection exponents.—Take any walk starA, with
elementary boundary c.d.x̃ in R2. The starSn  s_Adn

made ofn transparent copies ofA has b.c.d.nx̃ in R2,
thus U21snx̃d on G. Its bulk c.d. inR2 is, according to
(5) and (14),xsSnd  2V fU21snx̃dg, which differs from
nx, wherex  2V fU21sx̃dg is the bulk c.d. inR2. Their
difference is thedisconnectionexponent, governing the
conditioned probabilityPR , R2xsSnd1nx that the union
of n copies does not disconnect the star origin fro
infinity, within a disc of radiusR.

Multifractal harmonic measure.—The harmonic mea-
sure Hswd of a given set is the probability that a RW
coming from infinity first hits the set (the absorber) a
point w. When the set is a RW or a SAW of sizeR, the
site average of its momentsHn has been shown [8] to be
represented by a copolymer star partition function of typ
(1) where the absorber avoids a bunch ofn independent
RW’s. More precisely

P
w Hnswd , ZRsS^ndyZRsS^1d,

where the absorberS is either the two-RW starB _ B
or the two-SAW starP ^ P, made of two nonintersect-
ing SAW’s. We have introduced the shorthand notatio
S^n ; S ^ s_Bdn describing the copolymer star mad
by the absorberS hit by the bunchs_Bdn at the apex
only. Owing to Eq. (3), we get the scaling

P
w Hnswd ,

R2tsnd, wheretsnd  sn 2 1dDsnd  xsS^nd 2 xsS^1d
defines (annealed [6]) generalized dimensionsDsnd. Our
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FIG. 1. Harmonic multifractal dimensionstsnd and spectrum
fsad of a two-dimensional RW or SAW.

formalism (14), (15), and (17) immediately gives the sca
ing dimensionsxsS^nd  2V fD̃sS d 1 U21sndg, where
D̃sS d is as usual the quantum gravity boundary dime
sion of the absorberS alone. A simple calculation
gives tsnd and its Legendre transformfsad 1 tsnd 
an, a  dtsndydn,

tsnd  1
2 sn 2 1d 1 y 1

24 s
p

24n 1 1 2 5d , (19)

fsad 
1

24 h 25
2 1 5y 2

1
2 y2s2a 2 1d21 2 aj , (20)

where y ; 4D̃sS d 2 1 is the only parameter encoding
which absorber we consider (which can actually be a
star tip). For a RW absorber, we havẽDsB _ Bd 
U21s2d 

3
2 , while for a SAW D̃sP ^ Pd  2D̃P,1 

2U21s 5
8 d  3

2 , thusy  5 in both cases. The coincidence
of these two values tells us that in 2D the harmon
multifractal spectrafsad of a random walk or a self-
avoiding walk areidentical. Their MF spectra associated
with walk ends [8], however, differ, and are obtained
usingy  3 for a RW end, ory  2 for a SAW end.

The corresponding universal curves fory  5 are
shown in Fig. 1: tsnd is half a parabola, andfsad
is a hyperbola. Ds1d  t0s1d  1 is just Makarov’s
theorem [25]; the divergence off at amin 

1
2 corre-

sponds to singular needles in the absorber, while2ts0d 
supafsad  fs3d 

4
3 is the Hausdorff dimension of the

Brownian frontier or of a SAW. Thus Mandelbrot’s clas
sical conjecture identifying the latter two is generalize
and proven for the wholefsad harmonic spectrum.
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