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Using the Bethe ansatz method, we study ground state properties of aU ! ` Anderson impurity
in a “gapless” host, where a density of band states vanishes at the Fermi leveleF as je 2 eF j. As
in metals, the impurity spin is proven to be screened at arbitrary parameters of the system. How
the impurity occupancy as a function of the bare impurity energy is shown to acquire novel qualita
features which demonstrate a nonuniversal behavior of the system. The latter explains why the K
screening is absent (or exists only at quite a large electron-impurity coupling) in earlier studies b
on scaling arguments. [S0031-9007(98)08269-6]
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The physics of “gapless” dilute magnetic alloys, wher
an effective density of band electron states varies near
Fermi level asje 2 eF jr , r . 0, has been attracting a
significant theoretical interest. Using “poor-man’s” sca
ing for the spin-12 Kondo model, Withoff and Fradkin [1]
have predicted that the Kondo effect in gapless syste
takes place only if an effective electron-impurity couplin
exceeds some critical value; otherwise, the impuri
decouples from the electron band. Numerical renorma
ization group (RG) calculations, large-N studies, and
quantum Monte Carlo simulations [2–7] have confirme
this prediction and revealed a number of additional in
triguing features of the physics of magnetic impurities i
unconventional Fermi systems.

In a conventional metallic system with (i) a linear disper
sion of electrons near the Fermi level,eskd  yFsk 2 kFd,
and (ii) an energy independent band electron-impurity h
bridization, basic “impurity” models are exactly solved b
the Bethe ansatz (BA) [8–11]. It has recently been show
[12] also that integrability of the degenerate andU ! `

nondegenerate Anderson models is not destroyed by a n
linear dispersion of particles and an energy dependent h
bridization, but it becomes only hidden [13]. The approac
developed has allowed us to study [14] the thermodynam
and ground state properties of an Anderson impurity em
bedded in a BCS superconductor, and can be used to ob
an exact solution of the Kondo problem in other unconve
tional systems.

In this Letter, we report an exact BA solution of a
model describing aU ! ` Anderson impurity embed-
ded in a gapless host. The model is diagonalized
BA at the arbitrary density of band statesrsed and hy-
bridization tsed. In the RG approach, the physics of the
system is assumed to be governed only by an effecti
electron-impurity couplingGsed  rsedt2sed rather than
by separate forms ofrsed and tsed. However, to derive
thermodynamic BA equations, one has to specify sep
rate forms of an effective electron-impurity coupling an
an inverse dispersion of band statesksed. While an ef-
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fective coupling determines the electron-impurity and e
fective electron-electron scattering amplitudes, an inver
dispersion accounts for the spatial behavior of electro
wave functions, and naturally enters BA equations via p
riodic boundary conditions imposed on eigenfunctions o
the system. The physics of the system is thus govern
by both an effective electron-impurity couplingGsed and
an inverse dispersion of band electronsksed [15].

Here, we treat the case of an energy independent h
bridization, tsed  t  const, so that an energy depen
dence of an effective couplingGsed  2Grsed, where
2G  t2, is determined only by a nonlinear band disper
sion. We assume also a simple form for the density
states of a gapless host,

rsed 
jejr

jejr 1 br
, (1)

where the energye is taken relative to the Fermi valueeF .
The parameterb characterizes the size of the region with
an unconventional behavior ofrsed. At b  0, the model
reduces to the metallic Anderson model. Ifb exceeds
essentially a band half-widthD, b ¿ D, one obtains the
density of statesrsed , jejr . To derive thermodynamic
BA equations one has to fix the powerr in Eq. (1). The
magnitude ofr is one of the key factors in determining the
spectrum of the system in terms of Bethe excitations.
this Letter, we focus on the simplest caser  1, which is,
however, of particular physical interest [3–7].

Because of a separation of charge and spin quantu
numbers, the spectrum of the metallicU ! ` Anderson
model is described in terms of unpaired charge excitation
charge complexes, and spin excitations including boun
spin complexes [8–11]. Since the ground state of the sy
tem is composed only of charge complexes (a charge co
plex contains one spin wave and two charge excitation
carrying no spin, the Kondo effect takes place: The impu
rity spin vanishes at zero temperature.

In the gapless model described above, the structure
the spectrum is shown to preserve basic characteris
© 1999 The American Physical Society 839
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features of the metallic version. In particular, the groun
state of the system is still composed only of char
complexes carrying no spin. Therefore, as in meta
the Kondo screening of the impurity spin takes pla
at arbitrary parameters of the system, which contradi
dramatically to results of earlier studies [1–7].

However, the behavior of the impurity occupancynd

as a function of the bare impurity level energyed is
drastically changed compared to a metal host. At posit
values ofed, the impurity occupancy is still given by the
standard formulas [8], where the renormalized impuri
level energye

p
d  ed 1

G

p ln D
G 1 b contains now the

parameterb. The mixed-valence regime shrinks: th
impurity occupancy quickly grows fromnd ø 0 at ed 
0 to nd  1 (precisely) ated # 2G2y4b. In the Kondo
(local-moment) regime,nd  1, and it does not depend on
ed . Only in the empty-level regime (ed . 0) the impurity
occupancy is a universal function of the renormalize
impurity energyep

d rather than a function of the bare
parameters of the model.

The behavior of the impurity occupancy in the mixed
valence and Kondo regimes is not universal that manife
nonuniversal properties of a gapless system in contras
a metallic one. This explains why the Kondo screenin
is absent (or exists only at quite a large electron-impur
coupling) in earlier studies based on scaling arguments

We start with the Hamiltonian of the nondegenera
Anderson model rewritten in terms of the Fermi operato
cy

ssed [cssed] which create [annihilate] an electron with
spins  ", # in ans-wave state of energye,

H  Hc 1 Hd 1 Hh . (2a)

Here

Hc 
X
s

Z D

2D

de

2p
ecy

ssedcssed , (2b)

Hd  ed

X
s

dy
sds 1 Ud

y
" d"d

y
# d# , (2c)

Hh 
X
s

Z D

2D
de

q
Gsed fcy

ssedds 1 dy
scssedg , (2d)

are the conduction band, impurity, and hybridizatio
terms, respectively. All notation in Eqs. (2) are standa
An electron localized in an impurity orbital with the
energy ed is described by the Fermi operatorsds .
The electron energies and momenta are taken rela
to the Fermi values, which are set to be equal
zero. The integration over the energy variablee is
restricted by the band half-widthD. In what follows,
we assume thatD is the largest parameter on the energ
scale,D ! `. In the energy representation, the effectiv
particle-impurity coupling Gsed  rsedt2sed combines
the density of band states,rsed  dkydeskd, and the
energy dependent hybridizationtsed.

In the limit of a large Coulomb repulsion in an impurity
orbital, U ¿ D, eigenvalues of the model (2) with the
arbitrary inverse dispersionksed and effective coupling
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Gsed are found from the following BA equations [12]:

eikjL hj 2 edy2G 2 iy2

hj 2 edy2G 1 iy2


MY
a1

hj 2 la 2 iy2

hj 2 la 1 iy2
, (3a)

NY
j1

la 2 hj 2 iy2

la 2 hj 1 iy2
 2

MY
b1

la 2 lb 2 i

la 2 lb 1 i
, (3b)

whereN is the total number of electrons in an interval o
sizeL andM is the number of electrons with spin “down.
The eigenenergyE and thez component of total spin of
the system are found to be

E  2G

NX
j1

vj , Sz 
N
2

2 M . (3c)

In Eqs. (3), v  ey2G is a dimensionless energy
and kj  ksvjd are charge excitation momenta. From
Eq. (1), one easily obtains

k
2G



Ω
v 1 d lns1 2

v

d d, v , 0 ,
v 2 d lns1 1

v

d d, v . 0 , (4a)

whered  by2G. The BA equations (3) are quite simila
to those in the conventional Anderson model [8–11
The only, but very essential, difference is a nonline
energy dependence of momenta and charge “rapiditi
hj  hsvjd. At arbitrary rsed and tsed, the rapidity
hsed  se 2 eddyGsed. In our model of a gapless host
wheret2sed  2G andrsed is defined as in Eq. (1) with
r  1,

hsvd 

√
v 2

ed

2G

!
jvj 1 d

jvj
1

ed

2G
. (4b)

As in the metallic Anderson model, in the thermody
namic limit spin rapiditiesla, a  1, . . . , M are grouped
into bound spin complexes of sizen,

lsn,jd
a  la 1

i
2

sn 1 1 2 2jd, j  1, . . . , n .

(5)

Apart from unpaired charge excitations with real rapiditie
hj, the system spectrum contains also charge complex
in which two charge excitations with complex rapiditie
bound to a spin wave with a real rapidityla,

hs6d
a svd  la 6

i
2

. (6)

Without an impurity term [the second term in the lef
hand side of Eq. (3a)], BA equations of impurity mod
els describe a free host in terms of interacting Bet
particles with an arbitrary rapidityhsvd. Introducing
an impurity fixeshsvd, and fixes thus the spectrum o
Bethe excitations of a host. For instance, the finite-U
andU ! ` Anderson impurities require different descrip
tions of the same host with the different spectra of Bet
excitations [8]. In a gapless system, the impurity e
ergy ed is involved both in the impurity term and in
the expression forhsvd. The magnitude ofed thus both
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determines a particle-impurity scattering phase and dicta
an appropriate choice of the Bethe spectrum of a host.

It is instructive to start our analysis of the ground sta
properties of the system with the simplest caseed  0.
The complex energies of charge excitations of a char
complex are then found to be

v6sld 

(
l 1 d 6

i
2 , l , 2d ,

l 2 d 6
i
2 , l . d .

(7)

In contrast to the metallic case, the spectrum of char
complexes contains thus the gap of size2d. The existence
of the gap should lead to essential changes in t
thermodynamics of the system. However, it can be sho
from the thermodynamic Bethe ansatz equations th
the renormalized energies of unpaired charge excitatio
and spin complexes are still positive in the absen
of an external magnetic field. Therefore, as in th
conventional Anderson model, the ground state of t
system is composed of charge complexes with negat
renormalized energies only. The upper edge of fille
states,QG , is now given byQG  QA 2 d, whereQA 
2

1
2p ln D

G corresponds to the metallic Anderson mode
The occupancy of the impurity level is also given by th
standard BA formulas [8], where in the expression fo
the renormalized impurity level energye

p
d one needs only

to replaceQA by QG to get e
p
d 

G

p ln D
G 1 b. Thus,

the impurity occupancy ated  0 is essentially decreased
compared to the metallic case.

At ed fi 0, the complex energies of charge excitation
of a complex are found from the equation

v2
6 2

√
l 1 d 6

i
2

!
v6 1 d

ed

2G
 0 . (8)

Since we study here only the ground state of the syste
we may restrict our consideration to the solutions with th
negative real part of energies, Rev , 0. Then, a solution
v6sld  xsld 6 iysld is given by

xsld 
1
2

fm 2 usmdg; ysld 
1
2

"
1
2

2 ysmd

#
,

(9a)

where

u 
1

p
2

fm2 2 b 1

q
sm2 2 bd2 1 m2 g1y2, (9b)

y 
sgnm
p

2
f2m2 1 b 1

q
sm2 2 bd2 1 m2 g1y2, (9c)

and m  l 1 d. The behavior of this solution is gov-
erned by the parameterb 

1
4 1 4 ed

2G d [16].
Let us consider first the case of positiveed , and hence

b .
1
4 . Then, as in the caseed  0, the functionxsld

is negative only atl , 2d. The ground state of the
system is still composed of charge complexes filling a
the states froml  2Dy2G to l  QG . The impurity
occupancynd is governed by the well known formulas
tes
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with insignificant corrections related to small deviation
of the functionxsld from the linear behavior.

Significant changes in the behavior of the system o
cur at negativeed. At negativeb (edy2G , 21y16d),
the functionxsld is negative at alll [ s2`, `d. In con-
trast both to the metallic model and to the gapless s
tem with positiveed, the bare energy of charge complexe
j0sld  4Gxsld, is now a monotonically increasing nega
tive function at alll. Therefore, in the ground state of th
system charge complexes fill out all allowed states on
l axis. The density of states of charge complexesssld is
found from the continuous limit [8–11] of Eqs. (3),

1
2p

dqsld
dl

1
1
L

a

√
l 2

ed

2G

!


Z `

2`

dl0asl 2 l0dssl0d

1 ssld , (10)

where qsld  k2sld 1 k1sld is the momentum of the
charge complexes, andasxd  fpsx2 1 1dg21. As usual,
the functionssld is divided into the host and impurity
parts,ssld  shsld 1 L21sisld. The occupancy of the
impurity level,nd, is then given by

nd  2
Z `

2`

dlsisld , (11)

where the impurity density of states is found from th
equation

a

√
l 2

ed

2G

!
 sisld 1

Z `

2`

dl0asl 2 l0dsisl0d .

(12)

Since unpaired charge excitations and spin complexes
absent in the ground state of the system, the impurity s
vanishes. Thus, as in the metallic Anderson system,
Kondo effect takes place at an arbitrary particle-impuri
coupling.

Solving Eq. (12), we immediately findnd  1. Thus,
at ed , 2G2y4b the impurity level is entirely filled out
and its occupancy does not depend on a position of
impurity energy with respect to the Fermi level. Thus, th
behavior of the impurity occupancy in the gapless host
not described by a universal function of the renormaliz
impurity energye

p
d but it depends essentially on the bar

parameters of the modeled and b. Making use of the
terminology of the Anderson model, we will call this
regime with the entirely filled impurity level the Kondo
(or local-moment) regime, despite its disappearance in
limit b ! 0, where our model reduces to the convention
Anderson model. However, for quite larged, and even at
d # 1, the Kondo regime describes the system’s behav
almost at all negativeed, except a very narrow region nea
the Fermi level, where0 , b ,

1
4 .

The region 0 , b ,
1
4 corresponds in our case to

the mixed-valence regime, where the impurity occupan
is changed fromnd ø 0 in the empty-level regime at
ed $ 0 to nd  1 precisely in the Kondo regime a
ed # 2G2y4b. The bare energy of charge complexe
841
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j0sld  4Gxsld in this regime is negative at alll, except
the point l  2d, where xsld  0. The renormalized
energy of charge complexes at zero temperature is fou
from the thermodynamic BA equation

jsld  4Gxsld 2
Z Q1

2`

dl0asl 2 l0djsl0d

2
Z `

Q2

dl0asl 2 l0djsl0d , (13)

where Q1 and Q2 are defined as the zeros ofjsld,
jsQ1d  jsQ2d  0. This equation, as well as a corre
sponding equation for the density of statesssld, is hardly
solved analytically, and a numerical analysis is required

In the metallic limit, b ! 0, the lower edge of the
mixed-valence regime in the gapless system is shifted
2`. Correspondingly, the mixed-valence regime of th
gapless system is extended to the conventional mixe
valence (0 , nd , 1) and Kondo (nd ø 1) regimes of
the Anderson impurity in a metallic host.

In summary, using the BA method we have studied t
ground state properties of aU ! ` Anderson impurity
embedded in a gapless host with an energy independ
hybridization and the density of band states given
Eq. (1) with r  1. As in metals, the ground state o
the system has been shown to be composed of cha
complexes only. Since each complex contains two cha
excitation and one spin wave, the total spin of a compl
equals zero. Therefore, at zero temperature the impu
spin vanishes, and the Kondo effect takes place at arbitr
parameters of the model.

However, the appearance of an extra parameterb

on the energy scale, which characterizes the size
region with an unconventional behavior of the densi
of band states in a gapless host, results in significa
changes in the density of states of charge complexes
the ground state of the system. These changes lead
novel qualitative features in the behavior of the impurit
occupancy as a function of the bare impurity leve
energy. The empty-level (nd ø 0) and Kondo (nd  1)
regimes are extended to almost all positive and negat
magnitudes ofed, respectively. While the mixed-valence
regime (0 , nd , 1) is squeezed to a narrow region
2G2y4b , ed , 0.

At ed , 2G2y4b, nd  1 exactly and does not de-
pend oned. In this regime, the energy of charge com
plexes is negative at alll, therefore charge complexes fil
out all allowed states on thel axis. Thus, the impurity
line, represented by the driving term in Eq. (12), and d
main of filled states are overlapped completely, in contra
to the metallic Anderson model, where their overlap is a
ways partial at any finiteed , and thereforend , 1 [17].

Only in the empty-level regime the impurity occu
pancy is a universal function of the renormalized impu
rity energy e

p
d  ed 1

G

p ln D
G 1 b, which contains the

parameterb. The behavior ofnd in the mixed-valence
and Kondo regimes is not universal that demonstra
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the nonuniversal properties of the system. The latter e
plains why the Kondo screening is absent—or exists on
at quite a large electron-impurity coupling—in earlie
studies based on scaling arguments. Nevertheless, us
both poor-man’s scaling and numerical RG calculation
Gonzalez-Buxton and Ingersent [6] have derived the b
havior of the impurity occupancy which is qualitatively
close to the above-described picture.

In the BA analysis, the powerr must be fixed. The
spectrum of the system is determined by the function
ksvd andhsvd, and it is essentially different at different
r. At r fi 1, the spectrum of Bethe excitations is enriche
that could result in qualitatively novel physical propertie
of the system. It seems very difficult, if not impossible, to
propose any scenario of destroying the Kondo screeni
of an integrable Anderson impurity.
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