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Ground State Properties of an Anderson Impurity in a Gapless Host
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Using the Bethe ansatz method, we study ground state propertied/ofacc Anderson impurity
in a “gapless” host, where a density of band states vanishes at the Fermkjeesl|e — €x|. As
in metals, the impurity spin is proven to be screened at arbitrary parameters of the system. However,
the impurity occupancy as a function of the bare impurity energy is shown to acquire novel qualitative
features which demonstrate a nonuniversal behavior of the system. The latter explains why the Kondo
screening is absent (or exists only at quite a large electron-impurity coupling) in earlier studies based
on scaling arguments. [S0031-9007(98)08269-6]

PACS numbers: 75.20.Hr, 72.15.Qm

The physics of “gapless” dilute magnetic alloys, wherefective coupling determines the electron-impurity and ef-
an effective density of band electron states varies near thfective electron-electron scattering amplitudes, an inverse
Fermi level as|le — er|", r > 0, has been attracting a dispersion accounts for the spatial behavior of electron
significant theoretical interest. Using “poor-man’s” scal-wave functions, and naturally enters BA equations via pe-
ing for the spin% Kondo model, Withoff and Fradkin [1] riodic boundary conditions imposed on eigenfunctions of
have predicted that the Kondo effect in gapless systemiie system. The physics of the system is thus governed
takes place only if an effective electron-impurity coupling by both an effective electron-impurity couplifig(e) and
exceeds some critical value; otherwise, the impurityan inverse dispersion of band electrdris) [15].
decouples from the electron band. Numerical renormal- Here, we treat the case of an energy independent hy-
ization group (RG) calculations, largé- studies, and bridization, t(e) = ¢+ = const, so that an energy depen-
quantum Monte Carlo simulations [2—7] have confirmeddence of an effective coupling’(e) = 2I'p(e), where
this prediction and revealed a number of additional in-2I" = ¢?, is determined only by a nonlinear band disper-
triguing features of the physics of magnetic impurities insion. We assume also a simple form for the density of

unconventional Fermi systems. states of a gapless host,
In a conventional metallic system with (i) a linear disper- le|”
sion of electrons near the Fermilevelk) = vg(k — kf), ple) = W (1)

and (ii) an energy independent band electron-impurity hy-
bridization, basic “impurity” models are exactly solved by where the energy is taken relative to the Fermi valug .

the Bethe ansatz (BA) [8—11]. It has recently been showThe parametepB characterizes the size of the region with
[12] also that integrability of the degenerate atid— <  an unconventional behavior pfe). At 8 = 0, the model
nondegenerate Anderson models is not destroyed by a noreduces to the metallic Anderson model. Af exceeds
linear dispersion of particles and an energy dependent hyessentially a band half-width, 8 > D, one obtains the
bridization, but it becomes only hidden [13]. The approachdensity of statep(e) ~ |e|”. To derive thermodynamic
developed has allowed us to study [14] the thermodynamiBA equations one has to fix the poweiin Eq. (1). The
and ground state properties of an Anderson impurity emmagnitude of- is one of the key factors in determining the
bedded in a BCS superconductor, and can be used to obtapectrum of the system in terms of Bethe excitations. In
an exact solution of the Kondo problem in other unconventhis Letter, we focus on the simplest case= 1, which is,
tional systems. however, of particular physical interest [3—7].

In this Letter, we report an exact BA solution of a Because of a separation of charge and spin quantum
model describing &/ — « Anderson impurity embed- numbers, the spectrum of the metallic— o Anderson
ded in a gapless host. The model is diagonalized bynodel is described in terms of unpaired charge excitations,
BA at the arbitrary density of band statpge) and hy- charge complexes, and spin excitations including bound
bridization (). In the RG approach, the physics of the spin complexes [8—11]. Since the ground state of the sys-
system is assumed to be governed only by an effectiveem is composed only of charge complexes (a charge com-
electron-impurity coupling’(e) = p(e)t?(e) rather than plex contains one spin wave and two charge excitations)
by separate forms gb(e) andz(e). However, to derive carrying no spin, the Kondo effect takes place: The impu-
thermodynamic BA equations, one has to specify separty spin vanishes at zero temperature.
rate forms of an effective electron-impurity coupling and In the gapless model described above, the structure of
an inverse dispersion of band statgg). While an ef- the spectrum is shown to preserve basic characteristic
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features of the metallic version. In particular, the groundl'(e) are found from the following BA equations [12]:
state of the system is still composed only of charge

. h . o hy—€q/2l — /2 Mohp— A, — )2
complexes carrying no spin. Therefore, as in metalsgi*it hj ~ €/ l_/ = l_[ u (3a)
the Kondo screening of the impurity spin takes place i — €/2U +i/2 o0\ hj = Aa +i/2
at arbitrary parameters of the system, which contradicts NN, — hj —i/2 M Ny — Ag — i
dramatically to results of earlier studies [1-7]. ,1:11 m = —le m, (3b)

However, the behavior of the impurity occupaney
as a function of the bare impurity level energy is  whereN is the total number of electrons in an interval of
drastically changed compared to a metal host. At positivaizeL andM is the number of electrons with spin “down.”
values ofe,, the impurity occupancy is still given by the The eigenenergf and thez component of total spin of
standard formulas [8], where the renormalized impuritythe system are found to be

level energye; = e, + %In% + B contains now the N N
parameterB3. The mixed-valence regime shrinks: the E=2I" ) wj, St = 57 M. (3¢)
impurity occupancy quickly grows from,; = 0 ate; = j=1

0tony = 1 (precisely) ate; = —I'2/48. In the Kondo
(local-moment) regimey; = 1, and it does not depend on
€4. Only in the empty-level regimesf > 0) the impurity
occupancy is a universal function of the renormalize
impurity energye; rather than a function of the bare ko {w +58In(1 = %), » <0,
parameters of the model. 2T o = 38In(l + 5), o>0,

The behavior of the i_mpur.ity occupancy in the mix_ed'whereﬁ = B/2I'. The BA equations (3) are quite similar
valence and Kondo regimes is not universal that manlfestﬁj those in the conventional Anderson model [8—11]

nonuniversal properties of a gapless system in contrast Phe only, but very essential, difference is a nonlinear
a metallic one. This explains why the Kondo screenin nergy dépendence of moménta and charge “rapidities”
is absent (or exists only at quite a large electron-impurity, = _ h(w)). At arbitrary p(e) and f(e), the rapidity
coupling) in earlier studies based on scaling arguments. hj(e) _ (E’ -~ €2)/T(€). In our model of ’a gapless host,

We start with the Hamiltonian of the nondegenerat 20\ : ; ; ;
Anderson model rewritten in terms of the Fermi operatoriNhere[ () = 21" andp(e) is defined as in Eq. (1) with

ct(e) [co(€)] which create [annihilate] an electron with r=1

In Egs. (3), » = €/2I' is a dimensionless energy,
and k; = k(w;) are charge excitation momenta. From
qu. (1), one easily obtains

(4a)

AP i v
spino = 1,| in ans-wave state of energy, hw) = (w . ﬂ) lw| 4 &4 (4b)
H=H, + Hy + Hy. (2a) 2r) ol 2r
Here As in the metallic Anderson model, in the thermody-
D 4e namic limit spin rapidities\,,, « = 1,..., M are grouped
H. = Zf —_— ec(’;(e)c”(e), (2b)  into bound spin complexes of size
p= -D 27 )
A = A+ S+ 1 —2j),  j=1...n.
Hy = €Y did, + Uddid}dy, (2¢) @ o D " -

H, = ZfD deyT(e)[ci(e)dy + dicy(e)], (2d) Apart from unpaired charge exc_itations with real rapidities
o J—D h;, the system spectrum contains also charge complexes,
are the conduction band, impurity, and hybridizationin which two f:harge ex_citations With pomplex rapidities
terms, respectively. All notation in Egs. (2) are standardbound to a spin wave with a real rapidity,,
An electron localized in an impurity orbital with the . i
energy e, is described by the Fermi operatois,. h (@) = Ay = 5" (6)
The electron energies and momenta are taken relative
to the Fermi values, which are set to be equal to Without an impurity term [the second term in the left-
zero. The integration over the energy variakdeis  hand side of Eq. (3a)], BA equations of impurity mod-
restricted by the band half-widt®®. In what follows, els describe a free host in terms of interacting Bethe
we assume thab is the largest parameter on the energyparticles with an arbitrary rapidity:(w). Introducing
scale,D — «, In the energy representation, the effectivean impurity fixesi(w), and fixes thus the spectrum of
particle-impurity coupling'(e) = p(e)t’(e) combines Bethe excitations of a host. For instance, the fiite-
the density of band stateg(e) = dk/de(k), and the andU — o Anderson impurities require different descrip-
energy dependent hybridizatiote). tions of the same host with the different spectra of Bethe
In the limit of a large Coulomb repulsion in an impurity excitations [8]. In a gapless system, the impurity en-
orbital, U > D, eigenvalues of the model (2) with the ergy e, is involved both in the impurity term and in
arbitrary inverse dispersiok(e) and effective coupling the expression foh(w). The magnitude ok, thus both
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determines a particle-impurity scattering phase and dictatesith insignificant corrections related to small deviations
an appropriate choice of the Bethe spectrum of a host.  of the functionx(A) from the linear behavior.
It is instructive to start our analysis of the ground state Significant changes in the behavior of the system oc-
properties of the system with the simplest case= 0.  cur at negativee,. At negativeb (e;/2I' < —1/165),
The complex energies of charge excitations of a chargée functionx(A) is negative at alh € (—, ). In con-
complex are then found to be trast both to the metallic model and to the gapless sys-
; tem with positivee,, the bare energy of charge complexes,
A+ox 3, A< —9, (7)  ¢éo(A) = 4T'x(1), is now a monotonically increasing nega-
A=d8x5, A>0. tive function at allA. Therefore, in the ground state of the
In contrast to the metallic case, the spectrum of charggystem charge complexes fill out all allowed states on the
complexes contains thus the gap of stée The existence 4 axis. The density of states of charge complex¢s) is
of the gap should lead to essential changes in thé&und from the continuous limit [8—11] of Egs. (3),
thermodynamics of the system. However, it can be showny g4()) 1 €, = , ,
from the thermodynamic Bethe ansatz equations thay_—— — * 7 a(A — 5 =f_x dNa(A = Ao (X)
the renormalized energies of unpaired charge excitations
and spin complexes are still positive in the absence + a(h), (10)
of an thernal magnetic field. Therefore, as in thewhere g(0) = k_(A) + k+(A) is the momentum of the
conventl_onal Anderson model, the ground sj[ate of th‘?:harge complexes, andx) = [7(x> + 1)]"!. As usual,
system is composed of charge complexes with negativg\e fnction()) is divided into the host and impurity
renormahz_ed energies only. The upper edge of f'lledparts,a(A) — o4() + L~ o;(A). The occupancy of the
statesQg, is now given byQg = Q4 — 8, whereQs = impyrity level, ng, is then given by
—5, In T corresponds to the metallic Anderson model. "
The occupancy of the impurity level is also given by the ng = 2[ drai(A), (11)
standard BA formulas [8], where in the expression for —c0
the renormalized impurity level energy; one needs only where the impurity density of states is found from the
to replaceQ, by Qg to gete; = %In% + B. Thus, equation
the impurity occupancy at; = 0 is essentially decreased (
a

w+(A) =

compared to the metallic case. A— ﬂ) = g;(\) + f dMa(A — Mo ().

At e; # 0, the complex energies of charge excitations 2
of a complex are found from the equation (12)
) i € Since unpaired charge excitations and spin complexes are
wi —({A+6E - |Jor +0 o 0. (8)  absent in the ground state of the system, the impurity spin

. vanishes. Thus, as in the metallic Anderson system, the
Since we study here only the ground state of the systenKondo effect takes place at an arbitrary particle-impurity
we may restrict our consideration to the solutions with thecoupling.

negative real part of energies, Re< 0. Then, a solution Solving Eq. (12), we immediately find, = 1. Thus,

w+(A) = x(A) = iy(A) is given by ate;, < —I'2/4B the impurity level is entirely filled out
1 171 and its occupancy does not depend on a position of the
x(A) = —[u — u(p); y(A) = — [— - v(,u):|, impurity energy with respect to the Fermi level. Thus, the
2 212 behavior of the impurity occupancy in the gapless host is

(93)  not described by a universal function of the renormalized
impurity energye,; but it depends essentially on the bare

where X
parameters of the model; and 8. Making use of the
_ Loy Y 271/2 terminology of the Anderson model, we will call this
" V2 L b+ \/(’u by + w2l (9b) regime with the entirely filled impurity level the Kondo
sgn (or local-moment) regime, despite its disappearance in the

Bl—u?+ b+ \/(M2 — b)2 + u2]"2, (9c) limit B — 0, where our model reduces to the conventional
V2 Anderson model. However, for quite largeand even at
andu = A + 8. The behavior of this solution is gov- 6 = 1, the Kondo regime describes the system’s behavior

erned by the parametér = % + 4 5+ 8 [16]. almost at all negative,, except a very narrow region near
Let us consider first the case of positigg, and hence the Fermi level, wheré < b < 4—11
b > %. Then, as in the case; = 0, the functionx(A) The region0 < b < i corresponds in our case to

is negative only atA < —§. The ground state of the the mixed-valence regime, where the impurity occupancy
system is still composed of charge complexes filling allis changed fromn, = 0 in the empty-level regime at
the states fromh = —D /21" to A = Q. The impurity e, =0 to ny, = 1 precisely in the Kondo regime at
occupancyn, is governed by the well known formulas e; = —I'?/48. The bare energy of charge complexes
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&o(A) = 4I'x(A) in this regime is negative at all, except the nonuniversal properties of the system. The latter ex-

the pointA = —4&, wherex(A) = 0. The renormalized plains why the Kondo screening is absent—or exists only
energy of charge complexes at zero temperature is founat quite a large electron-impurity coupling—in earlier
from the thermodynamic BA equation studies based on scaling arguments. Nevertheless, using
o, both poor-man’s scaling and numerical RG calculations,
£(N) = 4Tx(A) — f dNa(h — X)) Gonzalez-Buxton and Ingersent [6] have derived the be-
—oo havior of the impurity occupancy which is qualitatively

o , , close to the above-described picture.
- sz dXNa(A — X)¢X), (13) In the BA analysis, the power must be fixed. The
spectrum of the system is determined by the functions
where 0, and Q, are defined as the zeros @f(A), k(w) andh(w), and it is essentially different at different
£(Q1) = £(Q2) = 0. This equation, as well as a corre- . At r # 1, the spectrum of Bethe excitations is enriched
sponding equation for the density of state§\), is hardly  that could result in qualitatively novel physical properties
solved analytically, and a numerical analysis is required. of the system. It seems very difficult, if not impossible, to

In the metallic limit, 3 — 0, the lower edge of the propose any scenario of destroying the Kondo screening
mixed-valence regime in the gapless system is shifted tef an integrable Anderson impurity.

—c. Correspondingly, the mixed-valence regime of the | thank S. John for stimulating discussions.
gapless system is extended to the conventional mixed-

valence ( < ny < 1) and Kondo g, = 1) regimes of

the Anderson impurity in a metallic host.

In summary, using the BA method we have studied the  *gjectronic address: rupasov@physics.utoronto.ca
ground state properties of & — o Anderson impurity  [1] D. Withoff and E. Fradkin, Phys. Rev. Let64, 1835
embedded in a gapless host with an energy independent (1990).
hybridization and the density of band states given in [2] L.S. Borkowski and P.J. Hirschfeld, Phys. Rev. 48,
Eq. (1) with » = 1. As in metals, the ground state of 9274 (1992).
the system has been shown to be composed of chargél] C.R. Cassanello and E. Fradkin, Phys. Reva3 15079
complexes only. Since each complex contains two charge  (1996);56, 11246 (1997).
excitation and one spin wave, the total spin of a complex 4] K. C€hen and C. Jayaprakash, J. Phys. Condens. Matter
equals zero. Therefore, at zero temperature the impurity L491 (1995).

spin vanishes, and the Kondo effect takes place at arbitrar 2} é Ig%irzs;gtz,_gﬂitsanzxa Bé" |1nl g%?;ge(nltgglf%ys Rev5S

parameters of the model. 15614 (1996)57, 14 254 (1998).
However, the appearance of an ex'Fra paramg&er 7] R. Bulla, Th. Pruschke, and A.C. Hewson, J. Phys.
on the energy scale, which characterizes the size o Condens. Matte®, 10463 (1997).

region with an unconventional behavior of the density [8] A.M. Tsvelick and P.B. Wiegmann, Adv. Phy82, 453
of band states in a gapless host, results in significant  (1983).

changes in the density of states of charge complexes if9] N. Andrei, K. Furuya, and J.H. Lowenstein, Rev. Mod.
the ground state of the system. These changes lead to Phys.55, 331 (1983).

novel qualitative features in the behavior of the impurity[10] P. Schiottmann, Phys. Rep8l, 1 (1989). _
occupancy as a function of the bare impurity levell11] A.C. Hewson, The Kondo Effect to Heavy Fermions
energy. The empty-level( ~ 0) and Kondo f; = 1) (Cambridge University Press, Cambridge, 1993).

i " . [12] V.I. Rupasov, Phys. Lett. 237, 80 (1997).
regimes are extended to almost all positive and negativ 3] V.1. Rupasov and M. Singh, J. Phys. 29, L205 (1996);

magnitudes ok, respectively. While the mixed-valence Phys. Rev. Lett77, 338 (1996).
regime (0 < ny < 1) is squeezed to a narrow region, [14] V.I. Rupasov, Phys. Rev. Let80, 3368 (1998).
—T?/4B < eq < 0. [15] V.I. Rupasov, Phys. Rev. B8, R11845 (1998).

At e, < —T?/4B, ng = 1 exactly and does not de- [16] At b > 1, the second root of Eq. (8 (A) = [ + u]
pend one,. In this regime, the energy of charge com- also satisfies the condition™ (1) < 0 at A < —§ that
plexes is negative at aN, therefore charge complexes fill allows one to construct more complex charge complexes.
out all allowed states on th& axis. Thus, the impurity However, as unpaired charge excitations and spin com-

line, represented by the driving term in Eq. (12), and do-  Plexes, they do not contribute to the ground state of the

main of filled states are overlapped completely, in contrast ~ System. The same scenario occurs in the fibiteretallic

to the metallic Anderson model, where their overlap is al- _ Anderson model [8]. . .

ways partial at any finite,, and thereforer, < 1 [17]. [17] The refs\der can see here a.degp analoqy with a mechanism
Only in the empty-level regime the impurity occu- of the impurity spin screening in the= 5 Kondo model

. . I functi f th lized i in terms of BA approach. In the absence of a magnetic
pancy I1s a universal function ot the renormalized impu- field, spin waves fill out all states resulting in a total

. % r D . .

rty energye; = eq + - |_n Tt ,33 which contains the compensation of the impurity spin. In a magnetic field,
parameter3. The behavior ofr,; in the mixed-valence a part of allowed states for spin waves is empty, and the
and Kondo regimes is not universal that demonstrates compensation is only partial.

842



