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Extending the Fröhlich polaron problem to adiscreteionic lattice we study a polaronic state with a
small radius of the wave function but a large size of the lattice distortion. We calculate the en
dispersion and the effective mass of the polaron with the1yl perturbation theory and with the exac
Monte Carlo method in the nonadiabatic and adiabatic regimes, respectively. The “small” Frö
polaron is found to be lighter than the small Holstein polaron by 1 or more orders of magnit
[S0031-9007(98)08335-5]
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A free electron interacting with the dielectric polariz
able continuum was studied by Pekar [1] and Fröhlich [
in the strong and weak coupling limit, respectively. Th
is the case of carriers interacting with optical phonon
in ionic crystals under the condition that the size of th
self-trapped state is large compared to the lattice co
stant so the lattice discreteness is irrelevant [3]. The m
sophisticated treatment of this “large” or “continuum” po-
laron is due to Feynman and co-workers [4] with the pat
integral method, substantially extended in the past deca
[5]. This treatment leads to a mass enhancement, but
to a hopping conduction or to a narrow polaron band.

When the electron-phonon coupling constantl is large,
all of the states in the Brillouin zone are involved in th
formation of the polaron wave function, so the polaro
radius becomes comparable with the lattice constanta and
the continuum approximation is no longer valid. Bas
features of thesmallpolaron were well recognized a long
time ago by Tjablikov [6], Yamashita and Kurosawa [7
Sewell [8], Holstein [9], Lang and Firsov [10], and others
and are described in several review papers and textbo
[11–15]. So far, analytical and numerical studies ha
been mainly confined to the Holstein model with a shor
range electron-phonon interaction. Exact diagonalizati
of several vibrating molecules coupled with one electro
[16,17], variational [18,19], and Monte Carlo calculation
[20] revealed an excellent agreement with analytical resu
of Holstein [9] and Lang and Firsov [10] for the energy o
the ground state and first excited states at largel. Polaron
mass is very large in the Holstein model, unless phon
frequencies are extremely high. The size of the regio
where the small Holstein polaron is localized, is about t
same as the size of the lattice distortion, each of the or
of the lattice constant. Both sizes are almost identical a
for the large Fröhlich polaron, but much larger.

In this Letter we study a problem of the lattice polaro
with a long-range Fröhlich interaction [21]. This quasipa
ticle has a small (atomic) size of the electron localizatio
region but a large size of the lattice distortion. While th
large Fröhlich polaron is heavier than the large Holste
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polaron, thesmall Fröhlich polaron (SFP) turns out to b
much lighter than the small Holstein polaron (SHP) wi
the same binding energy. We argue that SFPs are rele
quasiparticles in the cuprates.

A quite general electron-phonon lattice Hamiltonia
with one electron and the “density-displacement” type
interaction is given by [9,12,15]

H ­ 2
X
nn0

tnn0c
y
n0cn 1

X
qa

h̄vqasdy
qadqa 1 1y2d

2
X

mna

fmasndcy
ncnjma . (1)

Herea corresponds to the different phonon modes,jma is
a normal coordinate at sitem, andfmasnd is theforcebe-
tween the electron at siten and the normal coordinatejma .

If characteristic phonon frequencies are large co
pared to the electron kinetic energy,h̄v . t (nonadiabatic
regime), then one can apply a powerful analytic metho
based on the Lang-Firsov canonical transformation [1
and the subsequent1yl perturbation technique. Intro-
ducing the phonon operators asjma ­

P
qsumqady

qa 1

up
mqadqad with umqa ­ h̄1y2s2NMvqad21y2eiqm, N the

number of sites, andM the ion mass, one obtains the tran
formed Hamiltonian

H̃ ­ e2SHeS ­ 2
X

n0fin
ŝn0nc

y
n0cn

2 Ep

X
n

cy
ncn 1

X
qa

vqasdy
qadqa 1 1y2d . (2)

HereS ­
P

mnqash̄vqad21umqafmasndcy
ncndy

qa 2 H.c.,
andEp is the familiar polaronic shift,

Ep ­
X

mm0qa

1
2NMv2

qa

fmas0dfm0as0d cosqsm 2 m0d .

(3)

The polaronic shift is the natural measure of the stren
of the electron-phonon interaction. It defines the electro
phonon coupling constant asl ­ Epyzt, wherez is the
© 1999 The American Physical Society 807
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lattice coordination number. The first term in Eq. (2) con
tains the transformed hopping integralŝnn0 , which depends
on the phonon operators as

ŝnn0 ­ tnn0 exp

" X
mqa

fmasnd 2 fmasn0d
h̄vqa

3 sumqady
qa 2 up

mqadqad

#
. (4)

At large l the hopping term in Eq. (2) can be treated a
a perturbation. Introducing a set ofN zero-order Bloch
eigenstates (all with the same energy2Ep) jk, 0l ­
N21y2

P
n cy

n expsik ? nd j0l, one readily calculates the
lowest energy levels in a crystal. Up to the second ord
in the hopping integral, the result is

Eskd ­ 2 Ep 2
X
nfi0

tn0e2g2snd exps2ik ? nd

2
X

k0,nqa

jkk, 0j
P

nn0 ŝnn0c
y
n0cnjk0, nqalj2

h̄
P

qa vqanqa

. (5)

Herejk0, nqal is an excited state of the unperturbed Hami
tonian with one electron and at least one phonon;nqa is the
phonon occupation number. The second term in Eq. (
which is linear with respect to the bare hoppingtnn0 , de-
termines the dispersion of the polaron band with a ban
narrowing exponent (at zero temperature)

g2snd ­
X
qa

1
2NMh̄v3

qa

3
X
mm0

f fmas0dfm0as0d 2 fmas0dfm0asndg

3 cosqsm 2 m0d . (6)

The third term in Eq. (5), quadratic intnn0 , yields a nega-
tive almostk-independentcorrection of the order of1yl2

to the polaron level shift. It is unrelated to the polaro
effective mass and the polaron tunneling mobility.

In general, there is no simple relation between th
polaronic shiftEp and the exponentg2 which describes
the mass enhancement, as one can see from Eqs. (3)
(6). We now consider the case of a single dispersionle
phonon modevqa ­ v and the nearest-neighbor hopping
with an amplitudet. One obtains

Ep ­
1

2Mv2

X
m

f2
ms0d , (7)

g2 ; g2s1d ­
1

2Mh̄v3

X
m

f f2
ms0d 2 fms0dfms1dg . (8)

The effective mass renormalization ismpym ­ eg2
, where

m is the bare band mass and1ymp ­ ≠2Eskdy≠sh̄kd2

with k ! 0. If the interaction is local,fmsnd ­ kdmn
808
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(Holstein model), theng2 ­ Epysh̄vd. In general, one
has g2 ­ gEpysh̄vd with a numerical coefficientg ­
1 2

P
m fms0dfms1dy

P
m0 f2

m0s0d, which is less than unity
for the canonical Fröhlich interaction [22].

To calculateg explicitly we introduce one- and two-
dimensional lattice models with a long-range Coulomb i
teraction between an electron and ions (see Fig. 1). T
electron in a Wannier state on a siten of the infinite chain
(plane) (3) interacts with the vibrations ofall ions of an-
other chain (plane) (s) polarized in the direction perpen-
dicular to the chains. A strong coupling of carriers wit
c-axis polarized phonons (h̄v . 75 meV) has been estab-
lished experimentally in YBa2Cu3O61x [23]. Because of
a low c-axis conductivity and high phonon frequency, th
coupling is not screened representing an example of a lo
range Fröhlich interaction. In this way our model mimics
hole on the CuO2 plane (chain3) coupled with thec-axis
apical oxygen vibrations (chains) in the cuprates. The
corresponding force is given by

fmsnd ­
k

sjm 2 nj2 1 1d3y2 . (9)

Here the distance along the chainsjm 2 nj is measured
in lattice constantsa, and the interchain distance is als
a ­ 1. For this long-range interaction, one obtainsEp ­
1.27k2ys2Mv2d, g2 ­ 0.49k2ys2Mh̄v3d, and g2 ­
0.39Epysh̄vd. The effective mass renormalization i
much smaller than in the Holstein model, roughly a
mp

SFP ~
p

mp
SHP .

Our analytical consideration is applied ifv $ t, and
l ¿ 1. To extend the results to the adiabatic case a
to the intermediate coupling we apply a continuous-tim
path-integral quantum Monte Carlo (QMC) algorithm, de
veloped recently [24]. This method is free from any sy
tematic finite-size, finite-time-step, and finite-temperatu
errors and allows for exact calculation of the ground-sta
energy and the effective mass of the lattice polaron for a
electron-phonon interaction. The method was tested on
one-dimensional (1D) Holstein model which has been e
tensively studied by other methods. Excellent agreem
with exact diagonalization [16,17], density-matrix reno
malization group [25], and variational [18] results wa
found for both the ground-state energy and effective ma

Exact polaron masses of the one-dimensional mod
defined by Eq. (9) and Fig. 1, are compared with 1D Ho
stein polaron masses in Fig. 2. For both phonon freque
cies h̄v ­ 1.0t and 0.5t, we found SFP to beheavier
than SHP at smalll , 1, but much lighter than SHP

FIG. 1. One-dimensional model of the small Fröhlich polaro
on chain (3) interacting with all ions of chain (s).
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FIG. 2. Inverse effective polaron mass in units of1ym ­
2ta2yh̄2 for the one-dimensional Holstein and Fröhlich
[Eq. (9)] models. Circles:v ­ 1.0t; squares:v ­ 0.5t.

in the strong-coupling regimel . 1.5. The mass ratio
reaches 1 order of magnitude atl ­ 2.75 for h̄v ­ 1.0t
and atl ­ 1.75 for h̄v ­ 0.5t. This is in accordance
with our analytical approach in thēhv . t regime. Thus
the mass ratiomp

FPymp
HP is a nonmonotonic function of

l (see Fig. 3). This is a consequence of the fact th
mp

FP sld is well fitted by a single exponential function,
exps0.73ld for h̄v ­ 1.0t and exps1.40ld for h̄v ­ 0.5t.
This is not so for the Holstein polaron, in which case
crossover between two regimes occurs atl , 1.5. It is
interesting that the numerical exponents found are on
slightly smaller than that following from the Lang-Firsov
transformation, exps0.78ld and exps1.56ld, respectively.
This shows the excellent accuracy of this transformatio

FIG. 3. The ratio of the effective masses of the Fröhlich an
Holstein polarons in 1D. Fröhlich polaron is heavier at sma
l , 1.25 but much lighter atl . 1.25.
at
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even in the intermediate region of parameters,l , 1 and
h̄vyt , 1. Note, however, that the exact exponent de
ates more and more from the Lang-Firsov approximat
with a decreasing adiabatic ratiōhvyt. This is in agree-
ment with the exact diagonalization of a two-site mod
[16], where it was shown that the Lang-Firsov approx
mation overestimates the polaron mass in the adiab
regime.

We also compared our exact QMC masses with
canonical weak- [2] and strong-coupling [1] continuum p
laron theory, where the bandwidth is assumed to be infin
To make such a comparison meaningful we determ
the Fröhlich coupling constanta in such a way, that the
ground-state energyE0 of the continuum approximation is
the same as the one in our model. Then we calculate
continuum-case mass and compare with ourmp

SFP sld. In
the Fröhlich weak-coupling regime, one hasE0 ­ 2ah̄v

and mp
c ­ s1 1 ay6dm. This mass appears to be we

below our mp
FP for l , 1. For instance, forl ­ 0.5

and h̄v ­ t, the continuum mass ismp
c ­ 1.119m, while

our result ismp
FP ­ 1.422m. However, in the strong-

coupling regime,l . 1, the continuum approximation
overestimates the mass. Using Pekar’s ground-state
ergy, E0 ­ 20.1085a2h̄v, and mass,mp

c ­ 0.021a4m,
for l ­ 2 and h̄v ­ t, we find mp

c ­ 17.2m which is
much larger than our mass,mp

FP ­ 4.29m. This differ-
ence does not depend very much on the dimensiona
of the polaron. We notice also that if we take into a
count the intermediate coupling corrections to the groun
state energy of the strong-coupling Pekar polaron,E0 ­
2s0.109a2 1 2.836dh̄v [26], a continuum polaron mass
mp

c ­ 1.074m, turns out to be much lighter than the exa
one for the samel. These estimates underline the cruci
role of a finite bandwidth.

To check that the light small Fröhlich polaron is no
an artifact of one dimension we calculated its mass
the two-dimensional (2D) version of the model (9) an
compared it with the 2D Holstein polaron (see Fig. 4).
l . 1 the mass ratiomp

SFPymp
SHP (see inset, Fig. 4) shows

even more sharp fall than in 1D. While SFP is 2.5 tim
heavier than SHP atl ­ 1.0, they are equal atl ­ 1.1,
and SFP is 36 times lighter atl ­ 1.3 (at this coupling
mp

SHP ­ 400 but mp
SFP ­ 11). The reason for such a

dramatic change is thevery large mass of 2D SHP. At
the same time, the mass of SFP grows exponentially
smoothly, similar to the 1D case. The best fit to QM
data is exps1.62l 1 0.19l2d.

The physical reason for the small mass of SFP lies
the form of electron-phonon interaction. A long-rang
interaction of the Eq. (9) type induces a lattice distortio
which undergoesless changes when the carrier hops
the neighboring site, than a distortion induced by a sho
range interaction. Namely, relative changes are essen
for the polaron mass. One should also emphasize
new type of internal structure of SFP, which is be
understood in the extreme strong-coupling limit,l ! `.
809
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FIG. 4. Inverse effective polaron mass in units of1ym ­
2ta2yh̄2 for the two-dimensional Holstein and Fröhlich
[Eq. (9)] models. h̄v ­ 0.5t. Inset: Ratiomp

SFP ymp
SHP .

In this limit the Lang-Firsov transformation is exact, an
the polaron is localized on one siten. Hence, the size
of its wave function is the atomic size. On the othe
hand, the lattice deformation, which is proportional to th
displacement forcefmsnd, spreads over a large distance
Its amplitude falls with the distance asjm 2 nj23 in our
model. Thus we have a new situation when the size
the polaron and the size of lattice deformation are ve
different. Our findings suggest to generalize the definitio
of the polaron and polaron “cloud” to include this new
possibility.

In conclusion, we have studied the small polaron pro
lem with the long-range Fröhlich interaction. This polaro
has a small (atomic) size of the wave function but a larg
size of the lattice deformation. The “small Fröhlich po-
laron” propagates in a narrow band with the effective ma
much smaller than that of the Holstein small polaron wit
the same binding energy. We argue that small Fröhli
(bi)polarons [22] as well as large Fröhlich (bi)polaron
[5,27,28] are relevant quasiparticles in the cuprates, d
scribing holes in the CuO2 plane coupled with the lattice
distortion by a long-range interaction.

We are grateful to J. T. Devreese, D. M. Eagles, H. Fe
ske, Yu. A. Firsov, W. M. C. Foulkes, V. V. Kabanov,
E. K. Kudinov, and Guo-meng Zhao for illuminating dis
cussions. P. E. K. acknowledges the support by EPSR
Grant No. GR/L40113.
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