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Effective Mass andg Factor of Four-Flux-Quanta Composite Fermions
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We investigate the properties of composite fermions with four attached flux quanta through tilted-fie
experiments near Landau level filling factorn ­ 3y4. The observed collapse of fractional quantum Hall
gaps in the vicinity of this quarter-filling state can be comprehensively understood in terms of composi
fermions with mass and spin. Remarkably, the effective mass andg factor of these four-flux-quanta
composite fermions aroundn ­ 3y4 are very similar to those of two-flux-quanta composite fermions
aroundn ­ 3y2. [S0031-9007(98)08208-8]
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Our view of the fractional quantum Hall effect (FQHE)
[1] has expanded considerably during the past seve
years. The composite fermion (CF) model [2,3] ha
provided an elegant and rather intuitive interpretation
the different sequences of FQHE states. It transforms t
system of interacting electrons into an equivalent syste
of noninteracting fermions by the attachment of an eve
number 2m of magnetic flux quanta to each electron
The resulting particles are named CFs. At exact ev
denominator filling factorsn ­ 1y2m, the attached flux
and the external flux cancel exactly in the mean fie
approximation, and one arrives at a Fermi sea of C
in a vanishingeffectivemagnetic field. In other external
magnetic fields, the cancellation is not exact; the CF
experience a nonzero effective magnetic field, and th
orbital motion is quantized into CF Landau levels. Th
magnetic fields at which then ­ pys2mp 6 1d FQHE
states are seen in experiment correspond precisely to th
of the CF Landau gaps, and the FQHE can be viewed
an integral quantum Hall effect (IQHE) of such strang
composite particles.

A large body of experimental work has amassed arou
filling factor n ­ 1y2 in support of the simplest of
CFs, consisting of two flux quanta attached to eac
electrons2CFsd. Geometrical resonance experiments hav
demonstrated the existence of a well-defined Fermi wa
vector [4]. In addition, activation energy and Shubnikov
de Haas measurements on the sequence of FQHE st
n ­ pys2p 6 1d converging onn ­ 1y2 determine an
effective mass, which originatessolely from electron-
electron interactions [5].

Tilted-field experiments on2CFs, performed mostly
around n ­ 3y2, reveal repeated collapses of the su
rounding FQHE gaps [6]. Today these features are co
prehensively explained in terms of CFs carrying spin an
g factor [7]. As a function of tilt, crossing of spin-split
CF Landau levels leads to vanishing energy gaps, whe
ever the CF Zeeman energy is a multiple of the CF La
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dau energy. For a given specimen all such coinciden
can be understood in terms of an only slightly varying C
mass andg factor. This is a remarkable fact, since theg
factor is strongly affected by exchange, which is expec
to differ substantially between different FQHE states.

The bulk of the experimental and theoretical wo
investigates the properties of CFs with two attached fl
quanta, i.e.,m ­ 1. Very little is known about higher
order CFs atn ­ 1y2m sm . 1d, or at n ­ i 6 1y2m,
which are particle-hole conjugates of the former or res
in higher Landau levels. FQHE states associated with a
such higher order CFs are much more fragile than
states around half filling and have considerably wea
energy gaps.

In this paper we investigate effective mass andg
factor of four-flux-quanta composite fermions,4CFs, by
performing angular and temperature dependent electr
transport experiments on the FQHE states atn ­ s3p 6

1dys4p 6 1d around filling factorn ­ 3y4s­ 1 2 1y4d.
As in the case ofn ­ 3y2, all our experimental findings
can be parametrized in terms of an effective mass, wh
is only density dependent and a practically constantg
factor. Most importantly, the parameters derived for4CFs
turn out to be very similar to those of2CFs.

The four samples examined are high-mobili
modulation-doped GaAsyAlGaAs heterostructures. They
have electron densities ofn ­ s0.86, 1.13, 2.17, and
2.26d 3 1011 cm22 and mobilities ofm ­ s11, 6.8, 6.2,
and13d 3 106 cm2yV s, respectively. We refer to them
by their density in 1011 cm22, i.e., sample 1.13 for
the specimen of densityn ­ 1.13 3 1011 cm22. The
samples are cleaved into5 mm 3 5 mm squares, each
of which has eight diffused indium contacts placed sy
metrically around the perimeter. The experiments a
performed in a top-loading dilution refrigerator with a
in situ sample rotation stage.

Magnetoresistance data were taken aroundn ­ 3y4 for
sample 0.86 at 71 different tilt angles betweenu ­ 0±
© 1999 The American Physical Society
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and 70± at temperatureT ­ 55 mK, for sample 1.13 at
36 angles betweenu ­ 0± to 61± at T ­ 32 mK, for
sample 2.17 at 25 angles betweenu ­ 0± and 51± at T ­
42 mK, and for sample 2.26 at 44 angles betweenu ­ 0±

to 51± at T ­ 41 mK. Figure 1 contains an overview of
the FQHE for sample 1.13 at,40 mK.

In all samples, the FQHE minima at given filling
factors show a complex angular dependence, successi
weakening and strengthening with tilt angle (see ins
of Fig. 1). In Fig. 2 we plot the amplitude at FQHE
statesn ­ s3p 6 1dys4p 6 1d as a function of the total
external magnetic field,Btot ­ B'y cosu. In addition,
for each maximum we check whether the FQHE sta
is actually resolved as a clear minimum in the origin
data, onboth sides of the maximum in Fig. 2. Maxima
with bold labels in Fig. 2 have these additional stron
characteristics. Maxima with italic labels show a wel
defined state only on one side of the peak in Fig. 2. Su
occurrences at the edge of the range ofBtot may indicate
a true maximum just beyond reach. Maxima with itali
labels in the center of Fig. 2 may be the result of a
underlying rising background.

The structure of Fig. 2 is similar to the one see
in the angular dependence experiment aroundn ­ 3y2
[7]. At this half filling, the complex behavior of the
magnetoresistance is explained by a simple model
which CFs have a massmp and a g factor gp. This

FIG. 1. Overview of the FQHE in sample 1.13 atT ,
40 mK. The FQHE features around even-denominator fillin
factors n (boxes) can be regarded as the magnetoresista
oscillations due to the formation of composite fermion Landa
levels. The inset shows the magnetoresistance aroundn ­ 3y4
for the same sample at selected tilt angles. Traces are vertic
offset by 500 ohms for clarity.
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leads to the simple energy level diagram seen in the in
of Fig. 2. For any given FQHE state, the CF Landa
level splitting, EC , remains fixed under tilt, wherea
the Zeeman splitting,EZ , increases linearly withBtot.
This leads to level crossings and, hence, disappeara
of energy gaps wheneverEZ ­ jEC or gpmBBtot ­
jh̄vc ­ jh̄eBeffymp, for integralj.

In analogy to the2CF behavior aroundn ­ 3y2, we re-
gard the resistance maxima of Fig. 2 as resulting from
crossings of spin-split4CF Landau levels. These FQHE
states atn ­ s3p 6 1dys4p 6 1d are the IQHE states
p of 4CFs originating fromn ­ 3y4. Their orbits are
quantized into Landau levels by the effective magne
field Beff ­ 23sB' 2 B',n­3y4d, whereB',n­3y4 is the
perpendicular field atn ­ 3y4, and their cyclotron en-
ergies areEC ­ h̄eBeffs4ny3d0.5ymp

n­3y4 [3]. The fac-
tor s4ny3d0.5 establishes electron-hole symmetry. Sin
it varies only from 1.03 to 0.98 for the fractions o
our experiment, we disregard it for the sake of sim
plicity. Therefore, coincidences occur whenBtotyBeff ­
2jygpmp.

Guided by this relation, we plot in Fig. 3Btot vs Beff
for all observed resistance maxima inall our samples.
The ordinate is proportional to the4CF Zeeman splitting,
and the abscissa is proportional to the4CF cyclotron

FIG. 2. Angular dependence of the magnetoresistance
FQHE states aroundn ­ 3y4. Btot ­ B'y cosu is the total
external magnetic field at tilt angleu. Maxima are indicated
by vertical lines and brackets. The bold labels indicate maxi
supported by stronger evidence, as described in the text.
inset shows a simple energy level diagram for CFs w
spin (solid lines) for constantB' and increasingBtot. Level
crossings occur when the CF Landau energyh̄eBeffymp is a
multiple j of the CF Zeeman energygpmBBtot, as indicated by
arrows. The Fermi levels for CF filling factorp ­ 1, 2, 3, and
4 are shown as dashed lines.
593
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FIG. 3. Btot vs B' for the resistance maxima, such as i
Fig. 2, for four samples of very different densities. Fille
(open) symbols indicate maxima of greater (less) weight. A
data points of all samples reside on fans emanating from
origin using only one fitting parameter,gpmp, per sample. The
regions below the dashed lines correspond toBtot , B' and
are inaccessible.

splitting. Solid (open) symbols indicate maxima wit
greater (less) weight and correspond to maxima with bo
(italic) labels in Fig. 2. There exists a diverse set of da
points in theBtot-Beff plane, all of which can be fitted very
well in all four samplesby a fan of lines whose slopes
are exactly in integer ratios, viz. 1:2:3:4:5:6. Onlyone
fixed fitting parameter,gpmp, is used in each fan. Such
a constantgpmp for many differentj’s and severaln’s
strongly suggests constancy ofgp andmp separately. The
success of this simple procedure in all four specime
establishes the validity of the CF model for four-flux
quanta composite fermions.

Before further evaluatinggp andmp we digress to the
origin of the transport maxima. Our coincidence da
reveal level crossings occurring at the Fermi energy
well as level crossings occurringaway from the Fermi
energy. The first are readily understood as a collap
of the gap at Ef . The latter have no such simple
interpretation, since the gap atEf remains intact and
the coincidence occursawayfrom Ef . Aroundn ­ 3y2,
both kinds of maxima have been observed and both
on the sameBtotyBeff fan. Aroundn ­ 3y4, on the other
594
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hand, all observed maxima are from off-Ef crossings.
The at-Ef crossings are inaccessible in our specime
since we can probe onlyB' # Btot. This highlights the
question of the origin of the off-Ef data.

A single-particle CF picture cannot explain these fe
tures. A simple model calculation shows that the dens
of thermally excited CFs is not peaked at off-Ef coinci-
dences, nor can we argue for a sharply increased scatte
rate at such coincidences. In fact, if anything, the mod
indicates the opposite in both cases. Therefore, in or
to comprehend the off-Ef resonances, we may have to re
turn to the underlying many-particle picture. There, ea
CF Landau/spin level represents a different many-parti
ground state of different spin and orbital configuration, a
a gap separates the ground state from its quasiparticle
citations. At any coincidence, two of the ground stat
become degenerate, and it seems likely that the gap
quasiparticle excitation would collapse or, at least, expe
ence a strong reduction causing a strong feature in tra
port. This seems to indicate a limitation of the CF mod
which needs to be addressed in more depth. Howe
since aroundn ­ 3y2 off-Ef resonances and at-Ef reso-
nances lie on the same fan, the observed off-Ef resonances
aroundn ­ 3y4 are sufficient for our analysis.

We now return to the analysis ofgp and mp. Coin-
cidence measurements determine only the productgpmp.
Traditionally, measurements of the thermal activation e
ergy have provided reliable gap energiesEg which, in
the CF picture, can be translated into masses accord
to Eg ­ h̄eBeffymp [3]. However, in the present case, a
an arbitrary angle, these energy gaps are a mixture of
Zeeman and CF cyclotron energies. Inspection of the
set of Fig. 2 reveals that for highBtot, i.e., high angles,
the situation simplifies and the Fermi energy resides
tween CF Landau levels of the same spin direction. F
thermore, the fit of the coincidence data in Fig. 3 byone
fan of fixedgpmp for manydifferentj’s in each specimen
strongly suggests that, within the range of our experime
the CFg factor does not depend on the CF Landau lev
Therefore, a measurement of the energy gap at high
angle provides a good measure ofmp without interference
from gp.

We have performed several such experiments on
strongest fractions in three specimens. We use the t
perature dependence of the Shubnikov–de Haas osc
tions in the high-angle limit to determine the mass in t
0.86 sample atn ­ 4y5 at five angles and atn ­ 5y7 at
three angles and in the 1.13 sample atn ­ 4y5 at one
angle. In the highest density sample, 2.26, we determi
the mass atn ­ 4y5 at four angles and atn ­ 5y7 at
three angles (see Table I). We also include theT depen-
dence of neighboring peaks whenever possible. In m
cases we have a dynamic range of more than 1 orde
magnitude in amplitude. A slight angular dependence
the energy gap is taken into account in our evaluation [
The uncertainties reflect the scatter in the data.
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TABLE I. Effective massesmp and effectiveg factorsgp for CFs with four and two attached flux quanta.gpmp is derived from
coincidence measurements,mp is derived from high-angle Shubnikov–de Haas measurements, andgp is determined by division.
Masses are in units of the bare electron mass andB' in units of tesla.

n s1011 cm22d gpmp mpsn ­ 4y5d mpsn ­ 4y5dy
p

B' mpsn ­ 5y7d mpsn ­ 5y7dy
p

B' gp

4CF 0.86 0.39 6 0.03 1.15 6 0.23 0.55 6 0.11 0.58 6 0.17 0.26 6 0.08 0.69 6 0.21
4CF 1.13 0.42 6 0.03 1.40 6 0.10 0.58 6 0.04
4CF 2.17 0.54 6 0.04
4CF 2.26 0.54 6 0.04 1.80 6 0.24 0.53 6 0.07 0.90 6 0.10 0.25 6 0.02 0.61 6 0.08

mpsn ­ 8y5d mpsn ­ 8y5dy
p

B'
2CF 1.13 0.26 6 0.01 0.42 6 0.04 0.25 6 0.02 0.60 6 0.06
d

.

,

,

.

n,

,

Clearly the masses of the high-density specimens e
ceed the masses of the low-density specimens. Such
increase is to be expected since energy gaps scale
e2y,0 ~

p
B', where ,0 is the magnetic length. This

leads tomp ~
p

B', which is a scaling well obeyed by
our data, as seen in the “mpy

p
B'” columns of Table I. It

lends strong support to our mass determination.
The mass values derived from then ­ 4y5 features

exceed the mass values derived from then ­ 5y7 features
by about a factor of 2. From measurements arou
n ­ 1y5, we are aware of drastic resistance variations d
to electron localization probably caused by the formatio
of an electron solid in the filling factor regime [9]. We
surmise that the electron-hole symmetric state atn ­ 4y5
is similarly affected by hole localization and, therefore
regard only then ­ 5y7 data as being representative o
the CF mass aroundn ­ 3y4. Also, as seen in Table I,
this 4CF mass practically coincides with the2CF mass
from then ­ 8y5 FQHE minimum, when scaled by

p
B'.

We take this as strong evidence that the mass of4CFs
closely resembles the mass of2CFs.

With knowledge ofmp, we can derive the values forgp

in the last column of Table I. As it turns out, the value
for the 4CF g factor are also very similar to the2CF g
factor, listed in the last row. The apparent similarity o
mass andg factor between4CFs and2CFs represents a
remarkable and unforeseen experimental finding. We a
not aware of a simple symmetry that would predict such
similarity in properties of different CFs.

In conclusion, we provide first comprehensive data o
higher-level composite fermions with four attached flu
quanta,4CFs. All experimental results on four sample
of different densities can be understood in terms of4CFs
having an effective massmp and an effectiveg factor gp.
The masses andg factors of4CFs appear very similar to
those of2CFs. This is an astounding result, since suc
a simple relationship between CFs of different levels h
neither been foreseen nor is it easily rationalized.
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