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Measurement of the Plasma Density Using the Intensification ofz-Mode Waves
at the Electron Plasma Frequency
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A new method is proposed for measuring the number density of a plasma using spectral measurem
of plasma waves. The method is based on predictions that the ratio of electric to magnetic fields
the electric intensity is significantly enhanced in a narrow frequency band about the electron plas
frequency forz-mode waves propagating at small angles to the background magnetic field in co
relatively strongly magnetized plasmas. The method is applied to emissions observed in space o
Earth’s polar cap, allowing identification of the plasma frequency and the wave mode consistent w
the data available. This method should be useful for other cold, strongly magnetized plasmas in sp
and in the laboratory. [S0031-9007(98)08182-4]

PACS numbers: 52.70.–m, 52.35.Hr, 94.30.Tz
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The number densityn of ionized particles is a funda-
mental and basic parameter of a plasma that is often di
cult to measure directly. Common problems in space a
laboratory applications are that particle detectors pertu
the plasma or that at least one ion or electron compon
in the plasma is too cold or too extended in velocity spa
to be measured accurately [1–4]. Accordingly, it is o
ten very attractive to measure the plasma density us
the natural resonance frequencies of a plasma, i.e., us
plasma waves [1–4]. Existing methods for measuringn
using waves near the (angular) electron plasma freque
vp ­ sne2ymee0d1y2 ­ 56

p
n s21, wheren is measured

in m23, are not always applicable. The goals of this Lett
are threefold: First, to propose a new method for identif
ing vp using z-mode waves and standard measureme
of electric and magnetic wave intensity spectra; secon
to present strong theoretical arguments that the ratio
electric to magnetic wave fields and the electric intens
should increase in a narrow frequency bandwidth cente
on vp for z-mode waves propagating at small to mode
ate angles to the magnetic field direction; third, to a
ply this method to a class of emissions observed in spa
above Earth’s polar caps and to show that the resulti
identifications ofvp and the wave mode are consisten
with the available data. The new method and theoretic
wave properties are believed appropriate to cold, stron
magnetized plasmas in whichvp is smaller than the elec-
tron cyclotron frequencyVce and relevant plasma therma
speeds are much smaller than the speed of lightc. This
situation is typical of laboratory plasma devices and
many space plasmas, including the inner magnetosphe
of Earth and Jupiter where the international spacecra
Polar and Galileo are active, but not the solar wind a
outer magnetospheres.

Magnetoionic theory provides a simple, generally we
known, theoretical description of waves in a cold ma
netized plasma with frequencies greater than relevant
cyclotron frequencies and with phase and group spee
0031-9007y99y82(3)y564(4)$15.00
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that are much larger than relevant plasma thermal spe
[5–8]. Three of the four magnetoionic modes are wide
familiar: the o and x modes correspond to radiatio
(light) in free space and the whistler mode is nam
for “whistling atmospherics.” This Letter focuses on th
lesser-knownz mode. The magnetoionic dispersion equ
tion is derived from Maxwell’s equations and Newton
law of motion for a cold, electron fluid and takes th
form AN4 1 BN2 1 C ­ 0. Here,N ­ kcyv is the re-
fractive index of a wave with wave numberk and fre-
quencyv, and the coefficientsA, B, andC are functions
of vp, Vce, and the angleu between the wave vecto
k and the magnetic field direction. Figure 1 shows ho
N2 varies withvyvp for a plasma withVce ­ 4vp and
u ­ 30± and 5±, parameters appropriate to the applicatio
described below. Thex and o modes are the solutions
with v , kc (i.e., N2 , 1) at largev that move to cut-
offs (N2 ­ 0) nearv ­ Vce 1 v2

pyVce and atvp, re-
spectively, and are evanescent at frequencies below t
cutoffs. The whistler mode has a resonance (N2 ! `)
nearvp (that depends onu) and another at low frequen
cies. Thez mode is visible in Fig. 1 as the mode stretc
ing from a resonance nearVce to a cutoff well belowvp,
with a significant variation inN2 near vp for u ­ 30±

and, particularly, 5±.
Existing techniques for identifyingvp from plasma

wave data include two based on magnetoionic theory a
two based on unmagnetized plasma theory. First, id
tify vp as the low-frequency limit of free-space ele
tromagnetic radiation, assumed to be due to reflect
and absorption ofo-mode radiation at its cutoff [3,4,9].
This technique requires the presence of natural broadb
radiation and the absence of higher density plasma
tween the radiation’s source and the observer, conditi
which are often not met. Second, identifyvp as the high-
frequency limit of whistler-mode signals, assumed due
the resonance atvp for whistlers with very smallu [10].
Often, however, no whistler waves are present or else th
© 1999 The American Physical Society
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FIG. 1. Plot ofN2 versusvyvp for Vce ­ 4vp andu ­ 30±

showing theo, x, whistler, andz modes. Thez mode for
u ­ 5± is also shown.

wave vector directions are unknown. Third, identifyvp

(and the electron temperature) using the characteristica
peaked electric spectrum of thermal plasma noise in
essentially unmagnetized plasma [2]. However, availab
plasma wave instruments may have inadequate freque
resolution or the plasma may be too strongly magnetiz
for existing theory to justify using the technique. Fourth
electrostatic Langmuir waves typically have frequencie
nearvp, thereby often reliably markingvp, and are eas-
ily driven unstable by electron beams. However, Lang
muir waves need not be present in a given situation a
driving electron beams can substantially move the wa
frequency away fromvp [11].

The first evidence thatz-mode waves can be used to
identify vp comes from the strikingly abrupt variation of
N2 with frequency nearvp for u ­ 5± shown in Fig. 1:
while the mode goes fromN2 . 1 at vyvp . 1 to N2 ,

1 at vyvp for all u fi 0 (with N2 ­ 1 at v ­ vp), the
range ofvyvp for this transition decreases rapidly with
u for u & 30±. Observationally, however, variations in
N2 are extremely difficult to measure directly, since the
require simultaneous measurement of the wave numb
and frequency. The method proposed here is mu
simpler: use standard measurements of the waves’ elec
and magnetic intensity spectra to identifyvp as the
frequency where the electric intensity and the ratio o
wave electric to magnetic fields increase significantly
a narrow bandwidth forz-mode waves with small to
moderate values ofu. The simplicity of this method
means that it may be widely useful in space and laborato
plasmas for even basic plasma wave instruments. T
fundamental characteristics of thez mode underlie this
identification of vp: first, an increase in the ratio of
wave electric to magnetic fields, and second, a mark
depression in the group speed of the waves. The
characteristics are now described in detail.
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Maxwell’s equations give the ratioEycB of wave elec-
tric (E) to magnetic (B) fields as

E
cB

­
1
N

1
sina

, (1)

wherea is the angle betweenk and the electric polariza-
tion vectore ­ EyE. Electrostatic waves havea , 0±

while transverse, electromagnetic waves havea , 90±.
Standard methods of calculation [7,8] then yieldN , e, and
a for thez and whistler modes, as well as the ratioEycB
shown in Fig. 2. An increase in the ratioEycB nearvp is
clearly visible for thez mode at smallu & 5±. SinceN2 ­
1 for thez mode atv ­ vp, this increase inEcyB is due
to thez mode becoming increasingly electrostatic asu de-
creases. Using the quasilongitudinal approximation [8],
analytic prediction for the enhancement atvp is

E
cB

­
vp

Vce

1
sinu

. (2)

Comparisons with multiple numerical solutions (e.g
Fig. 2) show that Eq. (2)’s prediction is very accurate fo
sinu & vpyVce. Equation (2) predicts thatEycB ! `

as u ! 0. This behavior predicted for the ratioEycB
at vp offers a powerful and practical means to identif
vp, provided that both electric and magnetic spectra a
available.

Defining the ratioRE of wave electric field energy to
total energy (fields plus induced particle kinetic energ
by Eq. (2.69) of Ref. [8], direct calculations (Fig. 3) show
that RE remains,1y2 at vp for the z mode. Accord-
ingly, while thez mode becomes closely electrostatic ne
vp for small u, the fraction of the total wave energy car
ried by electric fields remains essentially constant; the e
ergy formerly carried by magnetic fields is now carrie
by induced motions of the plasma particles. In contra

FIG. 2. The ratioEycB versusvyvp for the z and whistler
modes at variousu and Vce ­ 4vp . Full lines denote thez
mode and dashed lines the whistler mode.
565



VOLUME 82, NUMBER 3 P H Y S I C A L R E V I E W L E T T E R S 18 JANUARY 1999

ma
lar

13].
is-

-

ted
ra-

e

he
n

ly

F

s:
nd
cy
al
f
lly

d

ur
d
ris-
s,

and
FIG. 3. The quantityRE versus vyvp for the z, o, and
whistler modes withVce ­ 4vp andu ­ 5±.

Fig. 3 shows that the electric fields ofo- and whistler-
mode waves become vanishingly small asv ! vp . It
is argued next that instabilities and variations in the wa
group speed provide a strong reason for electric inten
fication of z-mode waves nearvp; instabilities will also
likely make it unreliable experimentally to identifyvp us-
ing the decrease in magnetic intensity atvp predicted by
Eq. (2) and the resultRE , 1y2.

Growth of waves with small group velocitiesvg ­
≠vy≠k is often favored in plasmas. One general reas
is related to spatial inhomogeneity, whether in the fre
energy source driving wave growth or the spatial locatio
in the plasma where wave growth can proceed effective
or both: Waves with smallyg can remain longer in a
growth region of spatial extentL (T , Lyyg) and so
experience a larger amplification factor,

egT ­ esgLyygd, (3)

than waves with largeryg but similar temporal growth
ratesg. Another reason is that waves with small rathe
than largeyg are typically destabilized more easily by
nonrelativistic sources of free energy (such as beam
typical of most laboratory and space plasmas. A fin
reason unrelated to instabilities is that waves tend to p
up and achieve detectable fields whereyg , 0.

Figure 4 demonstrates that thez mode has a pronounced
depression inyg near vp for a wide range ofu. This
depression is centered on, but extends over a larger ra
than, the transition region inN2 shown in Fig. 1. The
decrease inyg is most severe and localized for smallu

but extends noticeably to at leastu , 30± for Vceyvp ­
4. Using the quasilongitudinal approximation again, th
minimum value predicted foryg at vp is

yg

c
­

√
1 1

v2
p

V2
ce sin2 u

!21

ø sin2 u
V2

ce

v2
p

, (4)

where the last form assumes sin2 u ø v2
pyV2

ce. This
prediction agrees very well with the numerical solution
for a wide range ofu (&30± for Vce ­ 4vp). Noting that
the depressions inyg shown in Fig. 4 are large, and tha
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FIG. 4. The ratioygyc versusvyvp for the z mode with
Vce ­ 4vp andu ­ 60±, 30±, 10±, 5±, and 2±.

Eq. (4) predicts thatyg ! 0 as u ! 0, Eqs. (3) and (4)
argue strongly that major intensifications ofz-mode waves
with small to moderateu should be observable atvp.

These ideas are next found to be consistent with plas
frequency (PF) emissions recently discovered in the po
cap and auroral regions of Earth’s magnetosphere [12,
Observed at heights of order 1–3 Earth radii, PF em
sions occur in a very cold plasma (Ve & 1023c andVi &

1025c) for which magnetoionic theory is plausible. Iden
tified originally as narrowband (Dvyv , 0.2) enhance-
ments in wave intensity at frequencies of order expec
values ofvp, these emissions are electromagnetic with
tios EycB , 20 and occur whereVce , s2 4dvpe [12].
Additionally, althoughz-mode and whistler emissions ar
likely often superposed in PF events, at least70% of PF
events with well-defined polarizations are polarized in t
sense of thez mode and not the whistler mode [13]. Eve
so, in the absence of direct measurements ofn or inde-
pendent estimates ofvp , these analyses can provide on
qualitative support for PF emissions beingz-mode waves
with smallu nearvp [12,13].

Figure 5 provides quantitative evidence that P
emissions indeed occur nearvp, using wideband data
for the original event used to identify PF emission
note the PF emissions at frequencies of 5–8 kHz a
a clear but previously unappreciated low-frequen
limit for other plasma waves near 2 kHz. It is natur
to identify this limit as the low-frequency cutoff o
z-mode waves (e.g., Fig. 1), which occurs theoretica
at vz ­ sV2

ce 1 4v2
pd1y2 2 Vcey2 [7,8]. Then, taking

Vcey2p ­ 22 27 kHz from magnetometer data an
vzy2p , 1.6 2.2 kHz from Fig. 5, it is straightforward
to infer thatvpy2p ø 6.1 8.0 kHz. This range matches
well with the PF band, confirming that PF emissions occ
close to vp. Accordingly, Figs. 1–4 and associate
theory appear consistent with the observed characte
tics of PF emissions (including the narrow bandwidth
quantitative consistency between wave frequencies
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FIG. 5(color). Dynamics Explorer 1 observations of the ele
tric wave intensity (in relative units) as a function of frequenc
over Earth’s northern polar cap on 27 July 1983. PF emissio
are present at 5–8 kHz and the clear low-frequency limit
waves near 2 kHz is identified as thez-mode cutoff, thereby
allowing independent identification ofvp .

independent values ofvp , enhanced ratiosEycB, and
predominantz-mode polarization). This argues strongl
that PF emissions are indeedz-mode waves with smallu
nearvp which exemplify the intensification phenomeno
and technique for identifyingvp proposed in this paper.

This technique may be useful in other contexts
space and the laboratory. Of course, since the meth
requires that naturalz-mode waves be present it will not
always be applicable, a similar weakness to other wa
methods. The theoretical arguments above do not addr
Landau damping and other kinetic effects, quasitherm
plasma noise, or an instability to drive the waves, a
of which require some consideration. Thermal Landa
damping depends on the wave phase speedyf ­ cyN
being resonant with thermal particles; sinceN remains
,1, thermal damping should be relatively weak for th
z mode nearvp in most nonrelativistic plasmas. The
standard argument [7,8] that natural modes (such as
z mode) are modified only slightly in weakly unstabl
situations suggests the technique identified here sho
be quite robust. It is known that electron temperatu
anisotropy instabilities can producez-mode waves above
vp (and whistler-mode waves belowvp) [14,15], while
mode coupling of whistler waves can also producez-
mode waves nearvp. Nevertheless, since strong source
of free energy can greatly modify the natural modes
else drive new modes directly dependent on the unsta
particles, further investigation into the thermal levels an
instabilities for z-mode waves with smallu near vp

appears warranted.
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In conclusion, strong theoretical arguments predict
that z-mode waves with smallu should naturally show
an increase in the ratio of electric to magnetic fields
and an electric intensification in a relatively narrow
frequency band aroundvp in cold plasmas withVce *

vp. Identifying these predicted signatures with observed
emissions therefore provides a new technique to identify
the plasma density and/or the wave mode. This method
and theoretical ideas have been applied and found to b
consistent with the available data for one class of natura
emissions in Earth’s inner magnetosphere.
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