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Thermodynamics of Reversibly Associating Polymer Solutions
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We conducted computer simulations on the phase behavior and gelation of solutions of reversibly
associating polymers. The sol-gel transition, near the critical temperature for polymer-solvent phase
separation, has thermodynamic signatures reminiscent of the micellization of surfactant solutions.
At high temperatures, gelation is a continuous transition. Consequently, the behavior of the sol-gel
transition is more complicated than previously thought. [S0031-9007(99)09379-5]
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Associating polymers are chain molecules containin
a small fraction of “sticker” groups along the backbon
The rheological properties of these heteropolymers va
widely, from a viscous solution at low polymer concen
tration, to a weakly elastic solid at higher concentratio
where the polymer forms a gel [1–4]. Consequently, the
materials are ubiquitous in real life, e.g., in food, enhanc
oil recovery, and in biological tissues [5,6]. The critica
feature in the behavior of these materials is the formation
thermoreversible gels, which are disordered supramole
lar assemblies spanning the system [7–15]. Two confli
ing viewpoints have been proposed to explain the phys
of the sol-gel transition: Tanakaet al. [11–13] suggest
that the reversible gelation of an associating polymer in
solvent is a third order thermodynamic transition. In co
trast, since gelation has an obvious connection with p
colation, others have argued that it is not associated w
thermodynamic singularities [10,14,16]. Past comput
simulations on solutions of associating polymers [17–19
which do not examine the possibility of thermodynam
singularities associated with the sol-gel transition, cann
address this controversy.

We consider polymer chains on a cubic lattice with p
riodic boundary conditions in all three directions. Cha
lengths of N  500 are considered, where stickers ar
regularly placed ten monomers apart. Each chain th
containsr  51 stickers. The lattice consists of chain
and holes, a system which is isomorphic with an in
compressible polymer solution. Nearest neighbor pa
of chain monomers have interaction energies as follow
ess  26e andesm  emm  2e, where the subscripts
stands for a sticker, whilem denotes a nonsticky monomer
The energy of interaction of any species with a hole
identically zero. The reduced temperature is defined
T?  kBTye. We determined the phase coexistence
these solutions by the histogram reweighting method [2
23]. For a system of volumeV in the grand canonical
ensemble the probability of its occurrence with energy,E,
and number of particles,Np, fsNp , Ed, is
0 0031-9007y99y82(25)y5060(4)$15.00
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fsNp , Ed ;
VsNp , V , Ed expf2bE 1 bmNpg

Jsm, V , T d
. (1)

b ; 1ykBT , m is the chemical potential, andJsm, V , T d
is the grand partition function.VsNp , V , Ed is the mi-
crocanonical partition function. One performs a serie
of grand canonical Monte Carlo simulations with a fixe
value ofT andm in each one. The systems are equilibrate
through a combination of local reptation moves (80%
and chain insertion/removal which is performed using th
configurational bias method (20%). Typical simulation
are5 3 107 elementary steps in length. Combining thes
simulations yields an estimate ofVsNp , V , Ed to within an
arbitrary constant, from which system thermodynamics a
derived.

We have computed the phase coexistence for chains
length N  500, with and without stickers, dissolved in
solvent (Fig. 1). The inclusion of the stickers shifts th
critical temperature to higher values, in agreement with in
tuition [24]. Next, we focus on locating the sol-gel tran
sition line for this model system. We consider systems
the canonicalensemble, i.e., fixedNp , V , T , where each
simulation spans5 3 107 elementary moves with 80%
reptation moves and 20% chain regrowth using the co
figurational bias method. We define that two chains hav
“clustered” if a pair of nearest neighbors corresponds
an intermolecular sticker-sticker contact. The distribu
tion of all of the cluster sizes is then derived. In the
gel state the probability distribution function for clus-
ter sizes is bimodal, with one peak in the sol and th
other in the gel. The volume fraction of monomers in
the gel,fgel, is the appropriate “order parameter” for the
sol-gel transition. From Fig. 2 it is clear thatfgel . 0
for f $ 0.025 6 0.002 at T?  3.85. Thus, we iden-
tify fsg  0.025 as the sol-gel transition [25]. Another
estimate forfsg draws inspiration from micellization of
surfactant molecules, and utilizes the fact that the volum
fraction of unassociated chains,fmono, changes slope at
f  fsg [26]. Figure 2b uses this idea, and demonstrat
© 1999 The American Physical Society
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thatfsg ø 0.026 6 0.004, in good agreement with the re-
sults presented in Fig. 2a. In Fig. 1 we plot the locu
of sol-gel transitions as a function of temperature. No
that this transition persists out to high temperatures (e.
T?  25), as expected by de Gennes [16]. We specula
that this occurs because chains, at high enoughf, stochas-
tically form clusters because stickers on different chain
can be adjacent to each other even though there is ess
tially no preference for them to aggregate at high temper
tures. However, the “gel” at high temperatures would no
possess unusual rheological properties, such as being
an elastic solid at short time scales. These results mer
restress the fact that our structurally based definition of
gel cannot be utilized to comment critically on the dynami
properties of the resulting structure.

Some salient features of these results are addres
here. First, the radius of gyration of unperturbed chain
of N  500 is RG ø 14 lattice units. The overlap con-
centration,f?  Nys4y3dpsRGd3 ø 0.04, is somewhat
higher than the location of the sol-gel transition. Th
critical point for liquid-liquid phase separation, however
occurs at a much higher polymer concentration, in qua
tative agreement with mean-field predictions [14]. Sec
ond, it appears to be accepted in the current literatu
that the sol-gel transition occurs through the exchan
of intramolecular sticker pairing for intermolecular asso
ciations. Figure 3, however, shows no evidence for th
phenomenon since the fraction of stickers participating
intramolecular associations is independent off. Conse-
quently, we are forced to conclude that our systems a
in the limit of a large number of weak stickers, where th
entropic penalty for complete intramolecular sticker pai
ing even for isolated chains is larger than the enthalp
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FIG. 1. Phase behavior of chains of lengthN  500 with and
without stickers. No points are shown in the vicinity of the
critical point due to the finite system size. The sol-gel transitio
is shown as a dashed line.
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gain at this temperature. Further corroboration for the
ideas stems from the fact that intramolecular sticker pa
account for only 1% of all the stickers in the system
(Fig. 3). Understanding the transition from the “weak
sticker to the strong sticker limit is an issue which w
are currently working on. Third, we have also compute
the number averaged molecular weight of the sol pha
for f . fsg and find atT?  4.5 that this quantity de-
creases monotonically withf. This result is in qualita-
tive accord with the Flory theory for the post-gel regim
which allows for the possibility of cycle formation, bu
not the Stockmayer model which assumes that the
phase has a treelike structure. These results therefore
sert that intramolecular cycles are important in the po
gel regime [7,8]. Fourth, the results from Fig. 3 can b
used to comment critically on the validity of Flory and
Stockmayer’s theories of gelation, both of which assum
that no intramolecular sticker associations are permitt
in the pre-gel regime. Further, both assume that pa
of chains do not bond multiple numbers of times wit
each other. Under these assumptions the sol-gel tr
sition occurs whenfssr 2 1d  1, where fs  fassy2,
wherefass is the fraction of stickers participating in in-
termolecular pairs. By considering only the intermolec
lar sticker pairs in Fig. 3, the mean-field estimate for th
sol-gel transition isfmf  0.022, a result which is in re-
markable agreement with the “exact” estimates obtain
from simulation. While we conclude that the mean-fie
theory for gelation is surprisingly accurate in locating th
sol-gel transition for this case of weak stickers, it is als
important to note that the number of intramolecular stick
pairs are roughly 30% the magnitude of the number of i
termolecular sticker pairs atfsg (Fig. 3). Ignoring these
pairs can therefore lead to an inaccurate understanding
this physical situation. A final point is that, especiall

(a) (b)

FIG. 2. (a) Determination of the sol-gel transition by plottin
fgel as a function off. The line is a best fit straight line.
(b) Determination of the sol-gel transition by plottingfmono as
a function off.
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FIG. 3. Fraction of association groups participating in in
tramolecular and intermolecular associations,fass, as a func-
tion of f.

close to the critical point, both phases in equlibrium
are gels. At lower temperatures, a more normal so
gel coexistence results. These results are qualitatively
accord with mean-field predictions [14].

We now address whether any thermodynamic prop
ties of the system are singular when the sol-gel transiti
is crossed. Tanaka and Stockmayer [12] suggested that
osmotic susceptibility will display a cusplike singularity a
the sol-gel transition. In contrast, others have sugges
that the free energy and all of its derivatives are continuo
throughfsg. We use the identitypV

kBT ; ln J to calculate
the osmotic pressure of the solution,p. In Fig. 4 we plot
p as a function off at T?  3.85 and 4.5, respectively.
At the higher temperature the osmotic pressure has a c
cave dependence on composition. Thus, the osmotic s
ceptibility, 1yfs≠fy≠pd, decreases monotonically with
f, and gelation is continuous. At the lower temperatur
which is just above the polymer solution critical tempera
ture, the slope of this plot decreases as one goes from
sol to the gel, i.e., in the range0.02 # f # 0.04. A plot
of the osmotic susceptibility does show cusplike behavio
but we speculate that this willnot become a singularity
even in the thermodynamic limit. Support for this conjec
ture comes from the fact that we have varied the box s
from 25 3 25 3 25 to 80 3 80 3 80 and found thatp,
and also the osmotic susceptibility, are independent of s
tem size in this range. These results are highly reminisc
of the behavior of surfactant molecules in the vicinity o
the critical micelle concentration (cmc), where thep vs f

plots behave in a similar manner. AtT?  3.85 the chain-
chain second virial coefficient,A2, obtained by examining
the f ! 0 limit of the slope of pN

fkBT vs f, is negative.
At T?  4.5, this quantity is positive. We also remind the
reader that theA2 of chains without stickers would be posi
tive for all temperatures whereT? $ Q  3.71. Since
the backbone is in good solvent, it is clear that the “c
operative” aggregation atT?  3.85 is driven only by the
5062
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FIG. 4. Plot ofp as a function off.

sticker groups, in analogy with the micellization of surfac
tants. In contrast, atT?  4.5 there is no such driving
force for cooperative aggregation sinceA2 . 0. Based on
the analogy to micellization, it thus appears that gelatio
will have a much more dramatic consequence on the d
namic properties of gels near the critical temperature f
phase separation, compared to gels formed atT? ¿ Tc.

In summary, we have shown that the sol-gel transitio
for reversibly associating chains has a thermodynamic s
nature very reminiscent of the cmc for surfactant solution
especially below the critical point for liquid-liquid phase
separation. However, since no thermodynamic proper
shows an abrupt change we conclude that reversible ge
tion is not a higher order thermodynamic transition, eve
under these conditions. At high temperatures the transiti
is continuous, and hence purely structural. A critical com
parison of our results to the mean-field Flory-Stockmay
theory of gelation shows that this approximate theory is r
markably accurate in predicting the location of the sol-g
transition. These results bear new insights into the beha
ior of this class of systems, which remain to be experime
tally verified, and we shall be focusing on these issues
future work.
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