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Primary and Secondary Hopf Bifurcations in Stratified Taylor-Couette Flow
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Experimental and theoretical results for the axially, stably stratified Taylor-Couette flow are
presented. The primary instability is a direct Hopf bifurcation. It leads the system into an
oscillatory state of confined internal waves, in good agreement with linear stability analysis. The
secondary bifurcation, which leads the system to a pattern of drifting nonaxisymmetric vortices, is
a subcritical Hopf bifurcation. This first experimental evidence of a global bifurcation is thought
to be generic to dynamical systems with one destabilizing and one stabilizing control parameter.
[S0031-9007(99)09248-0]

PACS numbers: 47.20.Ky, 47.54.+r, 47.55.Hd

The transition to chaos in extended nonlinear systems iaxis of the cylinders, is used. The temporal behavior
still an open question [1-3]. The oscillatory nature of theof the flow was obtained by point measurements of the
primary bifurcation changes the scenario [4,5] and has nalensity fluctuations, using conductivity probes mounted
yet been fully explored. Such a primary Hopf bifurcation flush with the outer cylinder. Two probes were fixed
can be obtained by adding a stabilizing control parameteiat the same height, at an azimuthal anglengf2. The
allowing the existence of waves, to a dynamical systemexperimental setup and techniques are described in more
Simply adding a stable, axial density stratification to thedetail elsewhere [12].
well-known Taylor-Couette flow [6], with only the inner  The numerical simulations of Huet al. [9] show that
cylinder rotating, allowed us to get such a rich dynamicalhe first bifurcation from a purely azimuthal Couette flow
system. is a direct Hopf bifurcation, leading to a flow regime of

In this Letter we present new experimental and theoreti*oscillatory convective modes.” We present in Fig. 1(a)
cal results of the stratified Taylor-Couette flow (STC) thata dye visualization of this regime. The pattern has been
describe its first bifurcations and flow regimes. A novelcaptured for successive times in one vertical section of
bifurcation diagram is found, explaining the discrepancieshe gap. The initially vertical lines of dye are deformed
between previous experimental studies [7,8] and numeriby spatially periodic oscillations, their wavelength being
cal simulations [9]. The diagram enlightens the inter-
action between two branches and gives evidence to an
unusual saddle-node transition. Such a diagram has new
been observed experimentally. Our results apply to othe
systems such as rotating Rayleigh-Bénard convection [5]
binary fluid convection [10], and convection subjected to
a magnetic field, where it has been suggested theoret
cally [11].

The apparatus, which is the same as in [7], consists
of two coaxial cylinders of lengtih. = 573 mm. Only
the inner cylinder of radiug = 40 mm rotates, with the
outer oneb = 52 mm, being at rest. The radius ratio
of the cylinders isy = a/b = 0.769 indicating a rather |
wide gap. The linear stratification is achieved with a
salt solution. The control parameters are the rotation rate™
of the inner cylinder{) (destabilizing parameter), and |
the Brunt-Vasala frequencyN? = —(g/po)dp/dz > 0 %
(stabilizing parameter) which represents the stratification g
z is the vertical direction. The Schmidt number (ratio of
kinematic viscosity over molecular diffusivity) is 730. In

t=0s t=4s

: t=8s t=12s
Inner cylinder  yO i

all experiments, the observations and measurements we|  t=0s Boundary between t=2s t=6s
. . .. two counterrotating
performed for times much smaller than the typical mixing vortices

time in the regir_nes of in_tereét«S h). In o_rder to exhibit . FIG. 1. Dye visualization of stratified Taylor-Couette flow
the structures in the different flow regimes, fluoresceiny = 0.97 rads!. (a) Standing waves regim@ = 1.1Q.;
dye, illuminated with a laser sheet cutting through the(b) vortex regimeQ) = 1.35Q)..
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nearly equal to the gap widthh = d). In contrast to the spectra also show that these wavesaisymmetricyith
homogeneous case, for which the first unstable regime ithe phase shift for the wave frequency being equal to
stationary (Taylor vortices) [6], the first unstable regimezero. These observations demonstrate that the system
for the stratified case is time dependent. As underlinedbifurcates from the purely azimuthal flow through a su-
by previous studies [7,9], the reduction in the verticalpercritical Hopf bifurcation to a state of axisymmetric,
wavelength as compared with the homogeneous casmnfined standing internal waves.
(A = 2d) is directly related to the inhibition of vertical By further increasing() above ()., a vortex regime
motions by stratification. Time records of this patternappears. The spatiotemporal structure of this regime has
clearly showoscillations, the positions of the maxima also been determined with the fluorescein dye technique
and minima of oscillations being fixed. No overturning [Fig. 1(b)]. Overturning is depicted by the presence of
is observed in this regime, indicatirsanding waves. the small spirals in the structures. As in the wave regime,
The characteristics of the onset of instability were investhe vertical size of the structures is compressed by the
tigated by measurements of the temporal evolution of thatratification, and two counterrotating vortices are present
density fluctuations. When the rotation rate of the innerat the same height. Records of the two plane sections of
cylinder is raised to the critical valug., the frequency the gap (not shown here) show that the flow is no longer
of the waves appears in the power spectra, indicating axisymmetric. These visualizations are in good agreement
Hopf bifurcation. We first checked that this frequency de-with the numerical simulations of Huet al. [9] and the
pends only on the rotation rate and the stratification, andisualizations of Boubnowet al. [7].
not on the experimental procedure. There is no hysteresis In this vortex regime, only one frequency and its har-
for the transition between purely azimuthal flow and themonics are present in the power spectra. The phase shift
wave regime, i.e., the primary bifurcation is a supercriticalbetween the two conductivity probes for the fundamen-
Hopf bifurcation. The experimental critical rotation rate tal frequency is equal to the angle difference between the
(Q2,) and critical frequency f..) for different stratifications  probes, confirming the nonaxisymmetry of the flow in this
are compared in Fig. 2 with theoretical values. These valregime. We checked that the evolution of the frequency
ues come from a linear stability analysis performed withversus the rotation rate does not depend on stratification
rigid boundary conditions, infinite Schmidt number, andin the vortex regime (Fig. 4). The straight line fit verifies
finite gap [12]. the relationf = a + m({(Q)/27), where « is a small
Agreement between experiments and theory is excelonstant{(}) is the radially averaged angular velocity cal-
lent. The stabilizing effect of the stratification is demon-culated from purely azimuthal circular Couette flow, and
strated by the increase 6¥. with the stratification. m = 1 is the azimuthal mode. In a first approximation,
We studied the evolution of the nondimensional fre-the whole 3D pattern is drifting at this mean angular ve-
quency deviation from the critical valugf/f. — 1) in  locity (Q1). Because of the system’s symmetries (02),
the standing-wave regime (Fig. 3) as a function of thethe vortices cannot drift at exactly the mean angular ve-
control parametete = Q. /Q. — 1) for different stratifi- locity [5]. Hence, the small value at the origim) is
cations. All values collapse remarkably ofr&2) straight  the velocity with which the pattern precesses relative to
line which is predicted by a model assuming that the obthe mean angular velocity. So, the measured frequency
served waves are internal waves confined between twmeasures the drift velocity of the pattern, i.e., the revolu-
vertical cylinders [12,13]. Two probes cross-correlatedtion period of a vortex around the axis of the cylinders.
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FIG. 2. Evolution of the critical rotation rate)(., left axis) = FIG. 3. Evolution of the nondimensional frequency deviation
and of the critical frequency of the waveg,( right axis) versus  from the critical value versus in the wave regime.(¢) N =
stratification: (O) experimental(}. and (solid line) theoretical 0.68 rads'; (O) N = 0.82 rads'; (A) N = 0.925 rads!.
curve; (+) experimentalf, and (dashed line) theoretical curve. Confined internal waves model: slope2) straight line.
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FIG. 4. Evolution of the azimuthal rotation frequency with €sn _
Q /27 in the vortex regime. (A) N = 0.68 rads!; (O), (@) -
N =082rads!; (O) N = 0.925 rads '. The straight line is
a linear fit: f = 0.0027 + 0.413(Q2/27), R = 0.985. (. lobal
S - oo % ifurcation
. . . Wave T T T T
It is determined by the cylinders geometry and the ro- Pd ! .
tation rate of the inner one, so it is independent of the = ! : —
stratification. o OH . & 5% e=Q/Q-1
. . . oy Tl 0]
Special attention has been given to the transition bifurcation

between the wave regime and the vortex regime. Th'ns—IG. 5. (@) Hysteretic evolution of the measured frequency

transition doesnot correspond to the appearance Oryjth the controi parameter(O) Ascending and@®) descending
disappearance of any frequency in the spectra. The onlyrocedure forv = 0.82 rads'. (b) Schematic representation
hint of a transition is that for two probes cross-correlatedbf the bifurcations diagram from purely azimuthal flow to

spectra, the phase shift for the measured frequency portices.  The ordinate is the energy of the perturbations to
zero in the wave regime and equal 49’2 in the vortex € basic state.
regime. The evolution of the characteristic frequency of
the power spectra versus the rotation rate when ascendirigverse Hopf bifurcation at the abscissa. This unstable
or descending by small steps the control parameter ibranch gains stability in a saddle-node bifurcation at the
plotted on Fig. 5(a). These measurements show that thabscissee,, creating the branch of the vortices. Af,
frequency can have two different values for one rotatiorthe stable oscillatory branch coming from the first Hopf
rate, depending on the procedure. This hysteresis implidsifurcation is destabilized in a global bifurcation, and the
that the bifurcation between the wave regime and theystem jumps onto the stable branch of the vortices. On
vortex regime isa subcritical bifurcation. Moreover, the the drifting vortices branch, i& is decreased, the system
waves and vortices frequencies are equal at the transitionill follow the vortices branch untiE = €,,. Then it can
point. Since only one frequency (corresponding to thgump either onto the purely azimuthal flowéf, < 0, or
azimuthal rotation) is present in the power spectra of thento the waves branch &, > 0.
vortex regime, the limit cycle (oscillations) of the wavesis From the bifurcation diagram, we are able to explain
destabilized in the bifurcation. From bifurcation theory, the differences between the previous results obtained with
it is known that a limit cycle cannot be destabilized inthe STC system. The onset of instability in the experi-
a local bifurcation [1,3,14]. Therefore, the secondary ments [7] is a honaxisymmetric flow regime with vortices
bifurcation is aglobal bifurcation. whereas in the direct numerical simulations [9], the onset
From these observations a plausible projection in af instability is time dependent and axisymmetric. The
plane [, typical energy of mode] of the diagram of experimental apparatus of Boubnev al. [7] had circu-
bifurcations is proposed in Fig. 5(b). The dimensionlarity defects of the order of 1 mm for a gap width of
of the rigorous diagram is 6: each mode energy and2 mm. Such large defects induce, as we checked else-
frequency, e and N. The experimental measurement where [12], a sufficiently large noise amplitude to force
of Fig. 5(a) is its projection in a¢, frequency] plane. the system to jump directly to the drifting vortices branch
For fixed stratification, this bifurcation diagram can bewhenever possible. Since in these experiments, non-
described as follows. A branch of waves is createdcaxisymmetric vortices were always obtained at the onset
through a direct Hopf bifurcation at the abscissa= 0  of instability, the abscissa of the saddle-node bifurcation
(by definition). An unstable branch is created through are,, was measured instead of the real onset of instability.
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