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Cosmological evolution of axionic strings is investigated by numerically solving field equations
a complex scalar field in3 1 1 dimensions. It is shown that the global strings relax to the scalin
solution with a significantly smaller number density than the case of local strings. The power spect
of axions radiated from them is calculated from the simulation data, which is found to be highly pea
around the Hubble scale, and a more accurate constraint on the Peccei-Quinn breaking scale is obt
[S0031-9007(99)09276-5]
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The global Peccei-Quinn (PQ) Us1d symmetry is in-
troduced into the standard model of particle physics
order to solve the strong CP problem of the quantu
chromodynamics (QCD) [1]. The axion appears as
Nambu-Goldstone boson in consequence of the spon
neous breakdown of such a global symmetry, and acqui
a mass through the instanton effect at the QCD scale [2

This breaking scale,fa, is constrained by the terrestria
and astrophysical experiments as well as by cosmologi
considerations. The most stringent lower bound has be
obtained from SN 1987A asfa * 1010 GeV [3]. On the
other hand, the upper bound is given by the condition th
the present energy density due to the axion should n
overclose the universe.

In the very early universe, the Us1dPQ symmetry is ex-
pected to be restored due to the high temperature effe
As the universe cools down, it spontaneously breaks do
and global strings (axionic strings) are formed [4]. Sub
sequent evolution of global strings has been less exa
ined than that of local strings, and the result for the latt
has been applied to axionic strings without direct nume
cal verification. In particular, global strings have been a
sumed to obey a scaling solution like local ones, in whic
the energy density of infinite strings is given by

r ­ jmyt2, (1)

wherem is the average energy per unit length of string
and j is a constant. It has been found thatj , 13 for
local strings in the radiation dominant era [5].

But there is a crucial difference between global and loc
strings; that is, the former strongly couples with the ass
ciated Nambu-Goldstone fields. As a result, global strin
have the following prominent features: (a) These field
carry most of the energy rather than string cores, (b) lon
range forces proportional to the inverse separation wo
between strings, and (c) the dominant energy-loss me
anism of loops is radiation of Nambu-Goldstone boson
[6]. Therefore it is not a trivial problem whether the
global string network obeys the scaling solution like loca
ones. In fact, a deviation from scaling property is observe
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in 2 1 1 dimensions [7,8], where “strings” cannot inter
commute but only pair-annihilate. Of course, since strin
intercommute with the probability of order unity [9] in
3 1 1 dimensions, the results in2 1 1 dimensions do not
apply directly. In investigating the property of a globa
string, the effective action is often used, which is val
when massive modes are sufficiently damped. For a glo
string we have to use the Kalb-Ramond action [10], whi
is much harder to deal with than the Nambu-Goto acti
for a local string. Hence in the present Letter, inste
of solving equations of motion derived from the Kalb
Ramond action, we numerically solve the evolution equ
tion of the complex scalar field to trace the evolution
the global string network and calculate the spectrum
axions radiated from them. (If the reheating temperatu
after inflation is lower than the symmetry breaking sca
global strings and radiated axions are washed out and r
axions come only from coherent oscillations of the ze
mode [11]. Here we assume that this is not the case.)

Axions are massless when they are emitted fro
strings, and hence they behave like radiation. La
around the QCD scale, they acquire a small mass,ma,
through QCD instanton effects. Since at present kine
energy of axions is much smaller than the rest ma
the present energy density of axions,ra, is given by
ra ­ mana with na being their number density. Thus
in order to estimate the present energy density of axio
we must transform the energy density of radiated axio
into the number density by use of the spectrum. Howev
the spectral shape is still in dispute. Davis, Shellard, a
co-workers insist that the spectrum has a sharp peak at
Hubble horizon scale [12–14]. On the other hand, Sikiv
and co-workers claim that it is proportional to the invers
momentum [15]. We clarify the shape of this spectrum
realistic situations where global strings evolve accordi
to the scaling solution; that is, we identify kinetic energ
of axions emitted from strings and elucidate the spectru
by Fourier transforming them. Hence our approach is fr
from the ambiguities associated with thead hocchoice of
the initial configuration of strings.
© 1999 The American Physical Society
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We consider the following Lagrangian density for
complex scalar fieldFsxd,

L fFg ­ ≠mF≠mFy 2 VefffFg , (2)

with the potentialVefffFg given by

VefffFg ­
l

2
sFFy 2 h2d2 1

l

3
T2 FFy. (3)

Hereafter we setl ­ 1.0 for brevity. For T . Tc ­p
3 h, the potentialVeff has a minimum atF ­ 0, and

the Us1d symmetry is restored. On the other hand
new minima jFjmin ­ h

p
1 2 sTyTcd2 appear and the

symmetry is broken forT , Tc. In this case the phase
transition is of second order.

In the flat Friedmann universe, the equation of motio
is given by

F̈sxd 1 3H ÙFsxd 2
1

astd2 =2Fsxd ­ 2V 0
efffFg , (4)

where the prime represents the derivative≠y≠Fy andastd
is the scale factor. The Hubble parameterH ­ Ùastdyastd
and the cosmic timet are given by

H2 ­
8p

3M2
Pl

p2

30
gpT4, t ­

1
2H

, (5)

where MPl is the Planck mass,gp is the total effective
number of relativistic degrees of freedom, and radiatio
domination is assumed. We define the dimensionle
parameterz as

z ;

√
45M2

Pl

16p3gph2

!1y2

. (6)

In our simulation, we takez ­ 10 andgp ­ 1000, which
corresponds toh , 1016 GeV, but the essential result is
independent of this choice.

We take the initial timeti ­ tcy4 and the final time
tf ­ 75 ti ­ 18.75 tc, where tc is the epochT ­ Tc.
Since the Us1d symmetry is restored at the initial timet ­
ti , we adopt as the initial condition a thermal equilibrium
state withF’s mass equal to the inverse curvature of th
potential at the origin. The scale factorastd is normalized
asastid ­ 1.
a

,

n

n
ss

e

We perform the simulations in2563 lattices with the
physical lattice spacingdxphys ­

p
3 tiastdy25. The time

step is taken asdt ­ 0.01ti . Hereafter the subscrip
“phys” is omitted. The box size is nearly equal to th
Hubble horizonH21 and a typical widthd , 1.0y

p
2 h

of a string is twice as large as the lattice spacing at
final time tf . We simulate the system from 10 differen
thermal initial conditions using the second order leapfr
method and the Crank-Nicholson scheme. We use
same method to identify a string core as in our previo
work [8]. More details will be published elsewhere [16
The zero temperature potentialVefffF, T ­ 0g is used
after t ­ 20ti so that the axion is identified as in Eq. (8
below. We find that after some relaxation period t
energy density of stringsr is given by

r ­ jmyt2, (7)

where j . s1.00 6 0.08d irrespective of time andm ;
2ph2 lnstydj1y2d is the average energy per unit length
strings. Therefore, we can conclude that global strin
network relax into scaling regime. In Fig. 1, we sho
time development ofj.

Now we turn to the spectrum of axions emitted fro
axionic strings under the situation where they follow t
scaling solution. If we represent the complex fieldFst, xd
in terms of the radial modexst, xd and the axion field
ast, xd as

Fst, xd ­

"
h 1

xst, xd
p

2

#
exp

√
iast, xd
p

2 h

!
, (8)

the kinetic energy density of axions is given by

1
2

Ùast, xd2 ­
h2

jFst, xdj4
3 f2ImFst, xd Re ÙFst, xd

1 ReFst, xd Im ÙFst, xdg2.

(9)

Since emitted axions damp like radiation, the avera
energy density of axions radiated in the period betweent1
andt2, r̄ft1, t2g, is given by
r̄ft1, t2g ­
1
V

Z
d3x rft1, t2; xg ­

1
V

Z
d3x

"
1
2

Ùast2, xd2 2
1
2

Ùast1, xd2

√
t1

t2

!2#

­
1
V

Z d3k
s2pd3

"
1
2

j Ùakst2dj2 2
1
2

j Ùakst1dj2
√

t1

t2

!2#
;

Z d3k
s2pd3 r̃kft1, t2g ;

Z `

0

dk
2p2 rkft1, t2g , (10)
er
e
en
of
g

where V is the simulation volume andÙast, xd ­R d3k
s2pd3 Ùakstd expsik ? xd.
To avoid contamination of string cores to the spectru

of emitted axions, we divide the simulation box into
8 cells and stock the field data of a cell if there ar
no string cores in that cell betweent1 and t2. Over all
such cells, we average power spectra of kinetic ener
of axions obtained through Fourier transformation. W
m

e

gy
e

follow the above procedure betweent1 ­ 65ti and t2 ­
75ti, whose result is depicted in Fig. 2.

As is seen there, the spectrum,rk , is peaked around
the horizon scale and decays exponentially for high
momenta. Note that it is contributed from both infinit
and loop strings. For comparison, we have also giv
the power spectrum averaged over all cells, some
which include string cores. Note that effects of strin
4579
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FIG. 1. Symbols (h) represent time development ofj. The
vertical lines denote a standard deviation over ten differe
initial conditions.

cores lift the spectrum at high momenta and make
flatter.

Defining the average inverse momentum by

k21 ­

R`

0 sdky2p2d srkykdR`

0 sdky2p2drk
, (11)

we findk21 . s0.25 6 0.18d 3 sty2pd.
Finally, we want to estimate energy density of rel

axions radiated from axionic strings. Though dynam
range of our simulation is limited to lnstydd , 5, we
extrapolate our results up to the cosmological scale w
lnstydd , 75. From the scaling property, we can estima
the energy density of axions radiated from strings fro
t ­ tp to t ­ t,

rastd ­ 2pf2
a

j

t2

Z t

tp

1
t

"
ln

√
t

dj1y2

!
2 1

#
dt , (12)

where tp is the cosmic time when axionic strings bega
radiating axions and we denote the breaking scale,h,
by fa. Multiplying it by the average inverse momentum
k21std ; ty2pe, the number density of relic axions is
given by

nastd ­ 2pf2
a

j

t2

Z t

tp

1
t

"
ln

√
t

dj1y2

!
2 1

#
k21std dt

,
f2

a

t
j

e
ln

√
t

dj1y2

!
. (13)

As the temperature cools down to the QCD scale a
the axion acquires a nonvanishing mass, a network
domain walls bounded by strings is created and walls s
to dominate the dynamics of the system att ­ tw given
4580
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FIG. 2. Filled dots represent the power spectrum,rk , which
is already averaged over the direction ofk and multiplied by
the phase-space factor as defined in Eq. (10). It is obtai
from cells with no string cores. The dotted line denotes
standard deviation. Open dots represent the spectrum obta
by averaging over all cells including string cores. Bins are c
every5dk. k ­ 64dk corresponds to string cores.

by [14]

tw, 1.7 3 1026D2

√
ma

6 3 1026 eV

!22√
fa

1012 GeV

!21.64

3

√
NQCD

60

!0.5

sec, (14)

where D is a constant of order unity which describe
uncertainties at the QCD phase transition,

D ­ 1060.5

√
ma

6 3 1026 eV

!0.82√
fa

1012 GeV

!0.82

3

√
LQCD

200 MeV

!20.65√
NQCD

60

!20.41

, (15)

with ma being the axion mass at zero temperature,LQCD
the energy scale of the QCD phase transition, andNQCD
an effective number of massless degrees of freedom
that time. These domain walls bounded by strings a
decay by emitting axions if the QCD anomaly factor
unity [17]. (Otherwise, these domain walls would rapid
overdominate the universe.)

As is seen from Eq. (13), the dominant contribution
the present axion density is those radiated just before w
domination. The present density parameter,Vs, of relic
axions due to emission from strings is given by

Vs , 2.7

√
j

e

!
h22D

√
fa

1012 GeV

!1.18

, (16)
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where h is the Hubble constant in units of
100 kmysecyMpc.

With j , s1.00 6 0.08d ande21 , s0.25 6 0.18d, Vs
is given by

Vs , s0.68 6 0.46dh22D

√
fa

1012 GeV

!1.18

. (17)

The condition thatVs & 1.0 constrains the breaking scale
of PQ-symmetryfa as

fa & s1.39 6 0.79dh1.7 3 1012 GeV, (18)

which reads fa & s0.19 1.5d 3 1012 GeV for h ­
0.5 0.8. Our constraint lies in between those found i
[13] and in [15], because the spectral shape agrees w
the former butj ­ 1 is substantially smaller than the
case of local strings,j ­ O s10d, which has been adopted
in [13].

There are two additional contributions to the prese
energy density of axions besides that from strings co
sidered above. One is that from decay of a domain w
connected by strings [18] and estimated as

Vw ­ gh22

√
fa

1012 GeV

!1.18

, (19)

from which we obtainfa & g0.85 h1.7 3 1012 GeV with
g a factor of the order unity. Note thatg also becomes
smaller of the order 10 than the previous estimation. T
other comes from the coherent oscillation of the axio
field [19] and is estimated as

Vco ­ 1.5 3 1060.4

√
fa

1012 GeV

!1.18

, (20)

which leads tofa & s0.33 1.5d 3 1012 GeV. These con-
tributions may be comparable with or larger than axion
radiated from axionic strings. Taking all these into ac
count, it is safe to say thatfa & 1011 12 GeV.

In summary, we have solved equations of motion of
complex scalar field to clarify cosmological evolution o
axionic strings. As a result we have confirmed these glob
strings relax into the scaling solution but with a numbe
density much smaller than local strings would occup
We have also calculated the energy spectrum of axio
generated from these axionic strings, which agreed w
the result of Davis and Shellard [13]. The constraint o
fa turned out to be between those obtained in [13] an
in [15].
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