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We predict that spin waves in an ordered quantum antiferromagnet in a strong magnetic field bec
unstable with respect to spontaneous two-magnon decays. At zero temperature, the instability oc
between the threshold fieldHp and the saturation fieldHc. As an example, we investigate the high-field
dynamics of a Heisenberg antiferromagnet on a square lattice and show that the single-magnon br
of the spectrum disappears in most of the Brillouin zone. [S0031-9007(99)09251-0]
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There are several reasons for studying the effe
of strong magnetic field on quantum antiferromagne
(AFMs). A growing family of weakly interacting spin
systems, which includes chain [1], ladder [2], and squa
lattice AFMs [3], now allows experiments in previously
unreachable field regimes. The high-field physics
proven to be rich for one-dimensional (1D) AFMs, t
mention only incommensurate gapless modes in a spin1

2
chain [1]. At the same time, in 2D or 3D the field evo
lution of the Néel ordered ground state is trivial. Spin
cant gradually from the antiparallel structure until th
magnetization saturates at the critical fieldHc. Zero-point
fluctuations vanish at the same field making the grou
state atH . Hc purely classical. One can suggest th
a similar quasiclassical scenario applies also for the s
dynamics. In contrast, we predict in this Letter that on th
way to the saturated phase the excitation spectrum of
ordered AFM undergoes unexpectedly strong transform
tions. In high fields belowHc, magnons are overdamped
and disappear in most of the Brillouin zone (BZ).

The effect originates from the field-induced hybridiza
tion of single-magnon states with a two-magnon conti
uum. Previously, Osanoet al. [4] investigated the effect of
such an interaction on the two-magnon dynamical respon
at low fieldsH ø Hc. In this limit the hybridization leads
to a weak renormalization of the one-magnon spectru
In a strong field, however, a two-magnon continuum ove
laps with the single-magnon branch and produces insta
ity of the latter. AtT ­ 0, there is a threshold fieldHp

(Hp ø 0.76Hc for square and cubic lattices) above whic
magnons become unstable with respect to spontaneous
cays. The argument for that is based on softening of t
spin-wave velocity of the sound mode near the AFM wav
vectorQ. For smallk̃ ­ k 2 Q, the magnon energy is
approximately

vk ø ck̃s1 1 ak̃2d . (1)

In zero field both the classical and renormalized dispe
sions bend downward implyinga , 0 [5–7]. On the
other hand, atH ­ Hc the low-energy asymptote forvk
coincides with the corresponding expression for a ferr
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magnet:vk ~ k̃2. Simple continuity arguments predict
that the high-field upward curvature of the spectrum fo
k̃ ! 0 changes to the low-field downward bend at som
field Hp , Hc, where the cubic factora vanishes. There-
fore, a is positive in the field regionHp , H , Hc and
long-wave magnons are kinematically unstable towards t
spontaneous decay [8].

The above argument for the existence of the thres
old field Hp is general and valid for allorderedquantum
AFMs irrespective of their dimensionality, length of spin
or position ofQ. In the following, we study in detail the
high-field dynamics of a spin-1

2 Heisenberg antiferromag-
net with nearest-neighbor interaction on a square latti
described by the Hamiltonian

Ĥ ­
X
ki,jl

Si ? Sj 2 H
X

i

S
z0
i . (2)

The ground state of this model is ordered at0 # H # Hc

for an arbitrary value of the on-site spinS [9,10].
For the canted AFM phase

S
x0
i ­ Sz

i eiQ?ri cosu 1 Sx
i sinu ,

S
z0
i ­ Sz

i sinu 2 Sx
i eiQ?ri cosu ,

(3)

S
y0

i ­ S
y
i , andQ ­ sp, pd; the boson representation of̂H

is obtained by applying the Dyson-Maleev transformatio
in the twisted frame:Sz

i ­ S 2 a
y
i ai, S1

i ­
p

2S s1 2

a
y
i aiy2Sdai, S2

i ­
p

2S a
y
i . The tilting angleu is de-

termined from vanishing of the linear boson term̂H s1d:
sinu ­ Hy8S, Hc ­ 8S. Apart from a constant, the bo-
son Hamiltonian is a sum of quadratic, cubic, and qua
tic terms:Ĥ ­ Ĥ s2d 1 Ĥ s3d 1 Ĥ s4d [11]. Neglected
terms containing products of five and six boson operato
are of higher orders in an expansion parameter cos2uy2zS
[6], z being the number of nearest neighbors, and giv
small corrections even forS ­ 1

2 .
The quadratic Hamiltonian

Ĥ s2d ­
X
k

fAka
y
kak 2

1
2 Bksaka2k 1 a

y
ka

y
2kdg , (4)

where Ak ­ 4Ss1 1 sin2ugkd, Bk ­ 4S cos2ugk, and
© 1999 The American Physical Society
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2 scoskx 1 coskyd, is diagonalized by the Bogoliu-

bov transformation ak ­ ukbk 1 ykb
y
2k with u2

k 1

y
2
k ­ Akyvk, 2ukyk ­ Bkyvk, giving the classical

spin-wave energies

vk ­ 4S
p

s1 1 gkd s1 2 cos2ugkd . (5)

The magnon spectrum is defined in the paramagnetic B
It has a sound mode neark ­ Q with the classical spin-
wave velocityc ­ 2

p
2 S cosu.

In the leading order in1yzS quantum corrections to the
magnon dispersion can be found from the Dyson equat
for the normal Green’s function:Gsk, td ­ 2ikTbkstdby

kl,
neglecting anomalous contributions to the self-energy [
To findSsk, vd we express the interaction terms via quas
particle operatorsbk and consider the first-order perturba
tion from the quartic part and the second-order perturbat
from the cubic part.

There are two interaction terms with cubic vertice
from Ĥ s3d [10]

V̂1 ­
1
2!

X
12223­Q

G
s1d
1;23sby

3 b
y
2 b1 1 H.c.d ,

V̂2 ­
1
3!

X
11213­Q

G
s2d
123sby

3 b
y
2 b

y
1 1 H.c.d ,

(6)
Z.

ion

6].
i-
-
ion

s

where we abbreviated momenta with their subscripts. T
first term V̂1 is responsible for the hybridization between
single- and two-magnon spectra and is the principal inte
action of the problem. The vertices are given byG

s1d
1;23 ­

2
p

8S sin2uFsk; qd,

Fs1; 23d ­ g1su1 1 y1d su2y3 1 y2u3d
1 g2su2 1 y2d su1u3 1 y1y3d
1 g3su3 1 y3d su1u2 1 y1y2d , (7)

andG
s2d
123 ­ 2

p
8S sin2uFsk, qd, where a similar expres-

sion for Fsk, qd can be found in [10]. The lowest-order
contributions to the self-energy shown in Fig. 1 are

Ss1dsk, vd ­
X
q

4S sin22uFsk; qd2

v 2 vq 2 vk2q1Q 1 i0
, (8a)

Ss2dsk, vd ­
X
q

24S sin22uFsk, qd2

v 1 vq 1 vQ2k2q 2 i0
. (8b)

The first term describes a virtual decay of a magnon in
two-particle intermediate states. Frequency-independe
contributions to the dispersion arise from̂H s4d and from
the renormalization of the tilting angle [10]:
Ss3dskd ­ 4su2
k 1 y2

kd f2n cos2u 1 D cos2u 2 m sin2u 1 gks2m cos2u 1
1
2 d cos2u 2 n sin2udg 2 8ukyk

3 f 1
2 D sin2u 2

1
2 m cos2u 1 gksD cos2u 2 n cos2u 1

1
2 d sin2udg ,

Ss4dskd ­ 8 sin2usD 2 n 1 md fsu2
k 1 y2

kd s1 2 gkd 2 2ukykgkg ,
es
ec-

i-
ich

s:
es

y

nt
where various two-boson contractions are defined asn ­P
k y

2
k, m ­

P
k y

2
kgk, d ­

P
k ukyk, D ­

P
k ukykgk.

Four-magnon vertices do not contribute to the dispersi
to this order in1yzS.

Perturbation theory gives the magnon energy with t
first 1yS corrections as

v
pert
k ­ vk 1

X
i

Ssidsk, vkd . (9)

Figure 2 shows classical and renormalized spectra forS ­
1
2 in two representative fields. AtH ­ 0, the only non-
vanishing correctionSs3dskd yields a 16% enhancemen
of magnon energies in the entire Brillouin zone [5,7]. I
low fields the magnon spectrum resembles a zero-field
sult except the vicinity of the BZ center. The mode a
k ­ 0 describes a uniform precession of spins aboutH
and, for axially symmetric systems its classical frequen
v0 ­ H is exact, i.e., not changed by quantum effec
[12]. With increasing field the cubic terms grow and pus
down magnon energies. Above0.7Hc, correction from
Ss1dsk, vkd exceeds 50% ofvk signifying a breakdown of
the1yS perturbation expansion for spin-wave frequencie
(9). The correct renormalized spectrum plotted in Fig.
is recovered by solving the Dyson equation

v 2 vk 2 Ssk, vd ­ 0 . (10)

Standard1yS expansion breaks down for any finiteS
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when the bottom of the two-magnon continuum becom
nearly degenerate with a part of the single-magnon sp
trum for H close to the decay threshold fieldHp. The
unrenormalized “classical” value ofHp is calculated by
expanding Eq. (5) up to the third order iñk. The cubic
factor a is anisotropic and vanishes first fork̃x ­ k̃y at
Hp ­

2
p

7
Hc ø 0.756Hc.

At H . Hp the magnon self-energy acquires an imag
nary part due to spontaneous two-magnon decays, wh
obey the energy conservation law

vk ­ vq 1 vk2q1Q . (11)

Spin wave is stable, if Eq. (11) has only trivial solution
q ­ k, Q. In this case, the two-magnon density of stat
r2sk, vd ­

P
q dsv 2 vq 2 vk2q1Qd vanishes atv ,

vk. r2sk, vd has Van Hove singularities determined b
symmetry extremak 2 qp 1 Q ­ qp 1 G, whereG is a
reciprocal lattice vector. AtH . Hp, one of these points

qp ­ sk 1 Qdy2 crosses the one-magnon state if

vk $ 2vsk1Qdy2 . (12)

When applied to the phonon mode, Eq. (12) is equivale
to the previously used conditiona . 0 [note the differ-
ence betweenk andk̃ in Eqs. (1) and (12)]. AtH . Hp,
classical magnons (5) decay in the region aroundk ­ Q
4537
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FIG. 1. Lowest-order diagrams contributing to the magno
self-energy.

and remain stable in the vicinity of the uniformly preces
ing modek ­ 0 with the decay threshold boundary give
by the equality sign in Eq. (12).

Pitaevskii argued that such boundaries are actually t
mination points of the spectrum [8]. This fact is a cons
quence of logarithmic divergence of the one-loop diagra
near the threshold:Ss1dsk, vd ~ lns2DṽyRd, whereṽ ­
Dv 1 ycDk, yc is a velocity of created magnons, andR
is a cutoff. The termination point for the decay thresh
old into a pair of rotons is known in the spectrum of su
perfluid 4He. Since the self-energy is singular, a prop
renormalization of the cubic vertex is necessary in th
case [8]. Our problem, however, is different, becau
two new magnons created in an elementary decay proc
are again unstable. Near the decay threshold, the do
nant contribution toSs1d arises from the close vicinity of
q ­ sk 1 Qdy2; therefore, we can approximate Imvq ø
Imvk2q1Q ­ 1

2 G. Even smallG’s completely remove di-
vergence of the diagram [Fig. 1(a)]:

Ss1dsk, vd ~

"
ln

p
Dṽ2 1 G2

R
2 iw

#
, (13)

with w ­ py2 1 arctansDṽyGd. This analysis leads us
to two conclusions: (i) vertex corrections can be neglecte
but instead a self-consistent treatment of intermedia
magnons and their decaying rates is required; (ii) t
boundary (12) between stable and decay regions in

0.0 0.2 0.4 0.6 0.8 1.0
η

0

1

2

3

ω
(κ

)

H=0.1HC

H=0.75HC

FIG. 2. Magnon dispersion fork ­ psh, hd: (i) Thin dashed
lines represent the classical spectrumvk; (ii) dot-dashed lines
are v

pert
k ; (iii) solid lines are solution of the Dyson equation

For H ­ 0.1Hc, curves (ii) and (iii) are indistinguishable.
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is smeared and atH . Hp all magnons simultaneously
acquire finite lifetimes.

In the limit k̃ ! 0 the decaying rate is small and can b
found analytically. The self-consistent Born approxim
tion (SCBA) with dressed lines in Fig. 1(a) gives

ImSs1dsk, vd ­ 24pS sin22u
Z d2q

s2pd2 F2sk; qd

3 fsv 2 vq 2 vk2q1Qd , (14)

where functionfsvd is normalized by
R

fsvd dv ­ 1
and has a characteristic width of the order of a sum of de
rates of created magnons. Using the asymptotic fo
Fsk; qd ø 2

3
4 fk̃q̃sk̃ 2 q̃dy

p
2 cos3ug1y2 we find

vk ø ck̃s1 1 ak̃2 2 ibk̃2d , (15)

with b ­ s9 sin2uy64p
p

2 cos3ud2y3. Similar to a 3D
case [8], this expression forb is valid beyond a nar-
row field region nearHp determined by higher-order
nonlinearities.

Another region in BZ, where damping is small an
excitations are well defined, lies near the zone cen
This follows from the same arguments [12], which pred
no effect onv0 from quantum fluctuations, since the exa
frequency atk ­ 0 is real and has no imaginary part.

The spin-wave damping in the entire BZ is consi
ered by using the magnon spectral functionAsk, vd ­
2

1
p ImGsk, vd, whereGsk, vd is calculated in the Born

approximation. Results forAsk, vd at H ­ 0.85Hc and
H ­ 0.9Hc are presented in Figs. 3(a) and 3(b), respe
tively. In the non-self-consistent approximation (dash
lines),Ask, vd consists of a narrow one-magnon peak a
two-magnon sideband, which exhibits loose maximum
higher energies. The quasiparticle peaks survive even
the classical decay region Eq. (12), because hybridiza
pushes them out from the two-magnon continuum. T
spurious feature arises due to the lack of self-consisten
as the two sides of Eq. (11) are treated with different a
curacy in the non-SCBA. That is, the magnon energy
renormalized while the energy of the continuum (righ
hand side) is given by a classical expression. Peaks dis
pear in the SCBA, which takes into account modificatio
of a two-particle continuum due to renormalization of on
magnon states. We performed a numerical solution of
Dyson equation in the SCBA with96 3 96 k-points in BZ.
Results are plotted in Fig. 3 by solid lines. Our analys
shows that a self-supporting instability intensifies atH ­
0.85Hc for magnons from the regionk , Qy2, which
are classically stable but become strongly damped si
they lie in the decay region for renormalized spectrum.

Magnon peaks inAsk, vd are strongly suppressed (H ­
0.85Hc) and disappear (H ­ 0.9Hc) because of the shift
of the single-particle pole inGsk, vd from the real axis
into the complex plane due to rapidly growing deca
surface (11). Single-magnon excitations reappear ag
only atH ø 0.99Hc, where the decaying vertexGs1ds1; 23d
is small.
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To complete our study, we investigate now the high
field dynamical response of the square-lattice AFM, whic
is probed in neutron diffraction experiments. Our ca
culation of the dynamical structure factorSabsk, vd ­R

dtkSa
k stdSb

2kleivt is standard. We express it atT ­ 0
-
h
l-

via the spin Green’s functionGabsk, td ­ 2ikTSa
k stdSb

2kl
by Sabsk, vd ­ 22usvdGabsk, vd. The latter is related
to the boson Green’s function by using Eq. (3) and the
Dyson-Maleev transformation. The result for the inelastic
part of the dynamical structure factor is
Sxxsk, vd ­ pS sin2usuk 1 ykd2Ask, vd 1 p cos2u
X
q

suqyk2q1Q 1 yquk2q1Qd2dsv 2 vq 2 vk2q1Qd ,

Syysk, vd ­ pSsuk 2 ykd2Ask, vd , (16)

Szzsk, vd ­ pS cos2usuk2Q 1 yk2Qd2Ask 2 Q, vd 1 p sin2u
X
q

suqyk2q 1 yquk2qd2dsv 2 vq 2 vk2qd ,
h
.
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where two-magnon contributions described by the la
terms inSxx and Szz are calculated using classical spec
trum. They are negligible in high fields because of sma
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FIG. 3. Magnon spectral function for several pointsk ­
psh, hd (a) H ­ 0.85Hc, (b) H ­ 0.9Hc. Thin dashed lines
represent the non-SCBA. Solid lines are the results of t
SCBA. Corresponding values ofh are shown near each curve
st
-
ll

e

factorsyk , cos2u. In the same approximationuk ø 1
except fork , Q. Thus, in high fieldsHp , H , Hc

the longitudinal componentSzzsk, vd . 0, whereas trans-
verse componentsSxxsk, vd, Syysk, vd are proportional to
Ask, vd with momentum independent prefactors.

In conclusion, the nonlinear coupling between one- a
two-magnon states, which exists only in the canted AF
phase, becomes very important in high fields. Togeth
with the field-induced kinematic instability of the spectrum
this interaction leads to suppression and disappearanc
single-magnon excitations forHp , H , Hc. Therefore,
an intriguing situation arises in the high-field regime
the ground state of an ordered quantum AFM is nea
classical, while the excitation spectrum and the dynami
response are strikingly different from the classical resul
Though our analysis was restricted mainly to the spin1

2
AFM in 2D, the qualitative picture remains valid for othe
values ofS and for 3D.
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