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High Order Correlation Tensors in Turbulence
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High order correlation tensors for the spatial derivatives of the velocity field are studied with
emphasis on angular dependencies and sensitivity of these correlations to the effect of intermitt
In particular, it is found that the sum of longitudinal and transverse correlations of the deforma
rates is proportional to the intermittency deviation from the classical scale similarity of velocity fie
[S0031-9007(99)09207-8]
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The dynamics of turbulent motion is better understoo
in terms of characteristics of motion which are local i
physical space and have a mechanism of amplificati
[1]. For three-dimensional (3D) turbulence the primar
local characteristics are the vorticity field and the defo
mation rates [2–6]. The vorticity amplification is due t
the effect of vortex stretching. For 2D turbulence th
corresponding local characteristic is the vorticity gradie
[6,7]. Apart from the general theory, the local characte
istics of turbulence are also important in the modeling
the small-scale turbulence for the large-eddy simulatio
[8]. In this Letter we begin a systematic study of the hig
order correlation tensors for spatial derivatives of the v
locity field. Special attention will be paid to the angula
dependencies of such correlations and to the sensitivity
the intermittency correction.

Let us start from the correlation of the velocity incre
ments in the inertial range (see, for example, [9]):
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Here k l indicates statistical averaging,dij is the unit
tensor,yi is the velocity field at pointx, prime indicates
a field at pointx0  x 1 r, and ur is a radial (longitu-
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dinal) component of the velocity increment. The inte
mittency deviation from the Kolmogorov’s “2

3 law” [10]
is expressed in terms of the breakdown coefficients [1
ms2y3d has been proved to be negative [11] and is know
to be small experimentally. Formula (1) is obtained fo
the three-dimensional locally homogeneous and isotro
turbulence with the use of the incompressibility condition
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From the definition (2) the two-point correlation tensor
of spatial derivatives of velocity can be expressed in t
form*
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For the corresponding spectral tensor we get the sim
formula

s21dmsidm1n Espd
4pp2 pj1 · · · pln sdik 2 pipkp22d , (6)

where Espd is the energy spectrum and in the inertia
rangeEspd , p212a . The spatial structure of the tenso
(5) is more complex and physically revealing, as we w
see below.

In this Letter we consider the fourth order tensor wit
m  n  1. Substitution of (1) and (3) into (5), after
some algebra, gives
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 qsrd fs2 1 addikdjl 2 dildjk 2 dijdkl 2 s4 2 a2ddikrjrl

1 s2 2 ad sdijrkrl 1 dilrjrk 1 djkrirl 1 djlrirk 1 dklrirjd

2 s4 2 ad s2 2 adrirjrkrlg , (7)
its
where

qsrd 
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Using definitions of vorticityvi  ´ijk≠yky≠xj (´ijk

is the unit antisymmetric tensor) and deformation rat
Dij 

1
2 s≠yiy≠xj 1 ≠yjy≠xid, from (7) we get
es

kviD
0
kll  2

s3 1 ad s2 2 ad
2

qsrd

3 s´ijkrjrl 1 ´ijlrjrkd . (9)

This tensor is determined by only one scalar and
structure is universal. Thea dependence of the scalar is
© 1999 The American Physical Society
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such that the intermittency correction is not significant.
more general correlation tensor*

vi
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 2s3 1 adqsrd f´ikl 1 s2 2 ad´ijkrjrlg

(10)
has two scalars and its structure depends ona, but again
the scalars are nota sensitive. A similar situation is for
the vorticity correlation tensor, as follows from (7):

kviv
0
kl  s3 1 adqsrd fadik 1 s2 2 adrirkg . (11)

Let us consider correlation for one vorticity componen
si  k  1d:

kv1v0
1l  s3 1 adqsrd fa 1 s2 2 ad cos2fg,

r1  cosf ,
(12)
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wheref is the angle between direction of vorticity an
r. We see that this correlation is always positive (
the inertial range) and the longitudinal correlationsf 
0d is 2ya ø 3 times bigger than the transversalsf 
py2d. Thus, even on the level of second order vortici
correlation, we see a tendency for formation of cohere
vortex filaments in 3D turbulent flows. We note tha
analysis of the third order vortex correlations [5] lead
to the “vortex strings” scalels , L 3 Re23y10 inside
the inertial range (L is the external scale; Re is the
Reynolds number). This scaling has now an experimen
support [12,13].

Now we turn to the deformation rates. Symmetrizatio
of (7) gives
kDijD0
kll 
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Consider correlation for one component of deformatio
D11  ≠y1y≠x1. Formula (13) [or (7)] gives

Dsr , a, fd ; kD11D0
11l  qsrdfsa, fd , (14)

fsa, fd  a 1 s3 2 ad s2 2 ad cos2f

2 s4 2 ad s2 2 ad cos4f , (15)

where, as before,r1  cosf, qsrd depends ona im-
plicitly [see (3), (8)]. We see that correlation (14)
changes sign:fsa, 0d  22s1 2 ad, fsa, py2d  a. It
has maximum fmsad  a 1 s2 2 ad s3 2 ad2y4s4 2

ad with cos2fm  s3 2 ady2s4 2 ad, fm ø 54±. The
most remarkable property of this correlation is the follow
ing relation:

Dsr , a, 0d 1 Dsr , a, py2d  23ms 2
3 dqsrd . (16)

It means that the sum of longitudinal and transvers
correlations is proportional to the intermittency correc
tion. Thus, we found a correlation characteristic of ve
locity gradients which is very sensitive to the effect o
intermittency.

We note that all presented results are exact cons
quences of incompressibility, power dependence (3), a
local isotropy in the inertial range of the well devel-
oped 3D turbulence. The only mathematical procedure w
used in this Letter is spatial differentiation of formula (1)
Content underlaying this simple procedure (“differentiat
and reign”) is a transition to local characteristics. W
can recommend this procedure for other areas of physi
where local characteristics can be identified (a techniq
for such identification with use of conditional averaging i
presented in Ref. [6]).

We hope that these results will stimulate another dire
tion in analytical, experimental, and numerical study o
n
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turbulence. Particularly, formula (16) presents a natur
way to measure the intermittency correction, which is th
subject of controversy in the literature.
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