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Continuity of Quark and Hadron Matter
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We review, clarify, and extend the notion of color-flavor locking. We present evidence that for three
degenerate flavors the qualitative features of the color-flavor locked state, reliably predicted for high
density, match the expected features of hadronic matter at low density. This provides, in particular,
a controlled, weak-coupling realization of confinement and chiral symmetry breaking in this (slight)
idealization of QCD. [S0031-9007(99)09191-7]

PACS numbers: 12.38.Aw

In a recent study [1] of QCD with three degenerate fla-vor quantum numbers, including integral electric charge.
vors at high density, a new form of ordering was predictedThus, the gluons match the octet of vector mesons, the
wherein the color and flavor degrees of freedom becomeguark octet matches the baryon octet, and an octet of col-
rigidly correlated in the ground state: color-flavor locking. lective modes associated with chiral symmetry breaking
This prediction is based on a weak-coupling analysis usmatches the pseudoscalar octet. However, there are also
ing a four-fermion interaction with quantum numbers ab-a few apparent discrepancies: there is an extra massless
stracted from one gluon exchange. One expects that sudinglet scalar, associated with the spontaneous breaking of
a weak-coupling analysis is appropriate at high density, fobaryon number (superfluidity); there are eight rather than
the following reason [2,3]. Tentatively assuming that thenine vector mesons (no singlet); and there are nine rather
guarks start out in a state close to their free quark statehan eight baryons (extra singlet). We will argue that these
i.e., with large Fermi surfaces, one finds that the relevantdiscrepancies” are superficial—or rather that they are fea-
interactions, which are scattering the states near the Ferraires, not bugs.
surface, for the most part involve large momentum trans- Let us first briefly recall the fundamental concepts of
fers. Thus, by asymptotic freedom, the effective couplingcolor-flavor locking. The case of three massless flavors
governing them is small, and the starting assumption iss the richest due to its chiral symmetry (and adding a
confirmed. common mass does not change anything essential) so we

Of course, as one learns from the theory of superconducshall concentrate on it. The primary condensate takes the
tivity [4], even weak couplings near the Fermi surface carform [1]
have dramatic qualitative effects, fundamentally because ia B8 _ \ _ _/ o B _kiy _ asB ashB
there are many low-energy states, and therefore one §QL“qu6’J> DriaTrin €)= K105 85+ 12058,
inevitably doing highly degenerate perturbation theory. 1)
Indeed, the authors of [1] already pointed out that theiHere L, R label the helicity,i, j, k, [ are two-component
color-flavor locked state displays a gap in all channels exspinor indicesg, b are flavor indices, and, 8 are color
cept for those associated with derivatively coupled spirindices. A common space-time argument is suppressed.
zero excitations, i.e., Nambu-Goldstone modes. This %, x, are parameters (depending on chemical potential,
confinement. For massless quarks, they also demonstratedupling, etc.) whose nonzero values emerge from a
spontaneous chiral symmetry breaking. dynamical calculation.

In very recent work we [5], and others [6], have rein- This equation must be interpreted carefully. The value
forced this circle of ideas by analyzing renormalization ofof any local quantity which is not gauge invariant, taken
the effective interactions as one integrates out modes fditerally, is meaningless, since local gauge invariance
from the Fermi surface. A fully rigorous treatment will parametrizes the redundant variables in the theory, and
have to deal with the extremely near-forward scatteringsgannot be broken [7]. But as we know from the usual
which are singular due to the absence of magnetic mass foireatment of the electroweak sector in the standard model,
the gluons, at least in straightforward perturbation theoryit can be very convenient to use such quantities. The point

In the earlier work [1], several striking analogies be-is that we are allowed to fix a gauge during intermediate
tween the calculated properties of the color-flavor lockedstages in the calculation of meaningful, gauge invariant
state and the expected properties of hadronic matter auantities—indeed, in the context of weak-coupling per-
low or zero density were noted. In addition to confine-turbation theory, we must do so. For our present purposes,
ment and chiral symmetry breaking, the authors observedowever, it is important to extract nonperturbative results,
that the dressed elementary excitations in the color-flavoespecially symmetry breaking order parameters, that we
locked state have the spin quantum numbers of low-lyingcan match to our expectations for the hadronic side. To
hadron states and for the most part carry the expected flao this, we can take suitable products of the members of
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(1) and their complex conjugates, and contract the cologauge fields as a probe of pure QCD, we must restrict
indices. In this way we can produce the square of the@urselves to those which preserve the overall neutrality of
standard chiral symmetry breaking order parameter of typthe QCD ground state.
(grqr) and a baryon number violating order parameter of The elementary excitations are of three types. The
type ((gqq)*), both scalars and singlets under color andcolor gluons become massive vector mesons through the
flavor. At this level only the square of the usual chiral Anderson-Higgs mechanism. Because of color-flavor
order parameter appears, fundamentally because our coecking, they acquire flavor quantum numbers, which
densates preserve left-handed quark number modulo twmakes them an octet under the residual(38. The
This conservation law is violated by the six-quark vertexquark fields give single-particle spin/2 excitations
associated with instantons, and by convolving that vertexvhose stability is guaranteed by the residdal quark
with our four-quark condensate we can obtain the usualor baryon) number symmetry. These excitations are
two-quark chiral symmetry breaking order parameter.  massive, due to the superconducting gap. They form an
From the primary condensate (1) we infer the symmetnoctet with the quantum numbers of the nucleon octet,
breaking pattern SB)¢ X SU(3)F X SUQ3)R x U(1) —  plus a singlet. It might seem peculiar on first hearing
SU(3)2. Here SU3)c is local color symmetry, while the that a single quark can behave as a baryon, but remember
remaining factors are chiral family and baryon numberthat there is a condensate of diquarks. In addition, there
symmetries. The final residual unbroken symmetry is are collective Nambu-Goldstone modes, associated with
global diagonal symmetry. Indeed, the Kronecker deltashe spontaneously broken global symmetries. These
in (1) are invariant only under simultaneous color andare a massless pseudoscalar octet associated with chiral
flavor rotations, so the color and flavor are “locked.” Thissymmetry breaking, and a scalar singlet associated with
locking occurs separately for the left and right handedbaryon number violation. A common quark mass lifts the
quarks, but since color symmetry itself is vectorial, thepseudoscalar octet, but not the singlet, because it spoils
effect is also to lock left and right handed flavor rotations,microscopic chiral symmetry but not microscopic baryon
breaking chiral symmetry. The global baryon numbernumber.
symmetry is, of course, manifestly broken, but quark Clearly, there are striking resemblances between the ele-
number is conserved modulo two. Projecting onto thanentary excitations of color-flavor locked quark matter
gauge invariant, color singlet, sector this implies thatand the low-energy hadron spectrum. One is tempted to
baryon number is violated only modulo two. The sameask whether they might be identified. More precisely, one
conclusions would emerge from analysis of the gaugenight ask whether strongly coupled hadronic matter at low
invariant symmetry generators only, upon consideration oflensity goes over into the calculable, weak-coupling form
the gauge invariant order parameters we constructed abowvef. quark matter just described without a phase transition.
Ordinary electromagnetic gauge invariance, like colorf so, then the confinement and chiral symmetry breaking
symmetry, is violated by (1), but a linear combination calculated for the weak-coupling phase not only resemble
of the diagonal color generator (diag2/3,1/3,1/3})  these central properties of low-density QCD, but are rigor-
and electromagnetic charge (dfag3, —1/3, —1/3}) gen-  ously indistinguishable from them. This sort of possibility,
erates a true symmetry. The physical result is that therthat Higgs and confined phases are rigorously indistin-
is a massless gauge degree of freedom, representing tgaishable, has long been known to occur in simple abstract
photon as modified by its interaction with the condensatemodels [8].
As seen by this modified photon, all the elementary excita- As mentioned above, however, at first sight there appear
tions have appropriate charges to match the corresponding be several difficulties with this identification. We now
hadronic degrees of freedom. In particular, their chargedebunk them in turn.
are all integral multiples of the electron charge [1]. This The most profound of the apparent difficulties is the ex-
is, of course, another classic aspect of confinement. istence of an extra scalar Nambu-Goldstone mode, and the
It was essential, in this construction, that the charges ofelated phenomenon that baryon number is spontaneously
the quarks add up to zero. If that were not so, we wouldsiolated (indicating, as in liquid He superfluidity). The
not have been able to find a color generator capable ainswer to this comes through proper recognition of an im-
compensating the violation of naive electromagnetic gaugportant though somewhat exotic phenomenon for three de-
invariance. Yet it seems somewhat accidental that thesgenerate flavors on the hadron side. Several years ago
charges do add up to zero, and one would be quite worriediaffe discovered [9], in the context of the MIT bag model,
if any qualitative aspect of confinement depended on thithat a particular dibaryon state, th& a spin 0 SU(3) sin-
accident. This worry touches the form rather than theylet with quark content (udsuds), is surprisingly light. This
substance of our argument. If the quark charges did natrose, in his calculations, because of a particularly favor-
add up to zero, it would not be valid to ignore Coulombable contribution from color magnetism. Roughly speak-
repulsion. One would have to add a compensating chargeg, in theH configuration the color fields associated with
background as a mathematical device, or contemplatdhe quark sources are minimized by arranging both the
inhomogeneous states. Insofar as we want to use externablors and spins to cancel pairwise to the greatest extent
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possible. It has been debated, for QCD with realistic quarlout simpler problem, that of extending the analysis to larger
masses, whethed might be only slightly above the nn numbers of degenerate quarks. An important foundational
or nA thresholds. Though at this level the outcome forresult, which emerges clearly from this analysis, is that
realistic QCD is unclear, both theoretically [10] and ex-the color-flavor locked state for three flavors, which was
perimentally [11], it has come to seem quite likely that infirst guessed to be favorable because of its large residual
QCD with three degenerate quarks tHewill be the par- symmetry and by analogy to ttRephase of superfluid He
ticle with smallest energy per unit baryon number. Thus ats, in fact, the global minimum for three flavors. It also
any finite baryon number density, however small, at zerageappears as a building block for larger numbers of flavors.
temperature one should expect, in this context, to find a The renormalization group analysis in [5,6] allows one
Bose condensate &f dibaryons. This condensate gives usto classify possible instabilities, and to assess their rela-
precisely—i.e., with the appropriate quantum numbers—tive importance. It was found that the dominant instability
the superfluid we were led to expect from our superficiallycorresponds to scalar diquark condensation. The analy-
very different considerations on the quark matter side. Ifis does not fix the color and flavor channel of this insta-
the H is above dibaryon threshold, one will have a nar-bility uniquely, independent of initial conditions for the
row range of chemical potentials where baryon number igouplings, since there are two equally enhanced marginal
built up by single baryons. Based on the same calculainteractions. One gluon exchange, which dominates for
tions [9,10], it is extremely plausible that in this case thereweak coupling, is attractive in the color antisymmeBic
will be attraction in theH channel at the Fermi surface, channel, and favors one of these interactions. During the
and hence superfluidity of the required type, now througtevolution this interaction will grow, while the repulsive in-
a BCS mechanism. teraction in the color symmetrie channel is suppressed.
This superfluidity, whatever its source, supplies us withThus the instability is driven by a leading interaction of the
the key to the riddle of the missing vector meson. Forform
once there is a massless singlet scalar, the putative sin- £ = K(8,,85 — 8455s,) (8967 — §415"°)
glet vector becomes radically unstable, and should not ap- P ket
pear in the effective theory. It might be objected here X A{eije iy + (L R} (2)
that the octet of vector mesons is also unstable—for mass- The renormalization group analysis provides only the
less quarks—against decay into massless scalar and pséorm of the dominant interaction, not the structure of the
doscalar mesons. A quick answer is that this is not reallyprder parameter. In particular, it does not tell us whether
an objection at all, because there is no harm in having resolor-flavor locking is the preferred state in three flavor
dundant states (whose instability will appear immediatelyQCD. In order to answer this question, we have to perform
upon more accurate calculation). There is a much preta variational analysis. Since the interaction is attractive in
tier and more satisfying answer, however. If we turn ons-wave states, it seems clear that the dominant order pa-
nonzero masses for the quarks the pseudoscalar octet (biaimeter is ar wave, too. We then have to study only the
not the singlet) will become massive. Eventually the decolor-flavor structure of the primary condensate. For this
cay of the vector octet (but not the singlet) will be blocked,purpose, we calculate the effective potential for the order
and then we will be grateful for the prescience of the theparametefy%yi}) = €Ay, . Aupy is aNy X Ny ma-
ory in providing the appropriate degrees of freedom. trix in flavor space and &, X N, matrix in color space.
Finally, there is the question of the “extra” singlet Overall symmetry requires thalabﬁ is symmetric under
baryon. This is the most straightforward. In the originalthe combined exchang&«) — (bB). Also, since the
calculations [1], it was found that the singlet gap is muchinteraction involves only color and flavor antisymmetric
larger than the octet gap. Thus the singlet baryon iserms, the effective potential does not depend on color and
predicted to be considerably heavier than the octet. Thiflavor symmetric components m‘“,, This means that the
is not problematic: a particle of this sort is expected in theeffective potential has at leadt.(N. + 1)Ns(N; + 1)/4
quark model, it could well exist in reality, and in any caseflat directions. These trivial flat directions will be lifted
it is radically unstable against decay into octet baryon andy subleading interactions not included in our analysis.
octet pseudoscalar, at least for massless or light quarks. We calculate the effective potential in the mean field
So all the objections have been answered. Continuity oipproximation. This approximation corresponds to resum-
quark and hadron matter, far from being paradoxical, nowning all “cactus” diagrams. These diagrams are expected
appears as the default option. to be dominant both in the limit of large chemical potential
Our considerations here are clearly relevant to anynd in the largeV., Ny limit. In the mean field approxi-
attempt to model the deep interior of neutron stars, omation, the quadratic part of the action becomes

conditions during supernova and hypernova explosions. “ ¢ Wb, = K(A A AZB
To do justice to these questions, it will be very important Mar Viaip , “
to include the effects of unequal quark masses and of Abs i QWL g - 3)

electromagnetism. That is an important task for the futurelntegrating over the fermion fields we obtain the familiar
In the remainder of this paper we shall consider a relatetr log term in the effective potential. In order to evaluate
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TABLE I. Ground-state properties of thewave superfluid search for zero eigenvalues of the second variation of the
state in QCD withN, = 3 colors andN; flavors. Ny is _ order parameter with respect to color and flavor transfor-
the number of totally antisymmetric gap parameters. Theyaiions. Our results are summarized in Table I. The two

column labeled “gaps (deg)” gives the relative magnitude of th | . ial In thi the domi t ord
gaps in the fermion spectrum, together with their degenerac lavor case Is special. In this case, the dominant oraer pa-

The numerical values of the gap and the condensation energ@meter does not break the color symmetry completely, and
per species are given in units &, = 36 MeV and ¢y =  the flavor symmetry is completely unbroken. This is the

0.73 MeV /fm?, respectively. Ny is the number of unbroken scenario discussed in [3]. Subdominant interactions can
color-flavor symmetries. break the remaining color symmetry, either with or with-
Ny Npa Gaps (deg) A —€/(N:Ny) Nygm out flavor symmetry breaking.
The main result is that, for three flavors, we verify

3 A(4) Ao €0 6 . L
9 A (8),2A (1) 0.80A, 1276 8 that color-flavor _Iocklng is indeed the_ preferrgd order
18 A (8), 2A (4) 0634, 12le 6 parameter. We find that all quark species acquire a mass

3

9

30 A (5), 2A (7),3A (3) 0.43A, 1.18¢, gap, and both color and flavor symmetry are completely
45 A (16), 2A (2) 0.80A, 1.27¢€ broken. There are eight combinations of color and flavor
symmetries that generate unbroken global symmetries.
These are the generators of the diagonal(33UL"R,
the logarithm, we have to diagonalize the mass matriAlso, the quark mass gaps fall into representati@ns (1)
M. Let us denote the corresponding eigenvaluespy of the unbroken symmetry. And, as mentioned above, the
These are the physical gaps for tHeN, fermion species. singlet state is twice heavier than the octet.
Adding the mean field part of the effective potential, we Note that in the present analysis, which takes into
get account only the leading interaction, the order parameter
ab AaB is completely antisymmetric in both color and flavor. We
Verr(A) = — Ze(a”) + MapBab - @ find AP~ eaBle,,,. If subleading interactions are taken
, 7 , , ) into account, the order parameter will have the more
Here, 6(5') is the klnetlc term in the effective action for general form (1). This order parameter leaves the same
one fermion species, residual symmetry.

O hwN

dp —— Ny = N, (or a multiple thereof) is the most favorable
(o) = (27T)3[ (p = w3+ o2 case, in the precise sense that in this case the condensation
energy per species is maximal, but the main qualitative
+ /(p +op)? + 52] (5) results we found for three flavors extend\ip > 3. Color
symmetry is always completely broken, and all quarks

This integral has an ultraviolet divergence. This diver-acquire a mass gap. The only remaining symmetries

gence can be removed by expressihdan terms of the are global coupled color-flavor symmetries. For massless

renormalized interaction [12]. In this work we are not re-quarks, chiral symmetry is spontaneously broken.
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