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Identity of the van der Waals Force and the Casimir Effect and the Irrelevance
of These Phenomena to Sonoluminescence
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We show that the Casimir, or zero-point, energy of a dilute dielectric ball, or of a spherical bubble in
a dielectric medium, coincides with the sum of the van der Waals energies between the molecules th
make up the medium. That energy, which is finite and repulsive when self-energy and surface effec
are removed, may be unambiguously calculated by either dimensional continuation or by zeta-functio
regularization. This physical interpretation of the Casimir energy seems to be unambiguous evidenc
that the bulk self-energy cannot be relevant to sonoluminescence. [S0031-9007(99)09132-2]
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The Casimir effect has been recognized as a fundame
aspect of quantum field theory for 50 years [1]. Th
phenomenon, first presented as an attractive force betw
parallel perfectly conducting plates, may be thought of a
result of changes in the electromagnetic field fluctuatio
induced by the presence of boundaries. Recently, it h
been confirmed to good accuracy by direct measureme
[2,3], although the closely related Lifshitz theory [4] wa
confirmed experimentally 25 years ago [5].

Actually, the history of the effect goes back a bit farthe
Casimir and Polder worked out the retarded dispersi
force between molecules in 1947 [6], the long range part
the van der Waals force. Bohr shortly thereafter sugges
to Casimir that zero-point energy was relevant to the effe
[7], and subsequently Casimir presented a derivation of
force between molecules, and between a molecule an
conducting plate, based on such considerations [8]. T
derivation of the force between parallel plates followe
shortly [1]. It was thus clear from the outset that the
was an intimate tie between the van der Waals forces a
the Casimir effect.

Identity of van der Waals and Casimir forces.—The
explicit demonstration of the identity of these two force
was given in the case of dilute parallel dielectric slab
where the Lifshitz formula for the Casimir energy may b
easily seen to be equal, if dispersion is neglected, to
sum of pairwise long range van der Waals energies [4]:

V ­ 2
23a1a2

4pr7 , (1)

the Casimir-Polder retarded dispersion potential [6] (s
also Ref. [9]). Here the connection between dielectric co
stante and polarizabilitya is e ­ 1 1 4pNa, N being
the number density of molecules. The simple geome
makes this calculation easy and unambiguous.
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The corresponding calculation for a spherical geome
is fraught with more difficulty. The sum of van de
Waals interactions (1) for a spherical ball has been giv
in Ref. [10]. A sensible procedure for carrying out th
calculation is dimensional continuation, which has be
advocated in Ref. [11]. That is, we evaluate the integra

EvdW ­ 2
23
8p

a2N2
Z

dDr dDr 0

3 sr2 1 r 02 2 2rr 0 cosud2gy2 (2)

by first regardingD . g so that the integral exists. The
integral may be done exactly in terms of gamma function
which, when evaluated atD ­ 3, g ­ 7 yields [10]

EvdW ­
23

1536pa
se 2 1d2. (3)

[Note that the expression (2) is formally negative or a
tractive, while the continued result is positive or repulsiv
Further note that the same result is obtained for a bub
in a dielectric medium, which may be seen by the replac
mente 2 1 ! 1 2 e, which is here without effect.]

Of course, the above calculation in three dimensions
divergent. These divergences are of two kinds: “volum
and “surface.” The volume divergence is a self-ener
effect that would be present if the medium filled all spac
and makes no reference to the interface, and therefore
quite unobservable. If the divergences are regulated
inserting a point-splitting cutoff, and the divergent term
are simply omitted, the same result (3) is again obtaine

Now we turn to the Casimir effect. For the case o
the dielectric sphere this was first worked out in Ref. [12
That result has been rederived, for the more general c
of a spherical bubble, of radiusa, having permittivitye0

and permeabilitym0, surrounded by an infinite medium o
© 1999 The American Physical Society
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permittivity e and permeabilitym, in Ref. [13]. Here the
volume effect, corresponding to the intrinsic self-energ
of either medium, was explicitly removed; a more detaile
justification of that procedure is given in Ref. [10]. Th
general result is rather complicated:

EC ­ 2
1

4pa

Z `

2`

dy eiyd
X̀
l­1

s2l 1 1d

3

Ω
x

d
dx

lnDl 1 2x0fs0
lsx

0de0
lsx

0d 2 elsx0ds00
l sx0dg

2 2xfs0
lsxde0

lsxd 2 elsxds00
l sxdg

æ
, (4)

where

Dl ­ fslsx0de0
lsxd 2 s0

lsx
0delsxdg2

2 j2fslsx0de0
lsxd 1 s0

lsx
0delsxdg2, (5)

which uses the abbreviation

j ­
s e0

e

m

m0 d1y2 2 1

s e0

e

m

m0 d1y2 1 1
. (6)

The integration variables arex ­
p

me j yj and x0 ­p
m0e0 j yj, and the Ricatti-Bessel functions are

slsxd ­

µ
px
2

∂1y2

Il11y2sxd ,

elsxd ­

µ
2x
p

∂1y2

Kl11y2sxd .

(7)

The formula (4) has been regulated by a time-splittin
parameter,d ­ tya ! 0, where t is a Euclidean time
separation between field points.

The general expression (4) is rather opaque. Therefo
we consider a dilute dielectric ball, which was already co
sidered in Ref. [12]. (That is, we considerm ­ 1 every-
where, ande ­ 1 outside of the ball.) The formula, which
still admits of dispersion, becomes in that case

EC ø 2
1

8pa

X̀
l­1

s2l 1 1d
1
2

Z `

2`

dy eiydfes yd 2 1g2

3 x
d
dx

Flsxd , (8)

where

Flsxd ­ x2

√
1 1

lsl 1 1d
x2

!
2

1
4

√
d
dx

elsl

!2

2 x2

"
2

√
1 1

lsl 1 1d
x2

!
elsl 2

1
2

d2

dx2 elsl

#2

.

(9)

[The same result evidently holds if we consider a dielectr
bubble, the general dilute effect being proportional
se 2 e0d2.] The integrand here may be approximated b
y
d

g

re,
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the uniform asymptotic approximation [14]:

elsxdslsxd ,
1
2

zt

√
1 1

a1std
n2 1

a2std
n4 1 . . .

!
, (10)

wheren ­ l 1 1y2, x ­ nz, andt ­ s1 1 z2d21y2. The
coefficientsakstd are polynomials int of degree3k. If
we ignore dispersion, and set the time-splitting parame
d ­ 0, we obtain [15] the leading uniform asymptoti
approximation to Eq. (8),

EC ,
se 2 1d2

64a

X̀
l­1

(
n2 2

65
128

1
927

16384n2 1 Osn24d

)
.

(11)

The first two terms are formally divergent, but may b
evaluated by the zeta-function definition,

P`
l­1 n2s ­

s2s 2 1dz ssd 2 2s. [That is, we may replace the overa
2l 1 1 factor in Eq. (8) bys2l 1 1d12h, and continue
from Re h . 3 to h ­ 0.] Note that, if only the leading
term were kept, the result given in Ref. [13] would b
obtained,E1 ­ 2se 2 1d2ys256ad, while including two
terms reverses the sign and hardly changes the magni
[15]: E2 ­ 133se 2 1d2ys8192ad. This would seem to
resolve the conundrum found in Ref. [13], the appare
sign disparity between the Casimir effect and the van
Waals energy. It is important to recognize that the sa
finite result is achieved if the point-split regularization
retained, as detailed in Ref. [13]. There seems to be
ambiguity in the procedure [16].

Indeed, let us do the result exactly. (Probably it
possible to do the integrals analytically, but we have n
immediately seen how to do this.) We simply add a
subtract the two leading asymptotic terms from the in
grand in Eq. (8), so thatEC ­ E2 1 ER, where the re-
mainder is

ER ­
se 2 1d2

4pa

X̀
l­1

n2

3
Z `

0
dz

"
Flsnzd 2

t4

4
1

t10

8n2

3 s1 1 8z2 2 5z4 1 z6d

#
, (12)

According to the third term in Eq. (11), thez integral here
is asymptotic to927py262144n4; we evaluate thel sum
by doing the integral numerically for the first ten terms, a
using the asymptotic approximant thereafter. The resu

EC ­ se 2 1d2 0.004767
a

. (13)

This agrees precisely with the van der Waals result (3) [1
[The approximationE2 is 15% too low, whereas if the firs
three terms in Eq. (11) are kept, the estimate is 1.8% hig

Irrelevance to sonoluminescence.—There has recently
been considerable controversy concerning the poss
3949
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relevance of the Casimir effect to sonoluminescence [2
The idea that the “dynamical Casimir effect” might b
relevant to sonoluminescence originated in the work
Schwinger [21]. Recently, a series of papers strongly a
vocated Schwinger’s point of view [22,23]. This view
has been criticized elsewhere [10]. However, now that w
clearly see that the Casimir energy may be identified w
van der Waals interactions, it seems perfectly plain that t
volume effect they consider, proportional toe 2 1, simply
cannot be present, because such cannot arise from pairw
interactions. (This point was already made in Ref. [12
Our interpretation stands vindicated: An effect propo
tional to the volume represents a contribution to the ma
density of the material, and cannot give rise to observa
effects. (A discussion of the photon production calcul
tion of Ref. [23] has appeared elsewhere [24].)

More subtle is the role of surface divergences [13
The zeta-function regularization calculation we present
above simply discards such terms, but they appear in m
physical regularization schemes. For example, if the tim
splitting parameter in Eq. (4) is retained, we get from th
leading asymptotic expansion the following:

Ediv ­ 2
se 2 1d2

4a
1

d3 , (14)

and if a simple model for dispersion is used, with cha
acteristic frequencyv0, the same result is obtained with
1yd ! v0ay4 [13]. (A very similar result is given in
Ref. [15].) We believe these terms are probably also u
observable, for they modify the surface tension of th
liquid, which, like the bulk energy, is already phenomen
logically described. (That surface tension has its origin
the Casimir effect was proposed in Ref. [9].) In any cas
this surface energy is probably too small, and definitely
the wrong sign, to be relevant to sonoluminescence. (T
flash of light is emitted at the minimum radius.)

We note that Barton in his recent paper [19] seems
concur with our assessment: The terms “proportional toV
[the volume] and toS [the surface] would be combined
with other contributions to the bulk and to the surfac
energies of the material, and play no further role if on
uses the measured values.”

It is truly remarkable that however the (true) divergenc
in the theory are regulated, and subsequently discarded,
finite result is unchanged. That is, in the van der Waa
energy, we can simply omit the point-split divergences,
proceed through dimensional continuation, where no
vergences are explicit; in either case, the same result (3
obtained. Likewise, the same result is obtained for t
Casimir energy using either a temporal point splitting o
an exponential wave-number cutoff [19], and omittin
the divergent terms, or through the formal trick of zeta
function regularization. It is worth reemphasizing that w
are not claiming that the Casimir effect for a dielectric ba
is finite, unlike the classic case of a spherical conducti
shell [25]. It is merely that those divergent terms serv
3950
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to renormalize phenomenological parameters in the co
densed matter system.

So, finally, we are left with the finite term, which in the
dilute approximation is given by Eq. (3) or (13). For
bubble of minimum radius,1024 cm, the corresponding
Casimir energy is onlyEC , 1023 eV. This is 10 orders
of magnitude too small to be relevant to sonoluminescen
where about one million optical photons are emitted p
flash, and again the sign is wrong. (As to the relevance
a static calculation to the dynamical regime of sonolum
nescence, we note that the adiabatic approximation see
favorable, since the time scale for the flash,,10211 s is far
longer than the time scale for optical photons,,10215 s.)
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