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The harmonic measure (or diffusion field) near a critical percolation cluster in two dimensions
is considered. Its moments, summed over the accessible external hull, exhibit a multifractal
spectrum, which I calculate exactly. The generalized dimensionsDsnd as well as the MF function
fsad are derived from generalized conformal invariance, and are shown to be identical to those
harmonic measure on 2D random or self-avoiding walks. An application to the impedance of a r
percolative electrode is given. The numerical checks are excellent. [S0031-9007(99)09126-7]
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Percolation theory, whose tenuous fractal structure
called incipient clusters, present fascinating propertie
has served as an archetypal model for critical phenome
[1]. The subject has recently enjoyed renewed intere
the scaling (continuum) limit has fundamental propertie
e.g., conformal invariance, which present a mathematic
challenge [2–4]. Almost uncharted territory in exac
fractal studies is theharmonic measure,i.e., the diffusion
or electrostatic field near an equipotential fractal bounda
whose self-similarity is reflected in amultifractal (MF)
behavior of the harmonic measure [5].

MF exponents for the harmonic measure of fractals a
especially important in two contexts: diffusion-limited ag
gregation (DLA) and the double layer impedance at a su
face. In DLA, the harmonic measure actually determine
the growth process and its scaling properties are intimate
related to those of the cluster itself [6]. The double laye
impedance at a rough surface between a good conduc
and an ionic medium presents an anomalous frequen
dependence, which has been observed by electrochem
for decades. It was recently proposed that this is at he
a multifractal phenomenon, directly linked with the har
monic measure of the rough electrode [7]. In both of th
preceding contexts, percolation clusters have been stud
numerically as generic models.

In this Letter, I consider incipient percolation cluster
in two dimensions (2D), and determine analytically th
exact multifractal exponents of their harmonic measur
I use recent advances in conformal invariance (linke
to quantum gravity), which allow for the mathematica
description of random walks interacting with other random
fractal structures, such as random walks [8,9], and se
avoiding walks [10]. A difficulty here is the presence
of a subtle fjord structure in the percolation cluster hul
which has only recently been understood [11]. Excelle
agreement with decade-old numerical data is obtaine
thereby confirming the relevance of conformal invarianc
to multifractality; the exact prediction for the anomalou
exponent of a percolative electrode also corroborates
multifractal nature.
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Consider a single, isolated, two-dimensional very lar
incipient clusterC , at the percolation thresholdpc. Define
Hswd as the probability that a random walker (RW
launched from infinityfirst hits the outer (accessible
percolation hullH sC d at point w [ H sC d. We are
especially interested in the moments ofH, averaged over
all realizations of RW’s andC

Zn 

* X
w[H

Hnswd

+
, (1)

wheren can be,a priori, a real number. For very large
clustersC and hullsH sC d of average sizeR, one expects
these moments to scale as

Zn ø sayRdtsnd, (2)

wherea is a microscopic cutoff, and where the multifracta
scaling exponentstsnd encode generalized dimension
Dsnd, tsnd  sn 2 1dDsnd, which vary in a nonlinear
way with n [12–15]. Severala priori results are known.
Ds0d is the Hausdorff dimension of the support of th
measure. By construction,H is a normalized probability
measure, so thatts1d  0. Makarov’s theorem [16], here
applied to the Hölder regular curve describing the hu
[17], gives thenontrivial information dimensiont0s1d 
Ds1d  1. The multifractal formalism [12–15] further
involves characterizing subsetsHa of sites of the hullH
by a Hölder exponenta, such that their localH measure in
a ball of radiusa scales asHsw [ Had ø sayRda. The
“fractal dimension”fsad of the setHa is given by the
symmetric Legendre transform oftsnd,

a 
dt

dn
snd, tsnd 1 fsad  an,

n 
df
da

sad . (3)

Because of the ensemble average (1), values offsad can
become negative for some domains ofa [18].

This Letter is organized as follows: I first present i
detail the findings and their potential physical significan
and applications, before proceeding with the more abstr
mathematical derivation.
© 1999 The American Physical Society
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My results for the generalized harmonic dimensions fo
percolation are

Dsnd 
1
2

1
5

p
24n 1 1 1 5

, n [ f2 1
24 , 1`d ,

(4)

valid for all values of moment ordern, n $ 2
1
24 . The

Legendre transform (3) oftsnd  sn 2 1dDsnd reads

a 
dt

dn
snd 

1
2

1
5
2

1
p

24n 1 1
, (5)

and

fsad 
25
48

√
3 2

1
2a 2 1

!
2

a

24
, a [ s 1

2 , 1`d .

(6)

Figure 1 shows the exact curveDsnd (4) together with
the numerical results forn [ h2, . . . , 9j by Meakinet al.
[19], showing fairly good agreement.

The first striking observation is that the dimension o
the support of the measureDs0d fi DH, where DH 
7
4 is the Hausdorff dimension of the standard hull, i.e
the outer boundary of critical percolating clusters [20
In fact, the valueDEP ; Ds0d  4

3 corresponds to the
accessible external perimeter[21], the other hull sites
being located in deep fjords, which are not probed by th
harmonic measure. This structure and the exact value
DEP are elucidated in terms of path-crossing statistics
Aizenmanet al. [11]. In the scaling continuousregime,
the fjords do close, yielding asmoother(self-avoiding)

FIG. 1(color). Universal harmonic multifractal dimensions
Dsnd, and spectrumfsad of a 2D incipient percolation cluster,
compared to numerical results by Meakinet al. [19] (in red).
r

f
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accessible perimeter of dimension4
3 . This agrees with the

original instability phenomenon observed numerically on
lattice [21].

An even more striking fact is the complete identity o
Eqs. (4)–(6) to the corresponding resultsboth for random
walks and for self-avoiding walks (SAW’s) [10]. In
particular, Ds0d  4

3 is the Hausdorff dimension of a
SAW, common to theexternal frontierof a percolation hull
and of a Brownian motion [8,9]. Seen from outside, the
three fractal curves are not distinguished by the harmo
measure. As we shall see, this fact is linked to the prese
of a universal underlying conformal field theory with
vanishing central chargec  0. In other respects, a 2D
polymer at theQ point is known to obey exactly the
statistics of a percolation hull [22], and the MF results (4
(6) therefore applyalso to that case.

The minimal value ofa s 1
2 d is due to the strongest sin

gularity of the harmonic measure, i.e., near a needle. T
linear asymptote of thefsad curve fora ! 1`, fsad ,
2

a

24 , corresponds to the lowest partn ! np  2
1

24 of the
spectrum of dimensions. Its linear shape is quite rem
niscent of the case of a 2D DLA cluster [23]. Defin
N sHd as the number of sites having a probabilityH to
be hit. Using the MF formalism to change from var
able H to a (at fixed value ofayR) shows thatN sHd
obeys, forH ! 0, a power law behavior with an exponen
tp  1 1 lima!1`

1
a fsad  1 1 np. Thus we predict

N sHdjH!0 ø H2tp

, tp 
23
24

. (7)

This tp  0.958 33 . . . compares very well with the nu-
merical resulttp  0.951 6 0.030, obtained for1025 #

H # 1024 [19].
Let us consider for a moment the different, but relate

problem of thedouble layer impedanceof a rough elec-
trode. In some range of frequenciesv, the impedance
contains an anomalous “constant phase angle” (CPA) te
sivd2b, whereb , 1. From a natural RW representatio
of the impedance, a scaling law was recently propos
b 

Ds2d
Ds0d (here in 2D), whereDs2d andDs0d are the multi-

fractal dimensions of theH measure on the rough electrod
[7]. In the case of a 2D porous percolative electrod
our results (4) giveDs2d ; 11

12 , Ds0d  4
3 , whenceb 

11
16  0.6875. This compares very well with a numerica
RW algorithm result [24], which yields an effective CPA
exponentb . 0.69, nicely vindicating the multifractal
description [7].

Let me now give the main lines of the derivation o
exponentsDsnd by generalizedconformal invariance.We
focus on site percolation on the 2D triangular lattice;
universality the results are expected to apply to other
(e.g., bond) percolation models. The boundary lines
the percolation clusters, i.e., of connected sets of occup
hexagons, form self-avoiding lines on the dual hexago
lattice.

By the very definition of theH measure,n independent
RW’s diffusing away from the hull give a geometri
3941
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representation of thenth momentHn, for n integer. The
values so derived forn [ N will be enough, by convexity
arguments, to obtain the analytic continuation for arbitra
n’s. Figure 2 depictsn independent random walks, in a
bunch,first hitting the external hull of a percolation cluste
at a sitew  s≤d.

The bunch of independent RW’s avoids the occupie
cluster, and defines its own envelope as a set of tw
boundary lines separating it from the occupied part o
the lattice. The sites≤d, to belong to theaccessible
hull, thus remains, in thecontinuous scaling limit,the
source of at leastthree nonintersecting crossing paths,
noted S3, reaching to a (large) distanceR [11]. These
(self-avoiding) paths aremonochromatic: one path runs
only through occupied (light blue) sites; the other two
dual lines, run through empty (white) sites, in betwee
the accessible cluster and RW’s frontiers (Fig. 2). Th
definition of thestandardhull requires only the origination,
in the scaling limit, of a “bichromatic” pair of linesS2.
Points lacking the second dual line are not accessible

FIG. 2(color). An “active” sites≤d on the accessible external
perimeter for site percolation on the triangular lattice.
is defined by the existence, in thescaling limit, of ,  3
nonintersecting crossing pathsS3 (dotted lines), one on the
incipient (light blue) cluster, the other two on the dual empt
(white) sites. The pointsØ are entrances of fjords, which close
in the scaling limit and will not support the harmonic measur
Point s≤d is first hit by three independent RW’s (red, green
blue), contributing toH3s≤d. The hull of the incipient cluster
(golden line) avoids the outer frontier of the RW’s (thick blue
line). A Riemann map of the latter onto the real lineR reveals
the presence of an underlying,  3 path-crossingboundary
operator, i.e, a two-cluster boundary operator, with dimensi
in the half-planex̃,3  x̃C

k2  2. Both accessible hull and
Brownian paths have a frontier dimension4

3 .
3942
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RW’s after the scaling limit is taken, because their (white
exit path becomes a strait pinched by other parts of th
(light blue) occupied cluster.

Let us introduce the notationA ^ B for two sets,A and
B, of random paths, conditioned to bemutually avoiding,
andA _ B for two independent,thus possibly intersecting,
sets [10]. Now considern independent RW’s, or Brownian
pathsB in the scaling limit, in a bunch noteds_Bdn,
avoidinga setS, ; s^P d, of , nonintersectingand self-
avoiding crossing paths in the percolation system. The
originate from the same hull site, and each passes on
through occupied sites, or only through empty (dual) ones
[11]. The probability that the Brownian and percolation
paths altogether traverse the annulusD sa, Rd from the
inner boundary circle of radiusa to the outer one at
distanceR, i.e., are in a “star” configurationS, ^ s_B dn

(Fig. 2), is expected to scale forRya ! ` as

PRsS, ^ nd ø sayRdxsS,^nd, (8)

where we usedS, ^ n ; S, ^ s_Bdn as a shorthand
notation, and wherexsS, ^ nd is a new critical exponent
depending on, andn. It is convenient to introduce similar
surfaceprobabilitiesP̃RsS, ^ nd ø sayRdx̃sS,^nd for the
same star configuration of paths, now crossing through t
half-annulusD̃ sa, Rd in thehalf-plane.

When n ! 0, PRsS,d sssP̃RsS,dddd is the probability of
having , simultaneous nonintersecting path crossings o
the annulus in the plane (half-plane), with associate
exponentsx, ; xsS, ^ 0d and x̃, ; x̃sS, ^ 0d [11]. In
terms of probability (8), the harmonic measure momen
(1) and (2) simply scale asZn ø R2PRsS,3 ^ nd [18],
which leads to

tsnd  xsS3 ^ nd 2 2 . (9)

Using the fundamental mapping of the conformal field
theory (CFT) in theplaneR2, describing a critical statisti-
cal geometrical system, to the CFT on a fluctuating abstra
random Riemann surface, i.e., in the presence ofquantum
gravity [25], I have recently shown that there exist two uni
versal functions,U andV , depending only on the central
chargec of the CFT, which suffice to generate all geo-
metrical exponents involvingmutual avoidanceof random
star-shapedsets of paths of the critical system [10]. For
c  0, which corresponds to RW’s, SAW’s, andpercola-
tion, these universal functions are

Usxd  1
3 xs1 1 2xd, V sxd  1

24 s4x2 2 1d , (10)

with V sxd ; Usss 1
2 sx 2

1
2 dddd. Consider now two arbitrary

random setsA andB, involving each a collection of paths
in a star configuration, with proper scaling crossing expo
nentsxsAd, xsBd, or, in the half-plane, crossing exponents
x̃sAd, x̃sBd. If one fuses the star centers and requiresA
and B to stay mutually avoiding, then the new crossing
exponents,xsA ^ Bd andx̃sA ^ Bd, obey thestar algebra
[8,10]

xsA ^ Bd  2V fU21sssx̃sAdddd 1 U21sssx̃sBddddg ,

x̃sA ^ Bd  UfU21sssx̃sAdddd 1 U21sssx̃sBddddg ,
(11)
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whereU21sxd is the inverse function ofU

U21sxd  1
4 s

p
24x 1 1 2 1d . (12)

If, on the contrary,A and B are independentand can
overlap, then by trivial factorization of probabilities,xsA _
Bd  xsAd 1 xsBd, and x̃sA _ Bd  x̃sAd 1 x̃sBd [10].
The rules (11), which mix bulk and boundary exponent
can be understood as simple factorization properties on
random Riemann surface, i.e., in quantum gravity [8,10],
as recurrence relations inR2 between conformal Riemann
maps of the successive mutually avoiding paths onto t
line R [9]. On a random surface,U21sx̃d is the bound-
ary dimension corresponding to the valuex̃ in R 3 R1,
and the sum ofU21 functions in Eq. (11) represents lin-
early the juxtapositionA ^ B of two sets of random paths
near their random frontier, i.e., the product of two “bound
ary operators” on the random surface. The latter sum
mapped by the functionsU andV into the scaling dimen-
sions inR2 [10]. The structure thus unveiled is so stringen
that it immediately gives both the percolation crossing e
ponentsx, and x̃, [11], and our harmonic measure expo
nentsxsS, ^ nd (8). First, for a setS,  s^P d, of ,
crossing paths, we have from the recurrent use of (11)

x,  2V f,U21sx̃1dg, x̃,  Uf,U21sx̃1dg . (13)

For percolation, two values of half-plane crossing expo
nentsx̃, are known byelementarymeans:̃x2  1, x̃3  2
[3,11]. From (13) we thus findU21sx̃1d  1

2 U21sx̃2d 
1
3 U21sx̃3d  1

2 (thusx̃1  1
3 [26]), which in turn gives

x,  2V s 1
2 ,d 

1
12

s,2 2 1d,

x̃,  Us 1
2 ,d 

,

6
s, 1 1d .

We thus recover the identity [11]x,  x
O sN1d
L, , x̃, 

x̃
O sN1d
L,11 with the L-line exponents of the associated

O sN  1d loop model, in the “low-temperature phase.
For L even, these exponents also govern the existen
of k  1

2 L spanning clusters, with the identityxC
k 

x,2k 
1
12 s4k2 2 1d in the bulk, andx̃C

k  x̃,2k21 
1
3 ks2k 2 1d in the half-plane [20,27]. The nonintersec
tion exponents ofk0 random walks are also given byx,,
x̃, for ,  2k0 [8], so we obtain acompleteequivalence
between a Brownian path andtwo percolating crossing
paths, in both the plane and half-plane.

Finally, for the harmonic exponents in (8), we fuse th
two objectsS, and s_Bdn into a new starS, ^ n (see
Fig. 2), and use (11). We just have seen that the boun
ary ,-crossing exponent ofS,, x̃,, obeysU21sx̃,d  1

2 ,.
The bunch ofn independent Brownian paths have thei
own half-plane crossing exponentx̃ssss_Bdnddd  nx̃sBd 
n, since the boundary dimension of a single Brownian pa
is trivially x̃sBd  1 [8]. Thus we obtain

xsS, ^ nd  2V sss 1
2 , 1 U21sndddd . (14)

Specifying to the case,  3 finally gives from (10)
and (12)
s,
a

or

he

-
is

t
x-
-

-
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-
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r

th

xsS3 ^ nd  2 1
1
2 sn 2 1d 1

5
24 s

p
24n 1 1 2 5d ,

from whichtsnd, Eq. (9), andDsnd, Eq. (4), follow,QED.
I thank M. Aizenman, D. Kosower, and T. C. Halse

for fruitful discussions.
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