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Quantum Effect of the Aharonov-Bohm Type for Particles with an Electric Dipole Moment
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In the effects of the Aharonov-Bohm type the topological properties of the phase shift are directly
related to those of the linear and angular momentum of the electromagnetic fields. This interpretation
leads to the formulation of a nonlocal topological effect for particles possessing an electric dipole mo-
ment. The experimental observation of this effect is within reach of atom or molecular interferometry.
[S0031-9007(99)09141-3]
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The electromagnetic (em) interaction is an importanuVe for r # 0, where 6 is the multivalued function
feature of several quantum effects such as the Aharonow(x) = tan !(x/y). Because of the singularity at— 0,
Bohm (AB) [1] effect for charged particles and the V. x A = B = k2u8(r)/r and the AB phase shift takes
Aharonov-Casher (AC) [2] effect for magnetic dipoles. on the usual form
Recently, effects for electric dipoles have been proposed 1 >
by Wilkens [3], Weiet al. [4], and Spavieri [5]. Differ-  Adap = — f Q-dx = L f A-dx = L2 j{de
ently from the AB effect, in the effects for magnetic and h he he
electric dipoles the particles move in the presence of ex- )

: =0 ng-dS - 15y, (1)
ternal em fields. e he ’

All these effects foresee an observable displacement ) )
of the interference pattern related to the phase shift Where® = BS = 47 is the magnetic flux of the so-
of the wave function of the system. Most of them havel€noid andén is the difference between the topological
either been already tested [6] or are within the possibilitVinding numbers: of the Feynman paths encircling the
of experimental verification. Effects for quadrupoles orSingularity. _ _
higher orders are unfeasible because they either require This interpretation of the AB effect in terms ab,
that the particle move in a medium or field strengths wellPOints out its topological properties but still does not
beyond experimental reach [7]. recognize the p_hy5|cal meaning of the _quan(lyand the

One of the aims of this Letter is to provide a unitary constant quantity. = g® /2 ¢ which gives the angular
description of the topological properties of the em inter-ate of change of the phase shitA ¢g)/d6 = L/h in
action involved in these effects. The main purpose is td/Nits of fi. Furthermore, the interpretation in terms of
formulate, using this description, a nonlocal, topological® does not apply to the other effects for magnetic and
effect for electric dipoles where, as in the AB effect, no€lectric dipoles. _ _
fields act on the particle. In ord_er to mgke apparent the t.opologl_cal properties (_)f

The interaction carries em energy, linear and angula}he em interaction and its intrinsic .phys.lcal meaning, it
momentum which all add to that of the matter waves andiS convenient to introduce the classical linear momentum
by modifying the phase of the wave function, generate th®f the em fieldsQ., and the corresponding angular
phase shift. A general expression for the phase of thes@omentumL.,,. Except for the sign, the momentu@
and other effects readg = /i~! [ U dr where the term and its angular momentui = r X Q, are given by
U represents the em interaction energy. This expression 1 Ny
has the inconvenience of not evidencing the topological Q= *Qem = im f(E X B)d’x',

(or geometrical) properties of the effects for which the (2)
interaction energy has the forth = Q - v = —V, where L— =L, — L 1 /[XIX(E x B)]dx.

Q = 9U/av is the canonical momentum due to interaction 47c

and V the potential energy. By means of the relation
dx = vdr valid on the path of the particle is usually
expressed as a path integral, which in the AB effect read
clq [A-vdt = c g [ A-dx, whereA(x) is the vector

where the minus sign applies to the AC effect arids
the polar vector with origin at the position of the charge.
Por all the mentioned topological effects

potential of a solenoid. Placing the solenoid along the L =KL =const V-Q(x)=0
z axis,A = 2u(—iy + jx)/r> wherer?> = x> + y% and '
w is the magnetic dipole moment linear density. The and VxO—L a(r) 3)

topological properties become apparent by writihg=
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It follows that the vector fieldQ(x) is the curl of the nonlocality), it is useful to derive a general expression

vector potentiall'(x): for U in terms of the magnetic flux linked by, namely,
U=Q:v==*gA-v/c=*gm X x)|x| 3v/c =
Qx) =V x T(x), F(m x E)v/c = m - B,. Sincem = IA/c, wherel is

ith the dipole electric current andl its area, by summing all

w the contributions,U = > m - B, = I®,/c where ®,
_ L §(") 5, _ 2, 2 is the total magnetic flux linked by the dipole(s). Thus,

T(x) = (1/47T)f R o 4 T LInGT Ay, with v - V6 = 6, the phase reads
whereR = [(x — x/)? + (y — y")* + (z — z/)*]"/? and . I
VXQ=VxVxT(x =VT(x). Since Q(x)= ¢=fUdf=L[9dt=;f¢th (5)

L(—iy + jx)/r?, the em momentum may be expressed _
also as the gradient of the multivalued functieni.e., (g is not the flux of the solenoid of the AB effect).

Q(x) = LV4, for r # 0. Thus, the phase rate of change dg/di = 1~ 'U =
In the terminology of fluid dynamics (or of Berry's fi 'L = (fic) 'I®, anddW/dt = U = ¢ ', is the
phase [8]), we may denote the singularity bfx Q =  Work per unit of time done on the curreht Equation (5)

L&(r)/r as thevorticity (or curvaturd of the momen- is useful in the context of the discussion on the locality of
tum (or connectioh Q and its flux through a surface the AC effect [10].

S, $(V x Q)-dS = 27L as thevortex Qr curvature) Before extending the above considerations to the case
strength These geometrical properties Qf(x) and L of an electric dipole, it is convenient to recall the general
determine the topology of the phase shift; expression of its phase [5]. An electric dipole moving
| IL| with a nonrelativistic velocityv may be thought of as
Ap = — j(Q.dX == fvg.dx being composed of two charges; separated by the small
h h distancer’ = x; — x,. Let the position of the center of

1 IL| L mass bex and consider the expansiof(x;) = A(x) +
=+ jg(V X Q)-dS = 5 jgd@ = 2mn—. (4)  (x; — x)-VA. In the dipole approximationQ(x) =
. (q/)A(x1) = (q/c)A(x2) = (d - V)A(x)/c whered =
Equation (4) states that the angular rate of change of thgy’ is the electric dipole moment. By means of the
phase shift is equal to the classical em angular momentumrinciple of superposition of effects, the phase is the sum
IL| measured in units of the quantum angular momenyf the phases of each charge so that= /! [Q-dx =
tum /2, and the phase shift is given by the vortex strength;¢)-! [(d - V)A-dx.
27 L of the singularity measured in units bf A quantum The same result has been obtained in Ref. [5] using a
effect characterized by the phase shift (4) is topological in_agrangian formulation applied to a nonrelativistic model
the sense that it depends only upon the topology of thgf 5 dipole (which may be induced by a uniform fieiig)
path with reference to the enclosed singular em vortex. where the two charges are held together by internal forces.
Since for the configuration of fields of the AB ef- |f g, is the dipole expectation value, the observable phase
fect B = k2ud(r)/r, using Eq. (2) to calculat€ and  ghift reads
L, one findsQ(x) = L(—iy + jx)/r? = (¢/c)A(x) =
LVe and L = 2qu/c. Obviously, Egs. (1) coincides Ap = 1 ng-dx _ 1 yg(do-V)A-dx
with Eq. (4) of which it is a special case. h he
In the AC effect a particle possessing a magnetic dipole 1
momentm moves in the presence of an external electric = e f[BXdO + V(dp:A)]-dx, (6)
field E produced by a line charge of linear density In ¢
this effect, the canonical momentum coincides with thewhere, by using vector identities, we have made explicit
so-calledhidden momenturof the magnetic dipol€) =  the field-dependent terB x d, related to the Rontgen
Q) =m X E/c = —Q., [9]. Because of conservation interaction [11]. Our result (6) for the phase shift of an
of total momentumQ;, + Q., = 0, and this explains the electric dipole differs from that proposed by other au-
minus sign in Eq. (2). For the AC effed@ andL may thors [3] and [4] due to the presence of the extra term
be calculated by writing in Eq. (B = —V®,, + 47M,  (1/kc) §[V(do-A)]-dx. The difference is not trivial be-
where ®,, is the scalar magnetic potentiddl the mag- cause, if the quantity(dy-A) turns out to be proportional
netization, andn = [ Md>x’ the total magnetic moment. to the gradient of the multivalued functigh(x), the inte-
Theresultig) = L(—iy + jx)/r’ =m x E/c = LV6  gral §V(dy-A)-dx = §V6 - dx = §d6 does not vanish.
andL = 2im/c. Let us now consider a dipole moving in the presence of
In these effects there is an elementary interaction ina vector potential and look for a current distribution that
volving m andg where the magnetic fielB, = *v X E,  generates a phase shiftp with a topology equivalent to
produced byg in relative motion, is experienced i  that of the AB effect. For our purpose, we use here a
in its rest frame. For the discussion about locality (orcombination of the magnetic sheet configurations used in
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Refs. [3] and [5]. As shown in Fig. 1a, our sheet covers The topology of our effect depends on the geometrical
the y-z semiplane (frony = 0to y = =) and is made of properties ofQ = ¢~ '(dy:V)A and its vorticityV x Q,
lines of magnetic dipoles oriented in thelirection. Ifthe characterized by Egs. (2) and (3) regardless of the distri-
interferometric path has to encircle theaxis, a segment bution of sources, fields, and potentials. Takéygparal-
of the path will have to intersect the magnetic sheet and &l to them X v direction (here the direction), one finds
hole in the sheet must be left through which the particlesdy-V)Ap = dyd,Ap = 0 and, forr # 0,
may travel undisturbed. Unless it is surrounded by a ring
of permeable material as discussed below, a small hole Q =c '(dy'V)A,, = ¢ 'V(dg-A,)
leaves potential and field practically unchanged. - % 4 2

If m is the magnetic dipole per unit of volume andhe = ¢ 2dym(=ly + Jo)/r" = LVO. (7)

thickness of the sheet, then the magnetic field inside th(i;h ; ; - ;

. e : e same result is obtained by calculati@gand L using
sheet( = x = 7) is B = kdam and the corresponding o, ression (2) yielding, in agreement with Eq. (@)=
vector potential iAp = 1477m(—r/2 + x). Outside the V x TandV x Q = L8(r)/r = ke 2domr8(r)/r.
sheet, the magnetic field is zero. However, to obtain the Inspection of Eq. (7) shows th@tis not altered if at the
total vector potential(x) we have to add tas the con- intersection of the path with the magnetic sheet the fild

a - - o« -3 .73
g'bui'o?h AI’."(X) of fV[mxt(.X g XT)] lXA txmlll d}f"i[ vanishes. Thus, we may place a ring made of permeable
u€ 1o the lines of magnetic dipoles. Actually, whal ON€y,4ieria around the hole in the sheet so that the lines of

needs are only the derivative®A,,/dx and 0A,,/dy the field are guided through the ring all= A = 0

which turn out to beaf"”/af = —2m7(ix + Jy)/_rz’ in correspondence to the hole [12]. Another way to see
9A,/0y = 2m7(~ly + Jx)/r", where VX Aw =0 450 is not affected by the permeable material, is to
andV x A = Vx(Ap+A,) = B. write, as in the right-hand side of Eq. (6)dy:V)A =
B xdy + V[do:(A,, + Ap)] where  V(dg-Ap) =
a) B Az idoyaxABy = —B xdjy. Consequently(dy'V)A = B X
t v do — B X do + V(dy-A,) = V(dy-A,) as in (7). In
l conclusion, by means of the permeable material, the field
/_/ B and the vector potentiahs may be eliminated at the

intersection without altering the topological properties of

the phase and of the em moment@n In this case there

are no fields on the path of the particle afi}-V)A =
< d V(dy-A,,) = V(do-A) so that, from Egs. (4), (6), and (7),

/’ % Agp = % fQ-dx — i j{V(do-A)-dx
y

_ L fa) _Ajg
—herds o pdo

b)
magnetic sheet S
: = —( n) 4mdoymT, (8)
: he
v d f é: and the phase shift possesses a nonlocal nature and a
topology equivalent to that of the AB effect.

* d The difference between the other effects for electric
dipoles [3-5] and the present, which is a generalization of
b::t‘i‘zl‘;i the AB effect, is apparent from the inspection of Eq. (6).
P The interpretation given in Refs. [3—5] is that the physical
FIG. 1. (a) The beam of particles is split on the plane oforigin of these effects is due to the Rdntgen interaction
motion before reaching the magnetic sheet where the Beld term Bxd, while fV(do-A)-dx = 0. In the present
is confined within the sheet. The path encircles the smgularlt)éffecn insteadB = B X dy = 0 while ﬁV(do-A)-dx +

z and one segment of the interferometric path goes throug . R .
a hole whereB = 0 because of the shielding of a ring 0. Thus, the experimental verification of result (8) is also

made of permeable material. Particles on opposite sides @ test of these two contrasting interpretations.

the singularity acquire opposite phases and the phase of the To measure the phase shift, one needs to prepare a beam
outcoming beam is shifted by the observable amofgk.  of dipoles in the statéd) = do # 0, moving with uniform

(b) Interferometric path of particles possessing opposite eIeCt”QeIocity and withd, in the direction of the vector x km,

dipole momenttd,. In this case there is no need to split the d lov interf t : hich the | —
beam. Particles with opposite dipole moment acquire opposit&N'd €MPI0Y INterlerometers in which the incoming beam

phases and the phase of the beam is shifted by the observalf¥ particles (see Fig. 1a) is split into two coherent beams
amountA ¢. that pass on opposite sides of the singularity and then
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recombine. Because of the em interaction, particles on This research was made possible by a grant from the
opposite sides of the interferometric path acquire opposit€DCHT (C-828-97, ULA, Mérida, Venezuela) and the
phases and the beam coming out is phase shifted by tleipport of the CNR (Rome, Italy).

amountA ¢ to be measured by the interferometer.

An even simpler configuration consists of a beam of
particles formed by two coherent beams, not spatially

separated, possessingpositeelectric momentstd, and
made to pass through tleamevector potential. We do

not know if this arrangement is realizable with present
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