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A simple analytic expression for the ground state of a dilute gas ofN ideal bosons in a 3D harmonic
potential at temperatureT is derived from the steady state solutions of nonequilibrium equations o
motion. TheN particle constraint plays the important role of introducing the essential nonlinearit
yielding a Ginzburg-Landau free energy. The present analysis has much in common with the quan
theory of the laser, and with the laser phase transition analogy. [S0031-9007(99)09008-0]
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Bose-Einstein condensation (BEC) in dilute ultraco
gases has become a laboratory reality, notably the th
pioneering experiments reporting BEC in rubidium [1(a)
lithium [1(b)], and sodium [1(c)] and independent confir
mation [2]. Furthermore, BEC experiments on dilute He4

in porous media [3], excitons in Cu2O [4], demonstration
of interference between condensates [5], and the cond
sate time development [6] are exciting developments.

It is important, therefore, to understand the connecti
between BEC [7] and the ideal Bose gas [8], and t
quantum theory of the laser [9,10], etc. In the latte
context, we recall that the saturation nonlinearity in th
radiation matter interaction is essential for laser coheren
[11]. Is the corresponding nonlinearity in BEC due sole
to atom-atom scattering, or is there a coherence genera
nonlinearity even in an ideal Bose gas? We shall see t
the latter is the case; the laser phase transition analogy [
provides insight into such questions.

With the above in mind, and stimulated by a recent a
ticle [13], we here extend our previous laser-phase tra
sition analogy to the problem ofN ideal bosons in a
3D harmonic potential coupled to a thermal reservo
This “simple” problem turns out to be surprisingly rich
For example, we obtain, for the first time, a simple an
lytic expression for the ground state density matrix fo
N ideal bosons in contact with a thermal reservoir [se
Eq. (2)]. TheN particle constraint is included naturally
in the present formulation and introduces the essen
nonlinearity [14].
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We emphasize that the present work provides anot
example [15] in which steady state (detailed balance) so
tions to nonequilibrium equations of motion provide a su
plementary approach to conventional statistical mechan
(e.g., partition function calculations). This is of intere
since, for example, the partition sums in the canonical e
semble are complicated by the restriction toN particles.
Stated differently, the present approach lends itself to d
ferent approximations, yielding, among other things,
simple (approximate) analytic expression for the grou
state density matrix forN trapped bosons [see Eq. (2)].

Thus, we derive a nonequilibrium master equation f
the ground state of an ideal Bose gas in a 3D harmonic t
coupled to a thermal reservoir; writing only the diagon
elements (the off-diagonal elements will be present
elsewhere), we find

1
k

Ùrn0,n0  2 fsN 1 1d sn0 1 1d 2 sn0 1 1d2grn0,n0

1 fsN 1 1dn0 2 n2
0grn021,n021

2

√
T
Tc

!3

Nfn0rn0,n0 2 sn0 1 1drn011,n011g ,

(1)

wherejn0l is the eigenstate ofn0 bosons,k is a rate con-
stant,N is the total number of bosons,T is the temperature
of the heat bath, andTc is a transition temperature, the pre
cise meaning of which is discussed later.
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The steady state solution for Eq. (1) is

rn0,n0 
1

ZN

"
N

√
T
TC

!3#N2n0
N!

sN 2 n0d!
, (2)

where theN boson normalization state functionZN is
an incomplete gamma function which is convenient
expressed as

ZN 

√
T
Tc

!3sN11d Z `

0
dt e2tsTyTcd3

st 1 NdN . (3)

Equation (2) is a main result of this paper; we note th
rn0,n0 is not a Poisson distribution as would be expecte
for a coherent state.

Proceeding further to glean the physics from Eq. (2
we note that it yields the following analytical expression
for the average and the variance [16] of the number
bosons in the ground state (see Fig. 1):

kn0l 

"
1 2

√
T
Tc

!3#
N 1

√
T
Tc

!3

NyZ0
N , (4)

Dn2
0  kn2

0l 2 kn0l2 

√
T
Tc

!3

Nf1 2 skn0l 1 1dyZ0
N g ,

(5)

whereZ0
N  ZN fNsTyTcd3g2N .

In the limit thatT ! Tc, we find (by a steepest-descen
approximation) Z0

N !
p

2yNp; therefore kn0sTcdl .p
2Nyp, andDn2

0sTcd . N 2 Ns2yp 1
p

2yNp d.
In developing the laser phase transition analogy t

“touch stone” was the Glauber-SudarshanP distribution.
Thus, when we expand the density matrix in terms
coherent (i.e., eigenstates of the annihilation operat

FIG. 1. At sufficiently low temperatures,kn0l . Nf1 2
sTyTcd3g (curve 3) andDn0 . N1y2sTyTcd3y2 (curve 4). Near
Tc, corrections are appreciable (of order

p
N); see curves 1

and 2. Inset: time evolution of average number given b
integration of Eq. (12) truncated according to Ref. [20] (se
text). Parameters areN  1600, TyTc  0.94, vertical axis
kn0l, horizontal axis time in units ofk21.
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R

d2DPsDd kn0jDl kDjn0
0l, we

find for T . Tc, PsDd  expf2bGsDdgyZ, with the
Ginzburg-Landau-type free energyGsDd  asT , Tcd 3

jDj2 1 bsT , Tcd jDj4.
The correspondence between the expression forPsDd

and its laser analog is very close, in accord with Ref. [12
The bosonic ground state is indeed much “like a laser”; a
in this context we note that the off-diagonal generalizatio
of Eq. (1) yields a finite “phase diffusion” linewidth forD.
This will be discussed elsewhere.

Having presented the master equation, Eq. (1), a
some of the physics it contains, we sketch its derivati
and limitations. Our reservoir consists of an ensemb
of simple harmonic oscillators having a large frequenc
spread so as to ensure Markovian dynamics.

Definingrn0,n0
0


P

hnkj TrResrn0,hnk j,n0
0hnkj, wherehnkj 

hn1, n2, . . . , nk , . . .j and TrRes denotes the trace over the
reservoir, we seek the equation of motion forrn0,n0

0
as it

evolves due to interaction with the reservoir [17], which
governed by the interaction Hamiltonian,

V std 
X

gj,kb
y
j stdakstday

0 std 1 adj., (6)

wheregj,k is the coupling strength between thejth reser-
voir oscillator and a gas atom being cooled from thekth
level of the trap into its ground state. The raising operat
for thejth reservoir oscillator isb

y
j std  b

y
j s0d expsivjtd.

The boson annihilation operator is given byakstd 
aks0d exps2inktd, where h̄nk is the energy of thekth
state of the 3D trap, anda

y
0 std is the ground state creation

operator.
We proceed via the exact dynamical equation

Ùrn0,n0  2
Z t

2`

dt0
X

hhjj,hnk j
khhjj, hnkj, n0j

3 fffV std, fV st0d, rst0dgggg jn0, hnkj, hhjjl , (7)

where jhhjjl  jh1, h2, . . . , hj , . . .l is the reservoir state
with h1 quanta in the first oscillator,h2 in the second,
etc., and the summation excludes the ground state.

Inserting Eq. (6) into Eq. (7), we convert the sum ove
reservoir states to an integral, and note that oscillators
which vj . nk dominate. Hence, slowly varying quan
tities such as the density of states factorWj , matrix ele-
mentsgjk , and Bose factorshj may be evaluated atj  k.
The resulting integration overvj yields a temporal delta
function, since

R
dvj expisnk 2 vjd st 2 t0d  2pdst 2

t0d, and the master equation becomes Markovian. We f
ther note that the reservoir is only weakly coupled to th
Bose gas and take the reservoir oscillators and the exc
states of the Bose gas to be populated according to eq
librium statistical mechanics. Proceeding along these lin
we find

Ùrn0,n0  2 Kn0 sn0 1 1drn0,n0 1 Kn021n0rn021,n021

2 Hn0 n0rn0,n0 1 Hn011sn0 1 1drn011,n011 .
(8)
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The cooling and heating coefficientsKn0 and Hn0 are
given by Kn0 

P
k 2pWkg2

kkhk 1 1l knkln0 and Hn0 P
k 2pWkg2

kkhkl knk 1 1ln0 , where khkl is the average
occupation number of thekth heat bath oscillator as in
Eq. (11), andknkln0 is the average number of atoms in th
kth excited state, givenn0 atoms in the condensate. We
evaluateKn0 and Hn0 in varying degrees of rigor. One
of the most illuminating is to note that for the bulk of
the excited states the factorsknk 1 1l and khk 1 1l, as
they appear inHn0 and Kn0 , can be replaced by unity.
For simplicity, we take2pWkg2

k  k; in later work k
dependence will be presented.

Then the heating term is approximately

Hn0 . k
X

k

khsekdl  k
X

,,m,n

1
eb h̄Vsn1,1md 2 1

; H .

In the weak trap limitH . kskBTyh̄Vd3z s3d, where
z s3d is the Riemann zeta function, andV is the trap
frequency.

Likewise, the cooling term in Eq. (8) is governed by
the total number of excited state bosons,

Kn0 . k
X

k

knkln0  ksN 2 n0d . (9)

The preceding suggests new ways to motivate t
critical temperature for smallN . By writing the equation
of motion for kn0l from Eq. (8), usingH in the weak
trap limit, and (9) forKn0 , we find

k Ùn0l  k

"
Nkn0l 2 kn2

0l 2 z s3d

√
kBT
h̄V

!3

kn0l

#
. (10)

We may obtainTc in two ways.
Proceeding dynamically, we note that, nearTc, kn0l ø

N , and we may neglectkn2
0l compared toNkn0l. Then

Eq. (10) becomesk Ùn0l  kfN 2 z s3d skBTyh̄Vd3g kn0l.
We now define the critical temperature (in analog
with the laser threshold) such that cooling (gain) equa
heating (loss) andk Ùn0l  0 at T  Tc; this yieldsTc 
fh̄VykBd sNyz s3dg1y3.

Alternatively, from a statistical mechanical point o
view, we may defineTc as the temperature at whichkn0l
vanishes when neglecting fluctuations. That is, replaci
kn2

0l . kn0l2 in Eq. (10), the steady state solution is
N 2 kn0l  z s3d skBTyh̄Vd3; and kn0l vanishes when
Tc  fh̄VykBd sNyz s3dg1y3.

In terms of Tc, the heating rate is thenHn0 
kNsTyTcd3. Inserting this and (9) forKn0 into Eq. (8)
yields Eq. (1). For other potentials [18], the sum inH
changes and the results will be presented elsewhere.

When we do not go to the weak trap limit, but keep th
entire sum inHn0 , we have

ern0,n0 
1eZN

H 2n0
N!

sN 2 n0d!
. (11)
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Equation (11) is plotted for a 3D oscillator trap in Fig. 2
as is the distribution from the (1997) papers of Wilken
Weiss, Grossmann, and Holthaus (WWGH) [8]. We co
clude that the simple analytic (but approximate) expre
sion (11) describes the ground state quite well even
N  100. Numerical analysis shows that, forN * 105,
rn0,n0 and ern0,n0 given by Eqs. (2) and (11) converge; fo
N . 102, their peaks differ by some 10%.

For smallN , the critical temperature should now be re
defined by modifying Eq. (10) so thatz s3d skBTyh̄Vd3 !

H , and then the modified critical temperatureeTc is de-
fined by H seTcd 

P
hfexpsh̄Vd s, 1 m 1 ndykB

eTcg 2

1j21  N , in agreement with Ketterle and van Druten [19
We remark in closing that, as for the laser, Eq. (

implies a coupled hierarchy of moment equations whi
are useful in analysis of the time evolution; we find

d
dt

kn,
0l 

,21X
i0

√
,
i

! (
kni11

0 lkN

"
1 2 s21d,212i

√
T
Tc

!3#

1 kni
0lkN 2 kfkni12

0 l 1 kni11
0 lg

)
.

(12)

Equation (12) can be solved numerically when a prop
truncation scheme is devised. This has been carried ou
Ref. [20]. See the inset of Fig. 1 for the present proble
When truncating the third moment, onlyk Ùn0l and k Ùn2

0l
are involved (i.e.,M  2 in the inset of Fig. 1); and the
truncation prescription iskn3

0l  f2kn2
0l1y2 2 kn0lg3.

The present paper is largely devoted to equilibriu
questions, and such results are relatively insensitive to
details of the model. For example, Eq. (2) should descr
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FIG. 2. Equation (11) (solid line) for probability of having
n0 bosons in ground state of 3D harmonic trap compar
with WWGH (dot-dashed line), for 100 and 1000 atoms wi
TyTc  0.58, vertical axis: N 3 rn0,n0 and horizontal axis
n0yN for both graphs.
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N atoms in a harmonic trap at steady state reasona
well. However, the dynamics of evaporative cooling i
conceptually different from the present heat bath mode
The present model would be rather closer to the dilute H4

gas in porous gel experiments [3] in which phonons in th
gel would play the role of the heat bath. Nevertheles
a master equation having the form of Eq. (8) would b
expected for any cooling mechanism, and the structure
Eq. (1) has a certain aesthetic appeal.

In summary, (i) We derive a master equation for th
cooling of N bosons towards the ground state via energ
exchange with a “phonon” heat bath, which incorporate
the N particle constraint in a simple and natural fashion
In the weak trap limit the master equation takes an ae
thetically pleasing form. The steady state solution yields
simple analytic expression for (ii) theN boson state func-
tion ZN , (iii) the ground state boson statisticsrn0,n0 , and
(iv) a quasiprobability density for the order parameterD

in terms of a Ginzburg-Landau free energy deriving from
the fact that theN particle constraint introduces a nonlinea
effective interaction. (v) Simple analytic expressions ar
obtained forkn0l andDn2

0. (vi) A new “derivation” of the
critical temperature valid for smallN is developed dynami-
cally and statistically. (vii) Time dependence relevant t
experiments such as the porous gelyHe4 experiments can
be obtained via laser calculational techniques.
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