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Determination of Step Free Energies from Island Shape Fluctuations on Metal Surfaces
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The absolute measurement of free energies associated with crystal steps on a metal surface has
been a long-standing problem. We report a reliable estimate of the step free energy on a Cu(111)
crystal surface, based on an analysis of island shape fluctuations directly imaged by scanning tunneling
microscopy. The result of 0.22 eV per atomic distance for steps running into close-packed directions is
in good agreement with theoretical predictions. [S0031-9007(99)09095-X]

PACS numbers: 68.35.Md, 61.16.Ch, 68.35.Ja
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The step free energy is one of the fundamental quantit
used to describe real crystal surfaces. It is defined as
free energy required to create a crystal step and it c
be regarded as the low-dimensional analog of the surfa
free energy. Just as the angular variation of the surfa
free energy determines the equilibrium shape of thre
dimensional crystals via the famous Wulff construction [1
the variation of the step free energy with angle determin
the equilibrium shape of monolayer islands on a crys
surface. Moreover, as stated by the well-known Gibb
Thomson relation [1], this quantity is proportional to th
chemical potential of monolayer islands and curved ste
and hence its magnitude is directly linked to mass transp
rates close to equilibrium.

Given the fundamental importance of this material p
rameter, it is amazing how little experimental informatio
is available on this quantity, at least for metal surface
While several estimates based on various computatio
schemes exist, experiments have mostly been limited
the determination of therelative magnitude of the free
energies of differently oriented steps from equilibrium is
land shapes. A prominent example of studies of this ty
is the work of Michely et al. who determined a ratio
of 0.87 6 0.02 for the step energies of so-called typeB
and typeA steps on Pt(111), i.e., the (111)- and (100
microfaceted close-packed steps [2]. This experimen
result has been a challenge for advancedab initio energy
calculations [3], and could be reproduced only recently
calculations of Boisvertet al. [4]. Experiments suited to
reliably determine theabsolutevalue of the step free en-
ergy on metal surfaces, however, are hardly available [
Bonzel has estimated absolute step energies on metals
extrapolating old results on surface free energies at te
peratures close to the melting point to low temperatures
ing the terrace-ledge-kink model and available estimates
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step entropies [6]. For the Ag(111) surface, Morgenste
et al. have estimated the step free energy at about ro
temperature to 0.22 eV per atomic distancea by studying
the decay of Ag adatom islands and fitting the shape
island decay curves with a theoretical model based on
Gibbs-Thomson equation [7]. This result is not unreaso
able but still significantly larger than the correspondin
theory result for the step formation energy of0.156 eVya
at 0 K as calculated by Stoltze using effective medium th
ory (EMT) [8]. The same experimental procedure applie
to the Cu(111) surface by Schulze Icking-Konertet al. [9]
resulted in an even larger discrepancy:0.45 eVya com-
pared to an EMT result of0.208 eVya [8], questioning
whether or not this approach measures indeed the true
free energy [10].

In this paper we describe a method to determine the s
free energy on metal surfaces which appears to be more
liable. We measure the amplitude of island shape fluctu
tions around the equilibrium shape which can be direc
related to the step free energy. The advantage of this
proach is that the experiments are performed under c
ditions of equilibrium and constant island size, and hen
the method does not require the knowledge of any m
transport rates and is immune against peculiar size effe
as, for instance, size-dependent electronic contributions
the free energy of an island [11]. In this paper, we stu
the shape fluctuations of monatomically deep vacancy
lands on a Cu(111) surface at temperatures between
and 343 K using scanning tunneling microscopy (STM
From the amplitude of the fluctuations we obtain an es
mate for the step free energy ofg ­ 0.22 6 0.02 eVya.
This value is in good agreement with the EMT result
0.208 eVya [8].

The experiments were performed in a ultrahigh vacuu
chamber with a base pressure of8 3 10211 mbar. The
© 1999 The American Physical Society 3843
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STM itself is a modified “beetle” similar to the ones
described in [12]. The sample was prepared by cycl
of sputtering with Ar1 ions (600 eV) and annealing to
850 K. The mean terrace width of the sample was mo
than 200 nm. Monatomically deep vacancy islands we
induced by bombardment with Ar ions at 270–290 K
The sample was then heated to 350 K to let the adato
islands decay which were also produced by the ion puls
Finally, the sample was cooled to the temperature of t
experiments.

In each measurement, a sequence of STM images w
recorded at time intervals of 20 s and a spatial resoluti
(pixel size) of 0.36 3 0.36 nm2. The time interval ap-
peared to be long enough to avoid correlations betwe
consecutively measured cluster shapes. Moreover, we
not find an influence of the finite scanning time of one is
land (typically 1 s) on the shape fluctuations. Tunnelin
voltage and current were in the range ofjUj ­ 0.7 1.0 V
andI ­ 0.3 0.5 nA, respectively. For the high gap resis
tances corresponding to these values, no tip effect on isla
dynamics was observed [13]. During a measurement (la
ing up to 1200 s), the vacancy cluster size did not chan
significantly (at the highest temperature of 343 K, the siz
decreases only byø10% in one hour due to adatoms fill-
ing the vacancy islands). Details about the apparatus a
the experimental procedure are described elsewhere [1

The fluctuation of the vacancy cluster shape is derive
from STM measurements by comparing the shape found
a single image to the mean cluster shape obtained by
eraging a large number of STM images of the same clu
ter. Figure 1 (top) shows representative STM images
vacancy clusters at two temperatures. Also shown [Fig.
(bottom)] are contours found in two single measuremen
and the mean shape of a cluster at 318 K derived from
consecutively measured STM images. The mean sha
represents the equilibrium shape, and hence we can de
the ratio of the free energies ofA andB steps from the ratio
of the normal distanceshA andhB (cf. Fig. 1). The result
of gBygA ­ hByhA ­ 1.02 6 0.02 is in agreement with
previous work [14]. Because of the almost perfect hexag
nal symmetry, we can further estimate the anisotropy of t
step free energy (i.e., the maximum variation ofg with po-
lar angle) from the ratio ofhC to hA, wherehC denotes the
normal distance of the corners (cf. Fig. 1). We obtain a
anisotropy of about 7% at temperatures between 318 a
343 K, and about 10% at 263 K.

To quantify the shape fluctuations, we follow the wor
of Khare and Einstein [15] and define the instantaneo
position of the cluster edge in cylindrical coordinates b
a functionrsu, td, wherer andu are the radius and polar
angle, respectively, andt is the time. Since the origin of
the coordinate system can be chosen freely, we define
at any time in such a way that it coincides with the cent
of mass of the cluster. If we define the functionRsud as
the time-averaged position of the cluster’s edge relative
its center of mass, we may describe the deviation fro
the average shape in terms of a dimensionless varia
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FIG. 1. Shapes of vacancy clusters on Cu(111). Top: ST
images of vacancy clusters at 263 K (left) and 318 K (right
The two different types of close-packed steps (i.e., ste
running in k110l directions) are indicated (labeled A and B for
the h100j- andh111j-microfaceted steps, respectively). Bottom
Cluster contours at 318 K derived from two single STM image
(left) and averaged over 17 images (right).

gsu, td [15]:

gsu, td ­
rsu, td 2 Rsud

Rsud
. (1)

We further define a fluctuation functionG by

G ­
R2

2p

Z 2p

0
g2su, td du , (2)

whereR denotes the average value ofRsud. By writing
gsu, td in Fourier representation

P
n gnstd expsinud, one

can expressG in terms of the Fourier componentsgn (for
which the conditiongn ­ gp

2n guarantees thatg is real):

G ­ R2
X

jnj.1

jgnstdj2. (3)

Note that the sum extends only over valuesjnj . 1
because, if the deviation from the equilibrium shape
small and the origin has been chosen at the cluster’s cen
of mass,g1 andg21 vanish and the contribution ofn ­ 0
can be neglected.

To relate the measurable quantityG to the step free
energy we use the theory of shape fluctuations of nea
circular clusters (cf. [15]). The free energy of the
cluster contour is given byF ­

R
r g ds, where ds ­p

r2 1 s≠ry≠ud2. Substitution of Eq. (1) results in an ex-
pression for the increase in free energy due to a deviati
from the equilibrium shape:

DF ­ F 2 F0 ­ pgR
X

jnj.1

sn2 2 ad jgnstdj2, (4)
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R

R g ds (i.e., the line integral ofg along the
averaged contour of the island, i.e., the equilibrium-shap
island). In the limit in whichgsud, and thus alsoRsud, can
be assumed to be constant,a ­ 1 andg is equal to the line
tensiong. If gsud andRsud are not constant,a may de-
viate slightly from unity, andg is an effective line tension
given by some average over the functionGsud ­ fgsudy
Rg fRsud2yrsudg with rsud ­

p
Rsud2 1 f≠Rsudy≠ug2

[16]. The functionG has a broad minimum at angles cor
responding to the side facesA andB of the islands, where
it has a value ofgA,BhA,ByR, i.e., a few percent lower than
the step free energy of close-packed steps. The sha
maximum is assumed in the direction of the island corne
(C) and it has a value ofgChCyR, i.e., about 14% higher
than the minimum, as can be estimated directly from t
measured equilibrium shape. The average valueg will
be in between the maximum and the minimum and w
thus differ from the step free energy of close-packed ste
by only a factor1.05 6 0.07, the error being certainly
overestimated.

Equipartition of energy demands that on the time ave
age an amount ofkTy2 is stored in each of the independen
modesn, i.e.,kDFnstdl ­ kTy2 [17]. Hence, one obtains
for the Fourier componentsgn sn fi 0d:

kjgnstdj2l ­
kT

2pgRsn2 2 ad
. (5)

Combining Eqs. (3) and (5), and noting that
P

jnj.1 1y
sn2 2 1d ­ 3y2, one gets the following fora ­ 1:

g ­
0.75kTR

pkGl
. (6)

This equation is also a good approximation for the islan
shapes observed in our experiments for which the possi
systematic deviation ofa from unity is estimated to be
20% [16]. Changinga by 20% results in a change ofP

jnj.1 1ysn2 2 ad by only 3.5%. Thus, Eq. (6) allows
one to determineg by substituting the time-averaged
fluctuation function determined from experiment.

In Fig. 2 the shape fluctuation functionkGexpl mea-
sured at five temperatures is shown as a function of t
cluster radiusR. At the higher temperatures (318–343 K
a clear dependence onR is found. Within the experimen-
tal resolution, this dependence is the same for the fo
temperatures (as expected becausekGl is directly pro-
portional to the temperature which varies only by64%)
and can be well described by a linear functionkGexpl ­
G0 1 G1R. Error-weighted linear regression yield
parameters G0 ­ s5.2 6 0.4d 3 1022 nm2 and G1 ­
s7.4 6 0.8d 3 1023 nm.

The constant contribution,G0, to the measured fluctua-
tion function is interpreted as a systematic experimen
error caused by the limited spatial resolution. WhileRsud
is derived by averaging and the uncertainty of this quant
can therefore be reduced as much as wanted, the va
of rsu, td obtained from one measurement does have
errorDrsu, td (which, on average, is expected to be of th
ed
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FIG. 2. Shape fluctuation functionGexp (for a definition, see
text) as a function of mean cluster radiusR for different
temperatures as indicated.

order of half the pixel size). This error can be regard
as statistically independent and thus leads to an addi
contribution to the fluctuation function:

kGexpl ­
R2

2p

*Z 2p

0

√
rsu, td 1 Dr 2 Rsud

Rsud

!2

du

+
­ kGl 1 kDr2l . (7)

We thus identifyG0 ­ 5.2 3 1022 nm2 with the mean
square experimental errorkDr2l, i.e., rsu, td is measured
with an average error

p
kDr2l ­ 0.23 nm which corre-

sponds rather well to the expected accuracy of ab
0.18 nm, i.e., half the pixel diameter of 0.36 nm. Th
interpretation is also backed up by the observation th
at the lower temperature of 263 K,kGexpl is essentially
constant and equal tos5.9 6 0.3d 3 1022 nm2 (although
a slight decrease at smallR cannot be excluded). At
this lower temperature, the island edges are relativ
straight (cf. Fig. 1) and any diffusion process requirin
the breakup of close-packed island ledges is frozen
[13]. The observedkGexpl at 263 K can therefore be in-
terpreted as being due to the mean experimental er
with possibly an additional small contribution of0.01 nm2

caused by a few mobile step adatoms which are not p
of the closed island edges.

Thus, one finally gets for the shape fluctuation functio
kGl ­ G1R ­ s7.4 3 1023 nmdR. By substituting into
Eq. (6) the mean temperature (330 K) and the val
of kGl, we obtain a value for the line tension ofg ­
0.92 6 0.09 eVynm ­ 0.23 6 0.02 eVya. A slightly
lower value of g ­ 0.22 6 0.02 eVya, and a slightly
better fit is obtained if we fitkGexpl for each temperature
separately and calculate the average value of theg values
obtained in this way. Asg is most likely to be about 5%
higher than the step free energy of close-packed steps
above), we give this lower value as our best estimate
the step free energy of close-packed steps on Cu(111).

Note, however, that this estimate might still be slight
too large because, in deriving Eq. (6) equipartition
3845
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assumed to apply for values ofjnj sufficiently large to
approximate the summation of1ysn2 2 1d by 3y2 (i.e.,
the infinite sum). It is clear, however, that because of th
discrete nature of the island edge the sum has a cutoff
some valuenmax which is determined by both the island
size and the temperature. Using as an estimate fornmax
half the number of edge atoms in the smallest islands (i.
nmax ­ 25), we find that our estimate is too high by 5%
at most [18].

To compare our estimate to the step formation energy
0 K of 0.208 eVya as calculated by Stoltze using effective
medium theory [8], we further need to discuss the effect
finite temperature, i.e., the contribution of step entropy
the step free energy. As an upper bound for this cont
bution we can use the literature value for the step entro
of close-packed steps on Cu(111) at temperatures betw
1100 and 1300 K of1.2 3 1024 eVya K [6,19], yielding
an entropic contribution to the step free energy at 330
of 20.04 eVya. A more realistic estimate can be obtaine
on the basis of the configurational step entropy2k exp3

s2eykT d [20] with a kink creation energye ­ 0.13 eV
[21] resulting in an entropic contribution of less than
21023 eVya. Hence, one can conclude that the entrop
contribution to the step free energy at the temperatur
used here is most likely to be smaller than the error b
of the measurement. Taking further into account that t
effective medium theory typically slightly underestimate
energy values, we can safely conclude that our experime
tal result is in good agreement with the theory result.

In conclusion, we have studied the fluctuations o
two-dimensional vacancy islands around their equilibriu
shape on Cu(111) at temperatures between 318 a
343 K. From the amplitude of these fluctuations we hav
estimated an absolute value of the free energy of clos
packed steps of0.22 6 0.02 eV per atomic distance. This
result is in good agreement with effective medium theo
calculations and can serve as a basis for further studies
energetics and dynamics on similar metal surfaces.
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