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Several Theorems in Time-Dependent Density Functional Theory
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The time dependence of the exchange-correlation energy in density functional theory is given in
terms of the exchange-correlation potential. The virial theorem for the exchange-correlation potential
is shown to hold fortime-dependenglectronic systems and is illustrated by an exactly solved model:
Hooke’s atom with a time-dependent force constant. A relation between the coupling constant and
functionals evaluated on scaled densities is derived. [S0031-9007(98)08169-1]

PACS numbers: 71.15.Mb, 31.15.Ew, 71.45.Gm

Ground-state electronic density functional theory (DFT)approximation [13] for frequency-dependent response
has long been used to perform electronic structure calcysroperties violates the Kohn theorem [14]. This led to
lations of solids and has recently become popular in quarseveral new approximations [15], which overcome this
tum chemistry [1]. Many useful properties can be deriveddifficulty, but remain largely untested.
from calculations of ground-state electronic energies, such In this work, we take a different approach from previ-
as geometric and vibrational structure and static responsais workers, in that we consider the energy components
functions. of the system, even though the total energy is not con-

An important part of making DFT results useful to the served. We find several simple relations satisfied by these
broad community of users has been in improving the acenergy components, which are then restrictions which ap-
curacy of approximations to the exchange-correlation enproximate functionals should satisfy. We also derive the
ergy functional Exc[n], the only part of the energy which relation between coordinate scaling and the adiabatic cou-
must be approximated in a Kohn-Sham calculation [2]pling constant.

A vital part of this approach, in turn, has been the study We begin our proofs with the Heisenberg equation

of exact conditions satisfied by density functionals, espeef motion for any operatoA on a quantum-mechanical

cially the exchange and correlation energies. A simplesystem:

example is that the correlation energy is never positive, . 9A P
<¥> + E<[H’A]>’ 1)

and always finite [3]. Satisfaction of energetically rele- A=
vant conditions is often used to guide construction of .
approximations, such as the Perdew-Burke-Ernzerhoivhere A = (A), and the dot denotes a time derivative.
generalized gradient approximation [4]. This functional isWe apply this to a system a¥ identical particles, with
now commonly used in electronic structure calculations. & = T + V, where T is the kinetic energy operator,
In the past several years, interest has grownirme- and V is the potential energy operator. For interacting
dependentdensity functional theory (TDDFT), which is electronic systems, the potential consists of a time-
now a very active research area [5]. There is a wealtldlependent one-body contributiov,(z), and a two-body
of applications for an accurate theory, such as atomsontribution, V.., the Coulomb interaction between the
molecules, and solids in intense laser fields [6], dynamielectrons. Applying Eq. (1) td = A itself, we find

response properties [7], and electronic spectroscopy [8]. . . . Vet
A fully developed TDDFT would allow, e.g., study of T+ Vee + Vex = o /- (2)
optical limiting materials [9] or electron dynamics on a
femtosecond time scale [10]. SiNCeVe = [ d3r n(rt)vex(re),
While formal TDDFT was put on solid ground with the . . 5 .
Runge-Gross theorem [11] (the analog of the Hohenberg- T+ Vee = — f d’r n(rt)vex(re). 3)

Kohn theorem), exploration of the exact properties
of time-dependent functionals is still in its infancy.
Several exact conditions have been found, includin

So far, we have simply derived a general result for
time-dependent quantum mechanics. But we now apply

. T his to the Kohn-Sham system, i.e., that fictitious system
Newton’s third Iayv [12], which |mpl|gs that the net of noninteracting particles which has the same time-
exchange-correlation force must vanish, and transladependem density(rs). Thus

tional invariance, which states that the time-dependent
exchange-correlation potentiabxc(rs) for a boosted Tg = _fd3”-l(rt)vs(”)7 (4)
static density will be that of the unboosted density, evalu-

ated at the boosted point. The latter theorem, appliehereTs is the noninteracting kinetic energy amng(rz)

to a harmonic potential, showed that the Gross-Kohns the Kohn-Sham potential. Analogous to the ground
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state [2], we writeTc =T — Ts and Exc = Vee —  Consider¥*[x] to be the solution of Eq. (12), but with
U + T., where U is the Hartree energy, whiles = electron-electron repulsioaV.., and v2, (r,t) chosen to
vext T vu t+ vxc, Where vy is the Hartree potential. keep the density fixed (at ita = 1 value). Then let
These are all time-dependent quantities here, and energy — yr; and ¢+ — B¢ and multiply through byy?2. If

is not conserved. Sindg = [ d*r n(rt)vy(re), we find,  we define
subtracting Eq. (4) from (3),
9 Eq. (4) from (3) W txt) = ¥V PW(yr - yryB),  (13)

dEXC _ 3 .

ar f d*r a(rt)vxc(rr). ®) e find Eq. (12) becomes
The time dependence of the exchange-correlation energy, 5
is solely dete_rmined by th_e exchqr_]ge-correlation poten_tial. T+ AyVee — P 9 \p%[n] - —YZVQn‘I'%[n]-

. Another simple result is the virial theorem. We write B ot

A = Y a(r;,pi), wherer; is the position of théth particle (14)
a)ncé.pi is its momentum, and choose= (r - p + p - By choosingB = y2 andy = 1/, we ﬁnd‘l’fl/)t,l/m[n]
r)/2: satisfies Eq. (12), i.e., is equal ®[r]. (By the Runge-

1 i((r “p+p-r)=2T — <Zri . Vl-V>. (6) Gross theorem, the potentials must be identical if the

2 dt densities are the same for both wave functions.) Thus
For a stationary state, the left-hand side vanishes, yielding AP 1
the customary virial theorem [16]. Sind&. is homoge- Win] = arlninie] (15)
neous of degree-1 in the coordinates, its virial is equal and, by subtracting out Hartree and Kohn-Sham contribu-

to minus itself, yielding tions,
1 d
) E«r ‘PP -r)=2T + Vee —(r - Vue). vicln](rt) = Puxclniyaiel(Ar, A%1). (16)

(7)  Thus any functional of the density, evaluated at coupling
To further simplify the left-hand side above, we considerconstantA, can be written in terms of the physical func-

Eq. (1) for a = r2, finding md{r?)/dt = (r - p + p -  tional, evaluated on a scaled density at the scaled coordi-
r). Insertion into Eq. (7) yields nates. For example, following arguments first applied to
m d* the ground state [16],
Eﬁ<r>=2T+Vee_<r'VUext>- (8) Ex[ 106) = yEx[n]( 2t) (17)
In the Kohn-Sham system, this becomes XUtyy? YEXULIY 1
m d* 5 Highly accurate calculations on time-dependent sys-
2 ae )= 2T, — (r - Vuy). 9  tems are usually extremely demanding [5], making tests

Since the left side of Eq. (8) depends only on the density®f exact theorems and approximations_ very dif'fiCU_'t in
it is the same in both the physical and the Kohn-ShamfDDFT. We performed exact numerical calculations

systems. Since the Hartree energy is also homogeneo@8 Hooke’s atom, two interacting electrons in parabolic
of degree—1, we find potential, with a time-dependent force constakl(t) =

mw?(t). This model is solvable because
Y(ry,r, 1) = PR, 1)p(u,t), (18)

= _]d3r”(rt)r * Voxcln](rr). (10)  \where R = (rp +r))/2 and u=r, —r;. Each
In deriving Eq. (10), we never requirexc to be wave function satisfies a single-particle time-dependent
a functional derivative, thereby avoiding the need toSchrodinger equation, e.g.,
define an action [5]. Equation (7) also implies an exact ( 1

Exc[n](t) + Tcln] (1)

2 t 1 .
condition on the Kohn-Sham density matrix: Vi + po’(t) u’ + ;)cﬁ =ig¢, (19)

3 :
3 . / — 3 . / . .

fd re - Vy el /d re s Vysoer'le—r . where u = m/2 is the reduced mass. Thep is ex-

(11) panded in the adiabatic basis of instantaneous eigenstates

A last theorem relates coordinate scaling to the cou®f its Hamiltonian:

pling constant for the electron-electron repulsion [17].

The Schrédinger equation fof electrons is ¢(u,t) = Z bi(t)xilw(t); ule " lW¥ (20)
J
A N J N
lT + Vee — i 5}‘1’(1‘1 coornt) = =V W(ry .. eyt where
[Note that we could have derived Eq. (7) by replacing \ 2 Vi St (e = €jlw)x (o u).
by r;/y everywhere and takind/dy|,—; of both sides.] (21)

379



VOLUME 82, NUMBER 2 PHYSICAL REVIEW LETTERS 11 ANuARY 1999

These eigenstates in turn are solved by expanding thzero yields
wave function in a power series im times a Gaussian

[18]. The coefficientd, satisfy a' = —#f n(r!, 0)r’*dr’, (23)
n(r,t)r? Jo
be = iébet = > bi(jlVOIk)e™ 9" /(e; =€), \where the prime indicate$/dr, and
j#k
| @2 I A SCRS A R B
whereV = woou?, and are solved numerically. s T o\ 4n 8 \ n 2 ¢ @
We start our system in the ground state (24)

at t=0 with w=wyg and then let w() =
wy + (w1 — wo){si#(t/t;1 — %)] + 1}/2, as shown The last two terms arise purely from the time dependence
in Fig. 1. We show results for the time evolution of the density. Even for a noninteracting system, they are
with @y = 0.5, w; = 1, and t; = 1 in atomic units nonzero. The exchange-correlation contribution is then
(e? = m = K = 1). The first three occupation numbers found by subtracting the external and Hartree potentials.
(in u) and the time-dependent frequency are shown in In Fig. 3, we plotv.(rt) at several times during the ex-
Fig. 1. By r = 1.6, the system is about 30% excited. Citation. We do not plovx(r?), as this is just-vy (rt)/2
After t+ = 1.6, the number ofu levels in our calculation for two electrons. These curves are qualitatively simi-
(12) were no longer sufficient to guarantee the accuraclar to those in the adiabatic ground states. The strange
needed for the calculations shown below. behavior beyond- = 3 for r = 1.5 is due to numerical

In Fig. 2, we plotT, V., and V.. as a function of inaccuracy. We tested Eq. (5) on these potentials, finding
time, as well a%lmd2<r2>/dt2. Here(r - Vue) = 2Vey. It satisfied within the accuracy of the calculations.
We find the virial theorem of Eq. (8) to be satisfied to Next, we plot the quantities appearing in Eg. (10)
within 0.1 millihartree. If we contrast our results with an in Fig. 4. We subtract out the exchange contribution,
adiabatic situation (in which the system remains in thevhich trivially satisfies the virial theorem in this case
instantaneous ground state for all times), we see That (Ex = —U/2). The line denoted virial is just the virial
remains remarkably low, as the wave function takes tim@f the correlation potential and is indistinguishable from
to respond to the stimulusV., grows, but then drops Ec + Tc until abouts = 1.4, where numerical inaccura-
after 1 = 0.9, while w is still increasing. The Coulomb cies arise. As noted abov&.. is very unresponsive to
repulsion barely changes during the entire run. Finallythe external potential, and this is reflectedtip.  The ki-
the large value oR(T — V) + Vee coOntrasts with its ~Netic correlation energy followg ar_1d starts to grow at
vanishing in any single eigenstate. aboutr = 0.8. What is remarkable is that this means that

Next, we calculate the exact Kohn-Sham potentiathe sumEc + T¢, which has never been found to be pos-
for this two-electron system. We have a single orbital itive in any ground state, becomg®sitive around 1.2.
doubly occupied, but the calculation is more involved This shows that time-dependent energy components can
than for a ground state, as the phase of the Wavgeha\_/e very differently_ from their ground-state an:_ﬂlogs.
function becomes important. We writg(rs) = e'®\/n/2 To illustrate our scaling theorem, Eq. (15), consider the
and insert this form into the time-dependent Kohn-ShanPlasmon frequency of a uniform gas,, where wzf, =

equation. Requiring that the imaginary partwfrs) be ~ 4me?n/m. Under scalingn — y’n ando — /%, so
1 4
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FIG. 1. Occupation numbers for thewave function ando(r) FIG. 2. Energy components for the time-dependent Hooke’s
(atomic units). atom (hartrees); virial= 2(T — Vi) + Vee.
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0.01 = which simply constructs properties, such as the time-
ol t=1 - dependent exchange-correlation potential, using ground-
R\ t=15-- - - state uniform gas functions, at the given instant in time.
0.01 Y \\\ On the other hand, in regions where the time-dependent
-0.02 N energy components differ qualitatively from their ground-
.03 | \ state counterparts, such approximations will fail badly.
T o0 RN ) For example E&MPA + TEMPA < 0 always.
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FIG. 3. Time-dependent correlation potentials (atomic units).
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