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Liquid-Glass Transition Phase Boundary for Monodisperse Charge-Stabilized Colloids
in the Presence of an Electrolyte
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The idealized version of the mode-coupling theory which focuses on the nonequilibrium structural
aspects of colloidal particles in glass formation is applied to determine the liquid-glass transition
boundary for a suspension of monodisperse polystyrene charged spheres as a function of electrolyte
concentration. Guided by previous studies of the liquid-fcc-bcc freezing transition, we employ the
same macro-ion charge as that used in the latter and predict the colloidal liquid-glass transition loci in
remarkably good agreement with measurements. [S0031-9007(99)09045-6]

PACS numbers: 64.70.Pf, 61.20.Gy, 64.70.Dv, 82.70.Dd

There has been much interest in recent years in urunlike crystalline solids, the glassy free energwipriori
derstanding the phase transition for colloidal dispersionsunknown. Accordingly, a calculation of the liquid-glass
Such an increased interest arises partly from the impetusansition boundary will have to be tackled somewhat
of experiments and partly from the successful formulatiordifferently. In this Letter, we report a microscopic
of microscopic theories [1,2] constructed from the areas ofheory which approaches this problem by delving into the
statistical mechanics, kinetic and hydrodynamic theoriesionequilibrium structural aspects of particles in glass for-
of liquids, and many-body theory. There are two generamation. The physical significance of the theory leading to
classes of colloidal suspensions for which improved exsolidification can be visualized as follows. Let us imag-
perimental techniques have made significant impact. line a tagged particle interacting with a certain number
one category, the colloidal particles are experimentallyof its surrounding neighbors. At normal liquid density,
prepared to mimic a collection of neutral hard spherethe geometrical relation of any such cluster of particles
suspending in a solvent in a sterically stabilized phasecan be physically dictated by the pair correlation func-
A well-known example is the poly-(methyl methacrylate) tion g(r) or conceptually realized by the idea of a
(PMMA) particle core stabilized by a thin layer coating “potential mean force” [13]. This picture of a tagged
(=10 nm) of poly-(12-hydroxystearic acid), and these col- particle coupled simultaneously with the local structure
loidal particles are dispersed in a good solvent such asf particles (represented through the microscopic density)
the decalin and tetralin [3]. Another category is elec-enters the density-density correlation functisir, ) =
trostatically stabilized colloidal particles dispersed in an{6n(0,0)6n(r,7)), where the(---) is the usual en-
aqueous solution. These macroparticles are manifested lsgmble average, and th&r(0,0) and 6n(r,t) are the
their surfaces distributing with headgroups which are camicroscopic density fluctuations at the positions and times
pable of dissociating counterions in the dispersive mediunof the tagged particle and surrounding particles, respec-
to become strongly charged colloidal particles. Prototypdively. Because of the rapid motion of the surrounding
examples are the aqueous solutions of spherical polymegrarticles which behave in this case like a time-dependent
colloids such as the latex particles made of polystyreng@otential barrier having a relatively short lifetime, the
[4,5], PMMA [6], 1-1-dihydroperfluorobutylacrylate [7], diffusive motion of the original particle is at any moment
etc. In both categories, measured phase diagrams for thmaffected. The above-mentiongér), though delineat-
liquid-crystal and liquid-glass transitions have been reing the geometric feature absent for dilute gases, does
ported [4,5,8,9]. In this connection, it is of great theoreti-not, however, really diminish the mobility of the tagged
cal interest to mention the celebrated density functionaparticle for the caged particles follow tacitly its motion.
theory [10—12] which was applied to calculate the liquid-Pictorially, it is as if, in the course of diffusive motion, the
fce-bece freezing transition loci by matching the free ener-tagged particle and the surrounding particles simply move
gies of the equilibrium liquid and crystalline phases; thetogether in a concerted unit. Accordingly, at the liquid
agreement between theory and experiments is reasonaldgnsity, we haveF'(r,0) = 8(r) + pog(r), wherepg is
good. In contrast, virtually no theoretical work on the col-the equilibrium number density, anB(r,r — «) = 0.
loidal liquid-glass transition phase diagrams is reported deAs we approach the glass transition point at an increased
spite the fact that such experimental data have appeared fdensity, the viscosity of the liquid increases dramatically,
many years [4,5,9]. implying that the surrounding medium shows a slow

A first-principles determination of the colloidal liquid- structural relaxation. As a result, the tagged particle is
glass transition phase diagram is a formidable task sincérapped within a time-retarded cage. To diffuse away,
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the tagged particle will have to push its way through via(A,/2 + 8)/(1 + A,/2 + §), and
disturbing the surrounding medium. However, duetothe ,, ) )
sluggish motion of the latter, some of the disturbances Ay = + 24nLp(Zy/o0)/(1 + Ag/2 + 8)%. (3)
propagate over larger distances and will act on the taggediven z,, oy, %, andn = 7o po/6, Eq. (3) has to be

particle at a later time. This kind of collective couplings gg|yed iteratively forA, and, hence. It is interesting

constitutes a feedback effect. If the feedback effect Iast§) note that if one identifieetgf)f(r) -8 ¢86f(r) and

for a Ion_g time (pccurring at a high enough denSitY)-imposes the hard core conditions™(r) = = for r <

a collective nonlinear coupling between th#:(0,0) ;" Eq. (2) is similarin form to the mean spherical
and the n(r,7) will lead to a very slowly decaying apnroximation (MSA) closure, and the analytical solution
component ofF(r,r — ) # 0. It is the simultaneous [18] for S(¢) can thus be utilized. SincA — Aprvo
operation of the cage-diffusive and Feynman backflowy, ihe |imit of po — 0, the resultingS(¢) is appropriate

effects that gives rise to the vitrification. The idealizedy,, studying the structure of a colloidal dispersionaaty
mode-coupling theory (MCT), which will be elaborated finite concentration.

further for a charged colloidal dispersion, incorporates \ye turn next to a description of the MCT for a sus-
these two effects and attributes them as the cause fQfansion of charge-stabilized colloids. Let us return to the
glass transition. It thus appears that a MCT, to locate the:(, 1) introduced above. Neglecting hydrodynamic inter-
liquid-glass transition boundary,_ne_eds the colloidal static,stions [19] and denoting the Laplace transform of a quan-
structure factoS(¢) as an essential input. tity O (q.1) by ©(q.z) = [ exp(—zt)O(q. 1) dt, one can

A suspension of monodisperse charge-stabilized colyp 120 21] thaf(4, 2) is related to the memory function
loids consists of macro-ions, counterions, and co-ion A(q 2) by [22]

and these particles are dispersed in a dielectric contin-

uum mediume. In view of the large disparity in size R(q,z) = Fg.2) = 5 ! o ,
of the macro-ions and small ions (counterions and elec- $(q) z + ¢*Do/S(q) — M(q,2)/5(q)
trolytes), it is a common practice in colloidal study to de- (4)

scribe the multicomponent nature of a colloidal systenmwhere Dy is the Stokes-Einstein diffusion coefficient of
by effectively one component macroparticles. Depending single particle. Spatiall§'(¢,r) contains useful infor-
on the physical conditions, there are two generally usedhation on the local structure of macroparticles, and tem-
options. The first option confines the description to a sysporally it describes a short-time decaying behavigr$-

tem of weakly charged macro-ions which implies a weakt > 7, Where for typical aqueous colloidal dispersions
correlation between the latter and small ions. For such a; = 1073 sandrz = 1078-10"° s) representing a typi-
system, it can be shown that the interparticle interactiorgal Brownian motion and a long-time slowly decaying
is described very well by the Derjaguin-Landau-Verwey-dynamics(z > 7;) characterizing the kind of Feynman

Overbeek (DLVO) [14,15] potential feedback effects where macroparticles manifest collective
Bboo(r) = o, r < oy, nonlinear couplings. All of these characteristics are buried
La(ZoA S (1) in the memory functioM(q, z). However, as pointed out
Bboo = B\£0/ADLVO) € i r > op, by Cichocki and Hess [23], th®l(g, z) in Eq. (4) is not
r an elementary quantity in the study of the dynamics of

where 8 = 1/kpT is the inverse temperaturéz =e?8/  colloidal particles since its time evolution operator is not
4mree is the Bjerrum lengthx = (4L >~ piZ})'>  one-particle irreducible. To show this, Cichocki and Hess
is the Debye-Hckel screening parameter in whpgtand  [23] compared the generalized dynamic viscosity within
Z; are, respectively, the number density and charge fothe context of a generalized Smoluchowki equation and
small ions (hereafter subscript 0 is reserved for macropamf a Fokker Planck equation. Their analysis led them to
ticles, 1 for counterions, and 2, 3,...for saltds.vo =  an explicit formula between an irreducible memory func-
expx/2)/(1 + %/2), wherex = ko, oo being the di- tion M (q,z) and theM(q,z). In general, M (q,z) =
ameter of a spherical macro-ion; a@g is the nominal  T'y(q,z) + I'(g,z) in which I’y is meant for all contribu-
macro-ion charge. Note that Eq. (1) is appropriate for thejons yielding the short-time behavior, adtlg, z) is the
description of a dilute colloidal solutiofpo — 0). mode-coupling contribution including fully the slow struc-
The second option is a generalization of Eq. (1) to a&ural motions. At high enough densities, the long-time
finite po and thus is more appropriate for general studiespart contributes dominantly and thus permits an approxi-
It was shown in the literature [16,17] that, for pointlike mation j\?[(q, t) = I'(g,t). It can be inferred from the
small ions, such a model can be expressed analytically byorks of Szamel and Léwen [21], Baat al.[20], and

an effectivedirect correlation function: others [24,25] that an idealized liquid-glass transition ex-
() = — Lg(ZoA)?e *" r > o 2 ists and its dynamical transition point is determined by the
00 r ' following nonlinear vitrification equation:
Here, A = cosh(x/2) + U[(»/2) cosh{=/2) — sinh(x/2)], flg)  S(g) L
U = (85/%* — 2v/x) in which 8 = 3n/(1 — ), v = 1= (@) Dog? @1 =)= FlfWI ()
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Here, f.(q) = R(q,t — ) # 0 is the glassy Debye- in neutron scattering experiments and is thus observ-
Waller factor corresponding to the nonergodic stateable. Dynamically, this function also accounts for the
whereasf(q) = 0 is the ergodic state. We note that nondiffusive states as the liquid phase approaches the
f(g) is a realistic function since it corresponds to theglassy region. By making a two-mode approximation
form factor for the elastic part of the coherent spectrLrn{20,21,24—26], thd'(g, t) above can be derived to read

I'(g.1) =

polo fwd f'm'd (xz_yz[m— (D] + Lt + ()])zs< )S(YR(x.OR(y.1), (6)
sgm? Jo X x e yy 2 clx) — c(y 5 lex c(y x)S(y)R(x, v, 1),

wherepgc(g) = 1 — 1/5(q) is the direct correlation func) the glassy and fcc crystalline phases coexist aropne-
tion. GivenS(q), Egs. (5) and (6) constitute two nonlinear 0.25 for the major regior200 =< Cyc; = 500 uM in the
coupled equations which we will solve iteratively for the phase diagram, the liquid-glass transition loci predicted
loci of the liquid-glass transition (for technical details, con-here by the MCT is physically sound if one considers
sult [27] for cases of atomic liquids). further then, results from the viewpoint that the theory

It is clear that in order to study the liquid-glass has suppressed in the formulation the occurrence of any
transition phase diagram within the idealized MCT, onecrystallization process [17,25].
needs first to calculateS(¢q). Here, we employ the Itis remarkable that both the liquid-glass and the liquid-
effective one component model of Belloni [16], whose crystal transition loci were favorably reproduced using the
S(g) can be computed from Egs. (2) and (3) if thesame macro-ion charg& = 350e¢, although the underly-
nominal chargeZ, [28] of the macro-ion is known. In ing microscopic theories are rather different. It should
the absence of a reliable datum from experiment [29]be emphasized that our colloidalg)s were calculated
we have thus fixed it by consultation of the papers offor pointlike small ions. This, however, does not in-
Salgi and Rajagopalan [11] and Choudhury and Ghoskur a large error in the liquid-glass transition boundary,
[12] who both have calculated the liquid-crystal phasefor in the electrolyte concentratidh= Cyc; = 700 uM
diagrams of Sirotat al. [4] using the density functional the screening length lies in the rantg2 > «~! > 70 A
theory. It can be inferred from their literature that whose values are much larger than the size of small
Zy =~ 350e interprets very well the phase boundary forions (typically 5-10 A). To illustrate this point, we have
the liquid-crystal transition. Based on their results, wefollowed the qualitative method of finite size treatment
have setZ, = 350e for the bare charge of a macro- proposed by Belloni [16] and repeated a calculation for
ion. With the Z, fixed, o9 = 91 nm andx calculated the caseCyc; = 300 uM in which the finite size of
in terms of charges and number densities of counterionsmall ions is arbitrarily taken to be 5 A. The predicted
and electrolyte, we varynp to obtain differentS(g)s
by the analytical formula of Hayter and Penfold [18].
We should emphasize that in this paper the inherent
deficiency of MSA which gives a negativg(r) for the
case of strongly coupled macro-ions near their contact
distance will be handled by the rescaling method [17,30]
[see, in particular, Fig. 1 in [17] for an assessment
of S(g)]. To locate the liquid-glass transition loci, it
then remains to solve iteratively Egs. (5) and (6) and
searchy, for the solutionf.(¢) # 0 at each electrolyte
concentrationCyc;. We give in Fig. 1 the loci of the
liquid-glass transition phase diagram compared with those
of measurements [4]. We stress two noticeable features.

First, our salt-free result yields a transition. = 0.0 R S S
0.175 which is slightly less than the lowest glassy state -100 100 300 500 700
n. = 0.2 observed by Sirotat al.[4]. We believe that HCI (micromoles)
the magnitude of thisy. is reasonable since, fof FIG. 1. Phase diagram for a suspension of monodisperse
immediately below, we see mixed crystalline phases opolystyrene charged spheres of sizg = 91 nm immersed in
the fcc and bcec types followed by an equilibrium liquid methanol-water medium at room temperature calculated using
phase(n < 0.06). Second, as th&uc; concentration the idealized MCT compared with data taken from small-angle,

! th Hi . t | synchrotron x-ray scattering experiments [4]. Notations used
increases, our theoretical. increases monotonously, ;e the following: solid squares, bce crystal; open triangles,

whereas experimentally). increases fromm, = 0.2 10 fcc crystal; open squares, fee bee coexistence; closed circles,
values that fluctuate in the range5 < 7. < 0.3. Since glass; open circles, liquid; full line, theory.
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n. = 0.299 57 differs negligibly from then. = 0.30365  [13] D.A. McQuarrie, Statistical Mechanic§Harper & Row,
given in Fig. 1. New York, 1976), p. 266.

In conclusion, we have drawn attention to a micro-[14] E.J. Verwey and J. G. Overbe€kheory of the Stability of
scopic theory which is useful for determining the liquid- _ Lyophobic Colloids(Elsevier, Amsterdam, 1948).
glass phase diagram. Given a reliable means to evaluatt®! S-K. Lai, W.J. Ma, W. van Megen, and I. K. Snook, Phys.
the colloidal S(¢), the present method is a realistic ap- 16] Eeéé:lz:n? 36((51(1%9?11973% 5, 519 (1986)
proach to the study of the latter property. The method ca ' e - PIYSES, :

. . . 7] S.K. Lai and G.F. Wang, Phys. Rev.98, 3072 (1998).
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at various number concentrations and for different size ra-  many-body contributions to the diffusion tensor whose ex-
tios were already reported experimentally in the literature  act expression isa priori, not known. Within the MCT,
[5,9]. To my knowledge, these data have not yet be ex-  Négele and Baur [20] have derived an approximate for-
plained theoretically. r_nula forI" which inC(_)rpo_rates_ the hydrodynamic in_terac-
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