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Ionization Induced Scattering of Short Intense Laser Pulses
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Intense laser pulses propagating in gases undergoing ionization are subject to a scattering instability
due to the dependence of the ionization rate on the laser electric field. The instability is convective,
and growth is limited for a pulse of finite extent by propagation out of the unstable region. In the
nonlinear regime, where the scattered wave amplitude becomes large, the scattering instability saturates
at a level that gives rise to full modulation of both the plasma density and laser pulse amplitude.
[S0031-9007(99)09053-5]

PACS numbers: 52.40.Nk, 52.75.Di
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Recent progress in the development of ultraintense, sh
pulse lasers has stimulated interest in the study of the int
action of intense electric fields with gases and plasmas.
power densities greater than1013 1014 Wycm2, which are
easily achieved and exceeded with today’s lasers, puls
propagating in gas rapidly ionize atoms creating plasm
which strongly modify the index of refraction. With the
terawatt lasers now being used in a wide range of plasm
experiments this intensity threshold can be achieved w
before the beam reaches its focus. This ionization proce
leads to a number of interesting nonlinear phenomena,
cluding frequency upshifting of the laser radiation by th
moving ionization front [1–7], refractive defocusing of the
laser pulse due to the radial inhomogeneity of the plasm
electron density [8,9], and harmonic generation due to t
nonlinear dependence of the ionization rate on the field a
plitude [8].

An additional effect that has received only a sma
amount of attention is the possible scattering of the radi
tion by the collective amplification of modulations of the
electron density transverse to the initial direction of propa
gation of the laser pulse [10–12]. Such a transverse
modulated density appears in the presence of transve
modulations of the laser amplitude due to the dependen
of the ionization rate on field amplitude. The modulation
of electron density scatter the laser wave, which can rei
force the modulations in field amplitude and lead to in
stability. The purpose of this Letter is to examine thi
phenomenon for the conditions expected for short pul
lasers. We will investigate the instabilities in both the
linear and the nonlinear regimes, and determine the effe
of finite pulse extent and duration on their development.

We begin by considering the simple case of lase
propagation in a background gas of atomic hydroge
(Results from more refined models will be presente
as well.) The situation is then described by the wav
equation for the laser electric fieldE along with the rate
equation for the production of plasma electrons,√
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Here n is the plasma electron density,ng is the uniform
constant background gas density,nsjEjd is the field
dependent ionization rate, for example, due to tunneli
ionization [13], andk2

p  4pe2ngymc2 is the plasma
wave number in the case where the gas is totally ionize

Analysis of these equations proceeds by examining t
linear stability of a plane wave pulse to perturbations wi
transverse modulations. Specifically, we write the las
electric field in terms of a normalized amplitudea 
eEysmc2k0d. We then express this amplitude and electro
density as the sum of a plane wave “equilibrium”a0sz, j 
ct 2 zd, n0sz, jd with the characteristic wave numbe
k0, and perturbationsda6sz, jd and dnsz, jd with the
characteristic wave numberk' in the transverse direction
x, a  eyâ exps2ik0jd 1 c.c., where

â  fa0 1 da1 expsik'xd 1 dap
2 exps2ik'xdg , (3a)

n  n0 1 dn expsik'xd 1 dnp exps2ik'xd . (3b)

Note that our equilibrium actually depends on time an
space in a nontrivial way due to the ionization of the ga
as the finite duration laser pulse propagates through it. T
shape of the pulse is determined by its dependence on
laser frame coordinatej  ct 2 z. In the limit of a tenu-
ous plasma, the pulse evolves slowly as it propagates
z. We insert expressions (3a) and (3b) into (1) and (2
linearized with respect to the perturbations, and avera
over one period of the laser field. (This last step requir
that the ionization rate be much less than the laser f
quency. This will later be found to be the case of inte
est for the scattering instability.) We then obtain couple
equations describing the equilibrium and the perturbatio
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Here,n̄sja0jd 
R

k0 dj nsja0 exps2ik0jd 1 c.c.jdy2p is
the cycle averaged ionization rate for the pump pulse, a

k1 
ja0j

2c
≠n̄

≠ja0j

√
1 2

n0

ng

!
, (6)

describes the coupling between the field and dens
perturbations.

Solutions to Eqs. (4a) and (4b), describing the evolutio
of a plane wave pulse, have been studied extensive
A sample solution illustrating their character is show
in Fig. 1, where the laser field amplitude and electro
density are shown for the case of a 100 fsec, full width
half maximum,1.4 3 1016 Wycm2 maximum power pulse
propagating in 100 Torr of helium. The laser wavelength
taken to be0.8 mm. In obtaining these solutions, Eq. (4b
has been generalized in a straightforward way to treat t
multiple ionization stages of helium. Figure 1(a) show
that the plasma which envelops the body of the laser pu
slows down its propagation, causing it to fall back in th
laser frame coordinatej  ct 2 z. Figure 1(b) shows
that the helium is ionized in two stages. Early in th
pulse’s propagation the ionization occurs rapidly, resultin
in two sharp steps in the electron density. As the pul
propagates the ionization occurs more gradually due to t
fact that the portions of the pulse in different densitie
of plasma propagate with different group velocities an
separate. In particular, the head of the pulse propagate
the speed of light while the body of the pulse, which is i
plasma, has a group velocityyg  cs1 2 k2

pyk2
0d1y2.

Turning our attention now to the perturbations, w
note that the coupling between the radiation and dens
perturbations is nonzero when the ionization rate depen
on field amplitude and the gas (or a particular ionizatio
state) is only partially ionized. Thus, the instability, i
present, will exist during the short times when the pum
field is large enough to ionize but has yet to complete
3618
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FIG. 1. Evolution of a planar one-dimensional laser puls
(a) The magnitude of the laser intensity versus laser frame co
dinate,j  ct 2 z, for several different propagation distances
(b) Electron density normalized to ambient gas density for t
laser pulse. The dashed line is the scattered wave amplitud
z  6.0 mm.

ionize a particular charge state, that is, during the “rise
portion of the density staircase in Fig. 1(b). As a firs
step in analyzing this process we neglect momentar
the time and space dependence of the equilibrium a
solve Eqs. (5a) and (5b) by assuming the coefficients
constants. The result is a dispersion relation [10] f
perturbations with an assumed time and space depende
of the form expfiskzz 2 kjjdg,
0  D
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If one regards the temporal-like wave numberkj as
fixed (and much smaller than the laser wave numbe
k0) and solves for the spatial-like wave numberkz , one
obtains

kz  6
1

2k0

vuutk4
' 1 2k2

'

k1k2
p

n̄yc 2 ikj

. (8)
r
Note that, ifkj ø n̄yc, Eq. (8) has the same form with
regard to the perpendicular wave number dependence
that of a self-focusing instability. In this case, instabilit
is possible only if the coupling wave numberk1 is
negative; that is, the ionization rate decreases with fie
amplitude. This instability would correspond to self
focusing in which the index of refraction decreases whe
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the laser field is small. Typically, however,k1 is positive,
and instability occurs only for perturbations with nonzer
temporal variation in the pulse (i.e.,kj fi 0. In the limit
kj ø n̄yc ø k1, andk' ¿ kp , we obtain, for the spatial
growth rate,

Imfkzg  6
k1k2

pkj

2k0fk2
j 1 sn̄ycd2g

. (9)

This has a maximum spatial growth rate which, fo
k1 ø n̄yc, is approximately Imfkzg ø k2

pyk0. For the
usual self-focusing instability due to a nonlinear dielectr
constant n2I, Eq. (8) is modified with k1k2

pysn̄yc 2

ikjd replaced by2k2
0n2I. In this case, the maximum

growth rate is Imfkzg ø k0n2Iy2, and occurs fork2
' ø

k2
0n2I. (On the other hand, the growth for the ionizatio

scattering instability increases monotonically withk'.)
The ionization scattering instability will dominate when
kj ø n̄yc ø kI and k2

p . k2
0n2I. This latter condition

requires only that thelinear contribution of the free
electrons to the dielectric constant exceeds thenonlinear
contribution of the bound electrons.

The use of formulas such as (8) and (9) is limited sin
the temporal-like wave numberkj must be determined
self-consistently. To this end, we determine the impul
response [14] to a disturbance initiated atj  z  0
by simultaneously solvingDskz 1 kjjyz, kjd  0 and
≠Dskz 1 kjjyz, kjdy≠kj  0. The amount of complex
exponentiationG  iskzz 2 kjjd is then found in the
limit k' ¿ kp [in which a single pole is kept in Eq. (6)]
to be
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where it is assumedj . zk2
'ys2k2

0d (otherwise there is no
response). From (10) it is clear that, at a fixed pointj

in the pulse, the disturbance will grow and then decay
the pulse propagates andz increases. That is, in the pulse
frame, perturbations are only convectively unstable. Th
is due to the propagation of the scattered electromagne
wave which has a group velocity in thez directionyg ø
cf1 2 k2

'y2k2
0g and therefore falls behind the initial lase

pulse. If one maximizes (10) overj for fixed z, one finds
RehGmaxszdj  zk2

pk1yf4k0sn̄ycdg which is equivalent to
(9) with kj  n̄yc.

The above estimates are only qualitative since the tim
and space dependence of the equilibrium cannot be
nored. In particular, the coupling termk1 which is re-
sponsible for the instability will be nonzero during only
portion of the laser pulse of thicknessdj ø cyn̄ while the
gas is ionizing. This is comparable to the wavelength
the most unstable perturbation. Additionally, the region
ionization evolves as the pulse propagates due to the low
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than-light speed of the pulse in plasma. For these reaso
quantitative predictions on the growth of perturbations re
quire the solution of differential equations in the form o
(5). A solution of these equations (again for the case
helium) is shown in Fig. 1(b). In these calculations th
scattered waves were taken to have an initial spatial dep
dence of the formda6  da0 sinspjyLd, whereL is the
length of the pulse corresponding to a duration of 100 fs
in this case, similar to that of the equilibrium depicted in
Fig. 1. Plotted is the amount of exponentiationjda6yda0j
for the scattered waves for the casek'ykp  0.8. As can
be seen, as a function ofj, growth is positive only in those
regions where the gas is undergoing ionization from on
stage to another. As the pulse propagates, these regi
grow in size and the amount of growth increases, reachi
a level of105 after only 0.6 cm of propagation.

The growth depicted in Fig. 1(b) is for a specific choic
of transverse wave number. Figure 2 shows the maximu
amount of growth (maximized overj) as a function of
transverse wave number for several propagation distanc
The wave number which gives maximum growth corre
sponds tok' ø kp . This is not a resonance phenomenon
but rather, it follows from a competition between the loca
growth and convection of the scattered waves out of th
unstable region. According to (8) the local growth rat
must vanish ask' ! 0. For k' ¿ kp the local growth
rate becomes independent ofk' according to (9). Thus the
local growth is a monotonically increasing function ofk'.
Because of the convective nature of the growth, Eq. (1
indicates that the disturbances propagate out of t
unstable region ofj more rapidly with increasingk'.
With a value of k' ø kp the disturbances propagate
backward through the pulse at about the same rate t
the pulse is stretched due to the plasma’s reduction of t
equilibrium group velocity.

To examine the nonlinear regime of the scattering in
stability, we solve the system (1) and (2) generalized

FIG. 2. Scattered wave growth maximized overj as a
function of the scattered wave number for several propagati
distances.
3619
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FIG. 3. Surface plots of the electron density. The scatterin
instability gives rise to the density striations. Note that th
radial and axial scales are different.

multiple ionization stages for parameters correspondi
to those of Figs. 1 and 2. The wave equation is treat
in the envelope approximation assuming cylindrical sym
metry, basically Eq. (4a) with the addition of the trans
verse Laplacian [15]. Furthermore, the susceptibility o
the right-hand side of (4a) includes the linear excita
tion of the plasma wave, the relativistic self-focusin
nonlinearity, and the nonlinear susceptibility of the back
ground gas. However, these latter effects are weak for t
parameters under investigation. Figure 3 shows the
sults of a simulation corresponding to a 760 mJ, 100 fs
FWHM pulse with a Gaussian radial profile of intensity
focused to200 mm in 100 Torr jet of helium. Plotted is
the electron density immediately after the pulse has pass
as a function of radius and axial distance. Because of
fraction by the plasma, the pulse spreads. As it sprea
it becomes unstable to the scattering instability. This
evidenced by the striations in the density shown in Fig.
(note, the radial and axial scales are different). The tran
verse wave number of the density modulations correspon
to the plasma wave number based on the local electr
density. The laser pulse also does not remain smooth
develops transverse structure with 100% variations. Thu
3620
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the instability severely distorts the shape of the laser pul
and leaves, in the wake of the pulse, a nonuniform plasm
consisting of long striations with transverse dimension o
the order of the collisionless skin depth.
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