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Spin-Pseudospin Coherence andCP3 Skyrmions in Bilayer Quantum Hall Ferromagnets
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We analyze bilayer quantum Hall ferromagnets, whose underlying symmetry group is SU(4). Spin-
pseudospin coherence develops spontaneously when the total electron density is low enough. The
quasiparticles are CP3 Skyrmions. One Skyrmion induces charge modulations on both layers. At the
filling factor n  2ym one elementary excitation consists of a pair of Skyrmions and its charge is
2eym. Recent experimental data due to Sawadaet al. [Phys. Rev. Lett.80, 4534 (1998)] support this
conclusion. [S0031-9007(99)08992-9]

PACS numbers: 73.40.Hm, 12.39.Dc, 73.20.Dx
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The quantum Hall (QH) effect is a remarkable macr
scopic quantum phenomenon in the two-dimensional el
tron system [1]. Attention has recently been paid
quantum coherence in QH systems. The kinetic a
Coulomb Hamiltonians have the spin SU(2) symmetr
Its spontaneous breakdown leads to a spin coherence
turns the system into a QH ferromagnet. The effecti
Hamiltonian is the SU(2) nonlinear sigma (NLs) model
[2]. Quasiparticles are CP1 Skyrmions [3–5].

In this paper we analyze Skyrmion excitations in b
layer QH (BLQH) ferromagnets. The lowest Landau lev
(LLL) contains four energy levels corresponding to th
spin and layer (pseudospin) degrees of freedom. T
SU(4) symmetry underlies the BLQH system. Its spo
taneous breakdown leads to a spin-pseudospin cohere
The effective Hamiltonian is the SU(4) NLs model [2].
Quasiparticles are CP3 Skyrmions [2]. They have two
characteristic features: (A) One Skyrmion induces char
modulations on both of the two layers. The main pa
of the activation energy is the capacitive charging e
ergy. (B) One elementary excitation consists of a pair
Skyrmions atn  2ym with m odd. It carries the charge
2eym. Our theoretical analysis accounts for recent expe
mental data due to Sawadaet al. [6,7]. Throughout the
paper we use the natural unitsh̄  c  1.

QH ferromagnets.—We analyze Skyrmion excitations
at the filling factorn ; 2pr0yeB'  1ym with m odd.
We use an improved composite-boson (CB) theory [8
which is proposed based on a suggestion due to Gir
et al. [9]. The advantage of the scheme is a dire
connection between the semiclassical property of
excitation and its microscopic wave function. We sta
with a review of monolayer QH ferromagnets [8]. Th
analysis of BLQH ferromagnets is its straightforwar
generalization with a replacement of SU(2) by SU(4).

The kinetic Hamiltonian for planar electrons with mas
M in the perpendicular magnetic fieldB' is

HK 
1

2M

Z
d2x Cysxd sPx 2 iPyd sPx 1 iPydCsxd ,

(1)
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wherePj  2i≠j 1 eAj is the covariant momentum with
Aj  1

2 ´jkxkB'; ´12  2´21  1 and ´11  ´22  0.
The electron fieldCsxd is a two-component spinor made o
the spin-up (c ") and spin-down (c #) field. The symmetry
group of this Hamiltonian is Us2d  Us1d ≠ SUs2d.

When the Zeeman energy is small, a spin coheren
develops spontaneously. This is described by introduc
the two-component CB field by the formula [8,9]

Fsxd  e2Asxde2ieQsxdCsxd , (2)

where Asxd is the auxiliary field obeying=2Asxd 
2pmfrsxd 2 r0g; rsxd ; CysxdCsxd is the electron
density. The phase fieldQsxd attachesm units of
flux quantum 2pye to each electron via the relation
´ij≠i≠jQsxd  s2pyedmrsxd. The effective magnetic
field is

Beffsxd  B' 2 ´ij≠i≠jQsxd  B' 2 s2pyedmrsxd .
(3)

It vanishes,kBefflg  0, on the ground state atn  1ym.
Substituting (2) into (1), the kinetic Hamiltonian reads

HK 
1

2M

Z
d2x Fzsxd sPx 2 iPyd sPx 1 iPydFsxd ,

(4)

wherePj  2i≠j 2 s´jk 1 idjkd≠kAsxd is the covari-
ant momentum. We have definedFzsxd ; Fysxde2Asxd,
with which rsxd  CysxdCsxd  FzsxdFsxd. An
analysis of the Lagrangian shows that the canonic
conjugate ofwasxd is not iwaysxd but iwazsxd.

We decompose the CB field as

Fsxd  e2Asxdfsxdnsxd , (5)

with the U(1) componentfsxd  eixsxd
p

rsxd and the
SU(2) componentnsxd: It is the CP1 field [2] subject
to the constraint,nysxdnsxd  1. The spin density is

Sasxd 
1
2

rsxdsasxd, sasxd  nysxdlansxd , (6)

wherela are the Pauli matrices.
© 1999 The American Physical Society
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At sufficiently low temperature it is reasonable to focu
our attention to physics taking place within the LLL. Th
Hilbert spaceHLLL is constructed by imposing the LLL
condition so that the kinetic term (4) is quenched. It h
a simple expression in terms of the CB field,

sPx 1 iPydFsxd jSl  2
i

,B

≠

≠zp
Fsxd jSl  0 . (7)

The complex number isz  sx 1 iydy2,B with ,B the
magnetic length. Hence, the wave function for compos
bosons is analytic and symmetric in allN coordinates,

Vfzg  k0jFsx1d · · · FsxN d jSl . (8)

The wave function for electrons isSfxg  VfzgSLNfxg,
where SLNfxg is the familiar Laughlin wave function.
Here, fxg  sx1, x2, · · · , xN d and fzg  sz1, z2, · · · , zN d.
Any excitation confined to the LLL is described by a
choice of the analytic spinor factorVfzg.

We analyze the CB theory semiclassically, where t
bosonic field operator is approximated by a c-numb
field. It follows from (8) that the wave function is

Sfxg 
Y

r
kFsxr dlSLNfxg , (9)

where kFsxdl is analytic. If the Zeeman energy is
neglected, the ground state is determined by minimizi
the Coulomb energy. The one-point functionkFsxdl is
a constant vector pointing to an arbitrary direction in th
SU(2) space, as implies a spontaneous breakdown of
SU(2) symmetry. Actually, a small Zeeman interactio
fixes this direction so thatksasxdl  daz, or

kw"sxdlg 
p

r0 , kw#sxdlg  0 . (10)

The ground-state wave function is given by (9) with (10
The semiclassical LLL condition follows from (5),

kwasxdl  e2Asxdeixsxd
p

rsxd nasxd ; vaszd , (11)

where various fields are classical ones. This is solved
xsxd  0 and nasxd  vaszdy

pP
a jvaj2. The soliton

equation [10] follows trivially from (11),
n

4p
=2 lnrsxd 2 rsxd 1 r0  nQsxd , (12)

whereQsxd is the topological charge density,

Qsxd 
1

4p
=2 ln

√X
a

jvaszdj2
!

. (13)

The lightest Skyrmion on the ground state (10) is

kw"sxdlsky  z
p

r0 , kw#sxdlsky  k
p

r0 , (14)

with which the wave function is given by (9). For a larg
Skyrmion (k ¿ 1), the soliton equation (12) is solved
iteratively and agrees with the familiar expression [3]

%sxd ; rsxd 2 r0 . nQsxd  2
n

p

4sk,Bd2

fr2 1 4sk,Bd2g2 .

(15)

The Skyrmion is reduced to the vortex in the limitk ! 0.
The excitation energy of one Skyrmion consists of th

exchange energyEex, the electrostatic energyEC, and the
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Zeeman energyEZ . Minimizing their sum, we determine
the Skyrmion sizek, the Skyrmion energyEsky, and the
flipped-spin numberNspin as follows [8]:

k .
1
2

sbnd1y3

(eg ln

√p
2p

32eg 1 1

!)
21y3

, (16)

Esky .

√
n

r
p

32
1

3bn2

4k

!
E0

C , (17)

Nspin . 2nk2 ln

√p
2p

32eg 1 1

!
. (18)

Here, rs  ne2ys16
p

2p ´,Bd, E0
C  e2y´,B, and eg 

gpmBByE0
C . The parameterb represents the strength of

the Coulomb energy; it is calculated asb  3p2y64 for
a sufficiently large Skyrmion in an ideal planar system
However, an actual Skyrmion is not large, and there wi
also be a correction from a finiteness of the layer width
We useb as a phenomenological parameter. We fix it a
b  0.24 by requiring the Skyrmion spinNspin to agree
with the experimental data due to Barrettet al. [4] at
n  1: Nspin . 3.7 at B  7.05 T, wherek . 1.0 andeg . 0.015. Note thatNspin . 5.3 (k . 1.10) at B  3 T
andNspin . 2.7 (k . 0.96) at B  15 T. Our results are
consistent with the previous ones [3].

The excitation energy of a Skyrmion–anti-Skyrmion
pair will be given byD  2Esky 2 Goffset with a sample
dependent offsetGoffset. In Fig. 1 we have fitted the
experimental data due to Schmelleret al. [5] based on
formula (17) withb  0.24, where an appropriate offset
Goffset is used for each curve. The theoretical curve
reproduce all data remarkably well.

BLQH systems.—We proceed to analyze BLQH states
at n  1ym and 2ym with m odd. There are three ex-
perimental techniques to elucidate various states. Th
first one is to change the total electron densityr0. By
increasingr0 the interlayer separationd is effectively
increased compared with the magnetic length,dy,B ~
p

r0. Hence, asr0 ! ` the BLQH system atn  2ym

FIG. 1. Theoretical curves versus experimental data due
Schmelleret al. [5] for the activation energy in three samples
SI1, QW1, and QW2. There are two curves for one sampl
(QW1) but with different mobilities. The offsetGoffset increases
as the mobility decreases.
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will be decomposed into two independentn  1ym mono-
layer systems; asr0 ! 0 an interlayer coherence will de-
velop spontaneously, which has been argued [10–12]
n  1ym and will be argued atn  2ym in this paper.
Consequently, we expect a phase transition atn  2ym
between these two phases but not atn  1ym. These
two phases are clearly distinguishable by using the se
ond technique, i.e., by applying gate bias voltage. We c
control the density differences0 between the two quantum
wells, wheres0  sr1

0 2 r
2
0dyr0 with r

a
0 the density in

the layera. Only the coherent state is stable [11] again
an arbitrary change ofs0. All these features have been
experimentally confirmed in recent works due to Sawad
et al. [6] at n  1 and2. The coherent state atn  2y3
has not been observed by them presumably because
a poor sample quality. The third technique is to tilt th
sample with the perpendicular magnetic fieldB' fixed. In
the high-density data [7] the activation energy is found
increase atn  2 and 2y3 as normally as in the mono-
layer system: Indeed, we can fit the data by the monolay
Skyrmion formula (17). We conclude that elementary e
citations are monolayer Skyrmions. In the low-densit
data [7] it is found to decrease anomalously atn  1 and
n  2, as is the phenomenon discovered by Murphyet al.
[13] at n  1: It is a behavior intrinsic to the interlayer
coherent state in the BLQH system.

Spin-pseudospin coherence.—We analyze elementary
excitations in the coherent state of the BLQH system
The electron fieldCsxd has four componentsc1", c1#,
c2", and c2#, where the layer is indexed by 1 and 2
The kinetic Hamiltonian is given by (1), whose symmetr
group is Us4d  Us1d ≠ SUs4d. When the interlayer and
intralayer Coulomb energies are nearly equal and dom
nate the system, we expect a spin-pseudospin cohere
to emerge.

Such a new phase is described in terms of the CB fie
defined by (2). The CB field is decomposed into the U(1
and SU(4) components by (5). Here,nsxd is the CP3

field. The group SU(4) is generated by the Hermitian
traceless,4 3 4 matricesla, a  1, 2, . . . , 15, normalized
as Trslalbd  2dab. They are the generalization of the
Pauli matrices in case of SU(2). The SU(4) spin densi
is given by (6) with suchla.

The Coulomb energy is decomposed into two terms,

E6
C 

1
2

Z
d2x d2y V 1sx 2 yd%6sxd%6syd , (19)

where V 6sxd  se2y2´d fjxj21 6 sjxj2 1 d2d21y2g with
the interlayer separationd; %1 ; %sxd  rsxd 2 r0;
%2sxd  r1sxd 2 r2sxd 2 r

1
0 1 r

2
0 with r1sxd 

r1"sxd 1 r1#sxd and r2sxd  r2"sxd 1 r2#sxd. The
Coulomb energyE1

C , possessing the SU(4) symmetry, i
the driving force to realize the QH system. The termE2

C
describes the capacitive charging energy between the t
layers. It vanishes in the limitd ! 0.

The Hilbert spaceHLLL is defined by the LLL con-
dition (7). In the semiclassical approximation the wav
3514
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function is given by (9) atn # 1. The SU(4) spin-
pseudospin coherence is shown to develop spontaneou
precisely as the SU(2) spin coherence is. The ground s
at n # 1 is given by [10]

kw1"lg 
p

r0y2
p

1 1 s0 , kw1#lg  0 ,

kw2"lg 
p

r0y2
p

1 2 s0 , kw2#lg  0 ,
(20)

wherer
1
0  1

2 r0s1 1 s0d andr
2
0  1

2 r0s1 2 s0d. It is
convenient to use a new set of CB fields,

wS" 
p

s1 1 s0dy2 w1" 1
p

s1 2 s0dy2 w2",

wA" 
p

s1 2 s0dy2 w1" 2
p

s1 1 s0dy2 w2",
(21)

and a similar set for the spin-down fields. They a
reduced to the symmetric and antisymmetric fields
the balanced point (s0  0). We call them the “bond”
and “antibond” fields. The ground-state value (20)
transformed intok eFlg 

p
r0 s1, 0, 0, 0d in terms of the

new fields,eF ; swS", wS#, wA", wA#d.
The tunneling energy is

ET  2
1
2

DSAS

q
1 2 s

2
0

Z
d2x f%S

2sxd 2 %A
2sxdg ,

(22)

where %S
2sxd  rSsxd 2 krSsxdlg with rS 

wS"zwS" 1 wS#zwS# and similar equations for%A
2sxd.

The tunneling gap iss1 2 s
2
0d1y2DSAS on the state (20).

A Skyrmion excitation flips in general spins and
pseudospins. It is a CP3 Skyrmion [2] described by

k eFlsky 
p

r0 sz, k1, k2, k3d , (23)

with constant parameterski. Its classical configuration
is determined by (11)–(13), and (15) withk2 

P
a k2

a .
For definiteness we assume hereafter that the tunne
energy is much larger than the Zeeman energy. (F
instance,DSASygpmBB . 4 at B  5 T in the sample of
Ref. [6].) Then, we havek  k1 fi 0, k2  k3  0. It
is identical to the CP1 Skyrmion (14) in the spin space.
At the balanced point the Skyrmion size, the Skyrmio
energy, and the flipped-spin number are given by t
same formulas as (16)–(18), whereb now depends on
the layer separationd. Here, we concentrate our attentio
to its dependence on the imbalance parameters0. The
term involving s0 is only the charging term (19) for
n # 1. We give a numerical estimation of the activatio
energy atn  1 in Fig. 2 by using the sample parameter
(d  231 Å, ,B  120 Å) of Ref. [6]. The theoretical
curve explains the experimental data quite well with
reasonable Skyrmion sizek . 1.

BLQH ferromagnet atn  2.—A caution is needed to
analyze the BLQH system atn  2 since one Landau
state contains two electrons. We attach one unit of flux
each electron and transform it into the CB field by formu
(2) with m  1. The effective magnetic field is not given
by (3) but by

2Beff  2B' 2 ´ij≠i≠jQsxd  2B' 2 s2pyedmrsxd .
(24)
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FIG. 2. Theoretical curves versus experimental data due
Sawadaet al. [6]. The Skyrmion charge ise at n  1 and
2e at n  2. The discrepancy of the data for largejs0j may
indicate that genuine CP3 Skyrmions are excited there since th
tunneling gaps1 2 s

2
0 d1y2DSAS becomes smaller. The dotted

curve is for a would-be Skyrmion carryinge at n  2.

It vanishes on the homogeneous ground state atn  2ym.
Because of the Fermi statistics the wave function is t
antisymmetric product of two wave functions (9),

Sfxg 
Y

r

fkF1sxr dl ≠ kF2sxr dl 2 kF2sxr dl

≠ kF1sxr dlgSLNfxg2, (25)

wherekF1sxdl andkF2sxdl are analytic and satisfyX
a

jkwa
1 sxdlj2 

X
a

jkwa
2 sxdlj2, (26)

as follows from the semiclassical LLL condition (11).
When DSAS ¿ gpmBB, the spin-up and spin-down

bond states are filled. Hence, the ground state is giv
by (25) with a set of two constant CB fields,

k eF1lg 

r
r0

2
s1, 0, 0, 0d, k eF2lg 

r
r0

2
s0, 1, 0, 0d ,

(27)

in terms of the bond and antibond fields. This might b
identified with the canted state [14] forDSAS ¿ gpmBB.
A Skyrmion excitation flips pseudospins, or induces
coherent tunneling excitation. It is described by (25) wi
a set of two CB fields,

k eF1lsky 
p

r0y2 sz, k1, k2, k3d ,

k eF2lsky 
p

r0y2 sk0
1, z, k0

2, k0
3d ,

(28)

with k2 ;
P

a k2
a 

P
a k02

a . It consists of two CP3

Skyrmions (23), and the Skyrmion charge is2e. We
emphasize that there exists no Skyrmion composed of o
CP3 Skyrmion atn  2 because of the constraint (26).

An estimation of the excitation energy of the Skyrmio
(28) is straightforward. We concentrate our attentio
to its dependence on the imbalance parameters0. The
terms involvings0 are the charging energy (19) and th
tunneling energy (22). The charging energy increas
to
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while the tunneling energy decreases ass0 increases. We
give a numerical estimation in Fig. 2 by using the samp
parameters (d  231 Å, ,B  228 Å, DSAS  6.8 K) of
Ref. [6]. The vortex limit (k . 0) gives a best fitting of
the experimental data because of a large tunneling g
(DSAS  6.8 K). We have also given a theoretical curve
for a would-be Skyrmion carrying chargee at n  2 by
using the same parameters, where the charging energy
the tunneling energy are found to cancel each other alm
completely (Fig. 2).

The driving force of the SU(4) spin-pseudospin cohe
ence is the Coulomb exchange energy arising from t
SU(4)-invariant Coulomb termE1

C in (19). Provided the
exchange energy is dominant, it is obvious that the SU(
coherence develops also atn  2ym with the Skyrmion
charge2eym, and atn  6, 10, 14, . . . with charge2e.
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