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Dynamical Nucleation Theory: A New Molecular Approach
to Vapor-Liquid Nucleation

Gregory K. Schenter, Shawn M. Kathmann, and Bruce C. Garrett

Environmental Molecular Sciences Laboratory, Pacific Northwest National Laboratory, Richland, Washington 99352
(Received 19 October 1998

A new theoretical approach is presented for vapor-phase nucleation. In contrast to previous molecular
approaches to nucleation that focus on evaluating equilibrium distributions of clusters, we evaluate rate
constants for cluster evaporation and condensation that are the elementary kinetic steps in the nucleation
mechanism. The use of variational transition state theory to estimate the rate constants provides a
consistent procedure for defining a unique value for the constraining volume of the physically consistent
cluster. The theory is applied to evaporation of small water clusters. [S0031-9007(99)08965-6]

PACS numbers: 64.60.Qb, 68.10.—m, 82.20.—w, 82.65.Dp

The condensation of liquid drops from vapor phaseand B8; are evaporation and condensation rate constants,
molecules plays an important role in atmospheric protespectively. The nucleation rate is obtained by solving
cesses. Because of the importance of nucleation phéhe pseudo-first-order kinetic equations (assumingis
nomena and the need to accurately model these processksge and constant)
considerable effort has been made to develop theoretical dN;
approaches that can accurately predict nucleation rates. —— = Bi-1Ni—1 — a;N; — BiN; + a;j+1Ni+1. (2)
Sslizst'ﬁilo?U%?%téosr;rtigﬁ]or%éﬁgzﬁgo'jstpﬁcﬂg?fo\av'dg% he first major approximation is that the condensation
. oy 9 9 . e%te constant can be approximated by the collision rate of
is approximate and where agreement between experimen . i >

. o L monomers with the cluste3; = (¢/4) (4@ri)p;. The
and CNT is observed, it is usually within a narrow range verage speed of the monomers in the 0as phase is
of saturation ratios and temperatures. Theoretical consiq‘"iE _ (E?k T}O )1/2 is the monomer den%it kpis
eration also shows CNT provides the correct value of thi%oltzm;nn’:?onsiaﬁ;T is temperature. andh )i/thhe
slope, but not the absolute value of nucleation rate [2]'monomer mass. This ex ressiopn for the; condensation rate
Although many extensions and modifications have been . P , "

. constant approximates the cross section for collisions by
made to the theory (see the review by Laaksonen, Tala

quer, and Oxtoby [3]), these changes have not led to %he surface area of a sphere of radiusnd assumes unit

general theory that is applicable and reliable for a varietyStICkIng probability upon collision.  The evaporation rate

of systems. Promising alternatives to CNT are offereoconStant is then evaluated using detailed balamge-

€q eq eq . I
by microscopic approaches. The goal of molecular theo'—B’*l(N"‘l/N" ), where N;~ is the equilibrium cluster

. . . eq
ries is to obtain nucleation rates starting from the poteng'smbunon' The task then reduces to evaluatig',

qr equivalently the free energies, for forming the clusters

tial energy of interaction between molecules. One generzrom monomers. Molecular anoroaches emplov statistical
approach is to employ molecular simulations to evaluat ) ' eq P ploy
echanics to evaluat¥; . Because the clusters that are

properties of isolated clusters, such as the free energy i . . .

forming the cluster, which can be used to approximatémportan.t in th_e nuc!eanon Process can dlssoc_:la_lte, the

nucleation rates [4—10]. As with CNT, the molecular ap_cluster distributions diverge as the volume containing the
luster increases. This type of behavior has been clearly

proaches presented to date have not resulted in a ge trated in th | d d fthe f
eral theory that is routinely applied to calculate nucleation emonstrated in the volume dependence ot the Iree energy

rates for systems of interest of cluster formation in the seminal work by Lee, Barker,

For the molecular approaches referred to above (as we"ﬂnd Abraham [5]. Treatment of the volume dependence

as CNT), the central quantity needed to calculate thénc this free energy has been a source of confusion and

nucleation rate is the free energy for cluster formation CONroversy in the development of a general molecular

It is worthwhile to examine the approximations inherenttheory of nucleation.

in these molecular approaches. The starting point for the In the present Letter, we present a new molecular the-

molecular approaches is the assumption that addition ar(téfy of nucleation in which the evaporation and condensa-

removal of monomers from clusters adequately describe, on rate constants amirectly calculated. .Th's approach
the nucleation kinetics, e.g. as two major advantages over the previous molecular ap-

proaches. First, the direct evaluation of the rate constants

Bi*] . . . .
N, + N;_, = N;, i=1.2.. .. (1) avoids approximating the condensation rate constant us-
a; ing a simple gas collision rate. Second, the formulation

where N, is the number of monomersy; (i > 1) is  of the rate constant naturally yields a consistent prescrip-
the number of clusters containingmonomers, andx;  tion for dealing with the volume dependence of the free
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energy for cluster formation and actually exploits this de-dividing surface. (Spherical dividing surfaces are cho-
pendence. In the remainder of this paper, we outline theen to make contact with previous work that used spheri-
theory and present preliminary calculations on water cluseal constraining volumes as well as the simplicity they
ters. A more rigorous derivation of the rate constant exiend to the theory. Studies of alternate dividing surfaces
pressions will be presented elsewhere [11]. and classical recrossing factors are planned for the fu-
We view the processes of evaporation and condensadre.) For the dissociation reaction studied here, the lo-
tion as gas-phase dissociation and association reactiorsation of the dividing surface is guided by variational
This view of nucleation as a gas-phase reaction mechaST (VTST) [12,14—16]. The fundamental dynamical as-
nism composed of dissociation and association reactiorsumption of TST [17] guarantees that the TST approxima-
is quite different than the perspective generally encountion to the classical reactive flux is greater than or equal
tered where nucleation is viewed as density fluctuationso the exact classical flux. This upper bound is the basis
in a supersaturated fluid. Given the large distance befor variational TST in which the transition state dividing
tween water monomers and clusters in the vapeio¢ A surface is located to minimize the reactive flux. Thus,
for water at a supersaturation of 5), the view of nucle-VTST gives a prescription for defining a unique location
ation as a gas-phase reaction mechanism is quite reaf the dividing surface (or radius of the sphere) for each
sonable. Transition state theory (TST) [12] provides areaction.
convenient framework to evaluate equilibrium rate con- For simplicity, we present the theory for the nucleation
stants for these kinetic processes. For the barrierlessf atoms (e.g., rare gas atoms), although extension to
dissociation reaction considered here, quantum tunnelingpclude internal and rotational degrees of freedom is
effects will be negligible, and quantum effects will be straightforward. The dividing surface for evaporation of
important only for bound vibrational motions. We treat an i-molecule cluster is defined b;(r”, r) = 0, where
the molecules as rigid and assume that a classical statisthe coordinates of the systemt) = (r;,r»,...,r;) are
cal mechanics description of the intermolecular motion ighe collection of three-dimensional Cartesian coordinates
adequate. This is a reasonable first-order approximatiofor each atom, andr is the parameter defining the
for the system studied here, and it is consistent with theadius of the spherical dividing surface. For the spherical
fact that the potential that we use has been parametrizeatividing surface, the following relation implicitly defines
using classical statistical mechanics. This assumptiothe functions;
will be tested in the future using Feynman path integral
methods [13]. i
The TST rate constant is approximated by the equilib- o(s)=1[]00 —Ir; — R, 3)
rium one-way flux through a dividing surface separating j=1
reactants from products. For evaporation of a monomer
from ani-molecule cluster, reactants are amolecule where 6(x) is the Heaviside step functiopd(x) = 0,
cluster and products are a monomer infinitely separated < 0;6(x) = 1,x > 0], andR; = (1/i)>;_; r; is the
from an (i — 1)-molecule cluster. In the present work, center of mass of the-molecule cluster. Using the
we choose the dividing surface to be a sphere with itxlassical TST rate constant expression for a general
center at the center of mass of thenolecule cluster; the dividing surface [15], the generalized TST rate constant
radius of the sphere then determines the location of |th(33r evaporation of thé-molecule cluster is written

1 . . H-(p(i) r(i))} 1 ‘ 69[S(r(i) r)] p(i)
R(T GT (T Ip(® i) 4 i > > 4
[ 1) o; b . p eX B . .
9; (T, r)ey (T 1) il h3i j ,[ r kT 2 ar® m ()

wherep” are momenta conjugate 1§, H; is the Hamiltonian for the cluster, ardis Planck’s constant. The reactant
partition functiongX(T, r) is given by

1 . . H;(p®,r®) A
R _ (i) () _ ’ (@)
g~ (T, r) T fdp [dr ex;{ T O[S, r)]

i ) U; (@) J
=2 [ arexd ~UD o6 - ey - R, (5)
i! kBT j=1 ’

where y = 2mmkzT/h?)*?, and U; is the interaction!  The evaporation rate constant in Eg. (4) can be recast
potential. This definition of the reactant partition functioninto the more traditional form of a ratio of partition
is equivalent to expressions that have appeared in previodignctions [16]

work [4—6] where the partition function is related to the
total Helmholtz free energy for forming the cluster from

ksT qi " (T,r)
monomers by;(T, r) = —kgT In[gX(T, r)].

GT
a’ (T, r) = s
S =5, qf (T,r)

(6)
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where the generalized transition state partition functiorsee thatit is crucial to know howA;(T, r) varies with
gS (T, r)is [11] r since this dependence determines the rate constant. In
or h2 1/2 i ' U;(r®) addition, the formulation presented here gives for the first
q; (T,r) = <m> j dr'? eXF{—W} time a fundamentally justified prescription for choosing
7Tim B l. B the optimum value of for each cluster. This prescription
> Z 5(r —Irx — R;) l—[ 0(r — Ir; — Ry]). selects those plusters that are the most s:te}ble relative to
= evaporation, since the reactive flux is a minimum for the
(7)  optimum choice of constraining volume.
The zero of energy for the two partition functions is In this Letter we have described the first steps in
chosen to be the same, so the Boltzmann factor that idefining a dynamical nucleation theory. A complete
normally present in the traditional TST expression is notdynamical nucleation theory requires specification of the
explicitly included. The Dirac delta functiod(x) in ~ condensation rate constans-; and a prescription for
Eq. (7) constrains the system to lie on the dividing sur-solution of the kinetic equations in Eq. (2). These steps
face; i.e., one of the molecules is constrained to the suivill be described in detail in subsequent publications. It
face of the sphere. This constrained ensemble is the sang8ould be noted that TST obeys microscopic reversibility,
as the “shell-molecule ensemble” [7], with the modifica- SO that the reactive flux for the condensation process of a
tion of Ellerby [9] that the shell molecule interacts with monomer in arii — 1) molecule cluster is the same as the
the other molecules in the cluster. However, the relationteactive flux for the evaporation of thiemolecule cluster.
ship between the partition function for this constrainedDetermination of the condensation rate constg@it
ensemble and the evaporation rate constant imigue requires evaluation of the correct normalization factor (the

il

JFk

contribution of the present work. reactant partition function) for the condensation process.
The TST approxima‘[ion to the reactive flux We demonstrate the method by CaICUIating the evapo-
through the dividing surface,¢X(T,r)aSt(T,r) =  ration rate constants for water clusters. Monte Carlo

(ksT/h)gST(T,r), is an upper bound to the exact clas- techniques are used to evaluate thg configgrational inte-
sical reactive flux. The minimum value of the reactive9ral in Eq. (5) for the reactant partition function, and the
flux is found by variationally optimizing the location of
the dividing surface, which in this case is determined by
the radiusr of the sphere constraining the cluster. The

VTST rate constant is given by
. | kT
gDy (1) = mint AT 497 (r, )
kgT
T N C)

Wherer,-jF is the location that minimizes the reactive flux.
Comparing the expressions for the reactant and transition
state partition functions, Eqgs. (5) and (7), it is easy to
show that they are related by

GT h2 12 d R
T =\ —— | —qNT
g (T, <27kaBT> dr ¢: ()
nt \"qf(T,r) d
= - ' : —A,' T, . 9
<27kaBT> wr a0 O
Thus, the VTST expression for the evaporation rate

constant takes on the appealing form

VTST 1 1/2 d
VIst(ry = (=)L 4T,
o (D) (27kaBT> ar @)

N O = N O =~ N

[ay

1

A (T,r) (kcal/mol)
O =N O =N O

r=r,-*

- int
= % [477(’-[*)2] IIC)lT ’ (10) . T Sl
B 0 5 10 15 20 25 30 35
1(A)

where the internal pressure of thienolecule cluster is

defined byP;" = —dA;(T,r)/dv|,_,+ andv = 47r3/3.

Equation (10) is the central result of this Letter. ThisFIG. 1. Dependence of the total Helmholtz free energy

expression points out the importance of knowing thei(Z.r) on the radius of the constraining volume for

dependence of the Helmholtz free enerav on the ragdius i-molecule water clusters at 243 K. Solid lines with symbols
p - . ay are the simulation results and dashed lines are the analytical

Unlike some previous studies that assume the Helmholtzesults for a cluster of noninteracting molecules (ideal gas).

free energy is relatively insensitive to variationsrofwe  The zero of energy for each curve is arbitrary.
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TABLE I. Cluster radiusr;, VTST evaporation rate constant been uniquely defined based upon fundamental consid-

a’™(T), and internal pressure’™, of i-molecule water erations. The resulting rate constant expression is pro-

Clusters at 243 K. portional to the derivative, with respect to, of the

i (R )BT (57 P™ (atm)  Helmholtz free energy for forming the cluster. In con-
2 28 1.6 X 10! 43 trast to previous assertions that the Helmholtz free en-
3 4.3 4.8 X 100 5.3 ergy is relatively insensitive to the constraining volume
4 5.8 47 X 10° 0.28 (for reasonable choices af), we find that the sensitivity

5 5.8 1.0 X 10'° 0.60 to v is crucial since this dependence determines the rate
6 6.3 1.3 x 100 0.64 constant.

This work was supported by the Division of Chemical
Sciences, Office of Basic Energy Sciences (G.K.S.)

evaporation rate constants are obtained using Eq. (10§"d the Division of Environmental Science, Office of
Details of the simulation technique will be given else-Biological and Environmental Research (S.M.K. and

where [11]. The polarizable water potential of Dang andB- € G-), U.S. Department of Energy under Contract
Chang [18] is used in the simulations. Figure 1 presentd0- DE-AC06-76RLO 1830 with Battelle, which operates

the total Helmholtz free energies for forming clusters conPacific Northwest National Laboratory, a multiprogram

taining 2—6 water molecules at 243. Only the derivativeh@tional laboratory.
dA;(T,r)/dr is needed for computing rate constants, not

absolute values of;(T, r). Therefore, the zero of energy

for each cluster is arbitrarily set. The figure also includes

the analytical results [5] for noninteracting molecules. In [1] F.F. Abraham,Homogeneous Nucleation Theoffca-

all casesA;(T, r) is a monotonically decreasing function demic, New York, 1974); J.H. SeinfeldAtmospheric
of r. For the water dimer and trimen;(T,r) shows Chemistry and Physics of Air Pollutio@ohn Wiley and
strong dependence onover the entire range af, but Sons, New York, 1986).

it is still possible to determine whew; (T, r)/dr has a  [2] R. McGraw and A. Laaksonen, Phys. Rev. L&, 2754
minimum. The free energy curves for the larger clusters _ (1996).

at 243 K do show regions of relative insensitivity to  [3] A- Laaksonen, V. Talanquer, and D.W. Oxtoby, Annu.
However, as stated above, the slopeigfT’, r) is crucial Rev. Phys. Chemi6, 489 (1995).

since it determines the rate constant. In addition, we ex—[4] ;'sgeg%e‘é')l" Katz, and E.T. Cohen, J. Chem. PH{.

pect that at higher temperatures the,r) curves will 151 3 " ge 3 A. Barker, and F.F. Abraham, J. Chem. Phys.
show stronger dependence pn Studies of the tempera- 58, 3166 (1973).

ture dependence are currently underway as well as extens] H. Reiss, A. Tabazadeh, and J. Talbot, J. Chem. P9gs.
sions of the calculations to larger clusters. 1266 (1990).

Table | presents the optimum value of the radius, the[7] H.M. Ellerby, C.L. Weakliem, and H. Reiss, J. Chem.
evaporation rate constants, and the internal pressures for Phys.95, 9209 (1991)97, 5766 (1992).
the clusters. As the number of molecules in the cluster in-[8] C.L. Weakleim and H. Reiss, J. Chem. Phg8, 5374
creases from 2 to 4, the radius of the constraining sphere _ (1993);101, 2398 (1994).
grows with increasing cluster size and the evaporation ratfl[g]] ';' m EH'SLbVAEQS/Sj Rﬁﬁyigé 44222 ((11%%‘2)'_ | Kusaka
Complex size dependence of luster radi, evaporaion rate  ZC; Wang, and J.H. Seinfeld, 3. Chiem. P8 3415

. A . (1998); I. Kusaka, Z.-G. Wang, and J.H. Seinfeld, J.

constants, and internal pressures are seen in going to the  ~pop,. Phys108 6829 (1998).
larger clusters. To understand these trends, further stugr1] G K. Schenter, S.M. Kathmann, and B.C. Garrett, J.
ies are under way to characterize the structure and ther- = chem. Phys. (to be published).
mochemistry of these clusters and larger ones. [12] P. Pechukas, inDynamics of Molecular Collisions,

In summary, a new theoretical approach to vapor-phase Part B, edited by W.H. Miller (Plenum, New York,
nucleation has been developed that directly evaluates the 1976), p. 269.
relevant dynamical quantities rather than focusing oril3] R.P. Feynman and A.R. HibbQuantum Mechanics and
equilibrium properties of clusters. Variational transition ~ Path Integrals(McGraw-Hill, New York, 1965); for an
state theory is used to obtain expressions for the equi- €xample application, see H. Gai, G.K. Schenter, L.X.
librium rate constants. We choose a TST dividing sur-, . 2&n9 and B.C. Garrett, J. Chem. Ph§85 8835 (1996).

X ; . [14] E. Wigner, J. Chem. Phy§, 720 (1937).
face that is equivalent to the surface of the constrammg%ls] W. H. Miller, J. Chem. Phys61, 1823 (1974).

volume defining “physically consistent clusters” of Reiss 16] B.C. Garrett and D.G. Truhlar, J. Phys. Che88, 1052
and co-workers [4,6]. In the present work, the variational” ~ (1979), ' '

procedure locates the dividing surface that minimizes th@17] E. wigner, Trans. Faraday Sd#4, 29 (1938).
reactive flux, thereby defining a unique volume for each18] L.X. Dang and T.M. Chang, J. Chem. Phyk06, 8149
cluster. This is the first time that the cluster volume has  (1997).

3487



