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Dynamical Nucleation Theory: A New Molecular Approach
to Vapor-Liquid Nucleation
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(Received 19 October 1998)

A new theoretical approach is presented for vapor-phase nucleation. In contrast to previous molecular
approaches to nucleation that focus on evaluating equilibrium distributions of clusters, we evaluate rate
constants for cluster evaporation and condensation that are the elementary kinetic steps in the nucleatio
mechanism. The use of variational transition state theory to estimate the rate constants provides a
consistent procedure for defining a unique value for the constraining volume of the physically consistent
cluster. The theory is applied to evaporation of small water clusters. [S0031-9007(99)08965-6]

PACS numbers: 64.60.Qb, 68.10.–m, 82.20.–w, 82.65.Dp
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The condensation of liquid drops from vapor phas
molecules plays an important role in atmospheric pr
cesses. Because of the importance of nucleation p
nomena and the need to accurately model these proces
considerable effort has been made to develop theoreti
approaches that can accurately predict nucleation rat
Classical nucleation theory (CNT) [1] is the most widel
used theory for describing homogeneous nucleation. CN
is approximate and where agreement between experim
and CNT is observed, it is usually within a narrow rang
of saturation ratios and temperatures. Theoretical cons
eration also shows CNT provides the correct value of th
slope, but not the absolute value of nucleation rate [2
Although many extensions and modifications have be
made to the theory (see the review by Laaksonen, Tala
quer, and Oxtoby [3]), these changes have not led to
general theory that is applicable and reliable for a varie
of systems. Promising alternatives to CNT are offere
by microscopic approaches. The goal of molecular the
ries is to obtain nucleation rates starting from the pote
tial energy of interaction between molecules. One gene
approach is to employ molecular simulations to evalua
properties of isolated clusters, such as the free energy
forming the cluster, which can be used to approxima
nucleation rates [4–10]. As with CNT, the molecular ap
proaches presented to date have not resulted in a g
eral theory that is routinely applied to calculate nucleatio
rates for systems of interest.

For the molecular approaches referred to above (as w
as CNT), the central quantity needed to calculate t
nucleation rate is the free energy for cluster formatio
It is worthwhile to examine the approximations inheren
in these molecular approaches. The starting point for t
molecular approaches is the assumption that addition a
removal of monomers from clusters adequately describ
the nucleation kinetics, e.g.,

N1 1 Ni21 :
bi21

ai

Ni , i  1, 2, . . . , (1)

where N1 is the number of monomers,Ni si . 1d is
the number of clusters containingi monomers, andai
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and bi are evaporation and condensation rate constan
respectively. The nucleation rate is obtained by solvin
the pseudo-first-order kinetic equations (assumingN1 is
large and constant)

dNi

dt
 bi21Ni21 2 aiNi 2 biNi 1 ai11Ni11 . (2)

The first major approximation is that the condensatio
rate constant can be approximated by the collision rate
monomers with the cluster,bi  scy4d s4pr2

i dr1. The
average speed of the monomers in the gas phase
c  s8kBTypmd1y2, r1 is the monomer density,kB is
Boltzmann’s constant,T is temperature, andm is the
monomer mass. This expression for the condensation r
constant approximates the cross section for collisions
the surface area of a sphere of radiusri and assumes unit
sticking probability upon collision. The evaporation rat
constant is then evaluated using detailed balanceai 
bi21sNeq

i21yN
eq
i d, where N

eq
i is the equilibrium cluster

distribution. The task then reduces to evaluatingN
eq
i ,

or equivalently the free energies, for forming the cluste
from monomers. Molecular approaches employ statistic
mechanics to evaluateN

eq
i . Because the clusters that ar

important in the nucleation process can dissociate,
cluster distributions diverge as the volume containing t
cluster increases. This type of behavior has been clea
demonstrated in the volume dependence of the free ene
of cluster formation in the seminal work by Lee, Barke
and Abraham [5]. Treatment of the volume dependen
of this free energy has been a source of confusion a
controversy in the development of a general molecu
theory of nucleation.

In the present Letter, we present a new molecular th
ory of nucleation in which the evaporation and condens
tion rate constants aredirectly calculated. This approach
has two major advantages over the previous molecular
proaches. First, the direct evaluation of the rate consta
avoids approximating the condensation rate constant
ing a simple gas collision rate. Second, the formulatio
of the rate constant naturally yields a consistent prescr
tion for dealing with the volume dependence of the fre
© 1999 The American Physical Society
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energy for cluster formation and actually exploits this d
pendence. In the remainder of this paper, we outline
theory and present preliminary calculations on water clu
ters. A more rigorous derivation of the rate constant e
pressions will be presented elsewhere [11].

We view the processes of evaporation and conden
tion as gas-phase dissociation and association reacti
This view of nucleation as a gas-phase reaction mec
nism composed of dissociation and association reacti
is quite different than the perspective generally encou
tered where nucleation is viewed as density fluctuatio
in a supersaturated fluid. Given the large distance b
tween water monomers and clusters in the vapor (.104 Å
for water at a supersaturation of 5), the view of nucl
ation as a gas-phase reaction mechanism is quite
sonable. Transition state theory (TST) [12] provides
convenient framework to evaluate equilibrium rate co
stants for these kinetic processes. For the barrierl
dissociation reaction considered here, quantum tunnel
effects will be negligible, and quantum effects will b
important only for bound vibrational motions. We trea
the molecules as rigid and assume that a classical stat
cal mechanics description of the intermolecular motion
adequate. This is a reasonable first-order approximat
for the system studied here, and it is consistent with t
fact that the potential that we use has been parametri
using classical statistical mechanics. This assumpt
will be tested in the future using Feynman path integr
methods [13].

The TST rate constant is approximated by the equil
rium one-way flux through a dividing surface separatin
reactants from products. For evaporation of a monom
from an i-molecule cluster, reactants are ani-molecule
cluster and products are a monomer infinitely separa
from an si 2 1d-molecule cluster. In the present work
we choose the dividing surface to be a sphere with
center at the center of mass of thei-molecule cluster; the
radius of the sphere then determines the location of
e-
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dividing surface. (Spherical dividing surfaces are ch
sen to make contact with previous work that used sphe
cal constraining volumes as well as the simplicity the
lend to the theory. Studies of alternate dividing surfac
and classical recrossing factors are planned for the
ture.) For the dissociation reaction studied here, the
cation of the dividing surface is guided by variationa
TST (VTST) [12,14–16]. The fundamental dynamical a
sumption of TST [17] guarantees that the TST approxim
tion to the classical reactive flux is greater than or equ
to the exact classical flux. This upper bound is the ba
for variational TST in which the transition state dividin
surface is located to minimize the reactive flux. Thu
VTST gives a prescription for defining a unique locatio
of the dividing surface (or radius of the sphere) for ea
reaction.

For simplicity, we present the theory for the nucleatio
of atoms (e.g., rare gas atoms), although extension
include internal and rotational degrees of freedom
straightforward. The dividing surface for evaporation o
an i-molecule cluster is defined bySisrsid, rd  0, where
the coordinates of the systemrsid  sr1, r2, . . . , rid are
the collection of three-dimensional Cartesian coordina
for each atom, andr is the parameter defining the
radius of the spherical dividing surface. For the spheric
dividing surface, the following relation implicitly defines
the functionSi

usSid 
iY

j1

usr 2 jrj 2 Rijd , (3)

where usxd is the Heaviside step functionfusxd  0,
x , 0; usxd  1, x . 0g, and Ri  s1yid

Pi
j1 rj is the

center of mass of thei-molecule cluster. Using the
classical TST rate constant expression for a gene
dividing surface [15], the generalized TST rate consta
for evaporation of thei-molecule cluster is written
t

qR
i sT , rdaGT

i sT , rd 
1

i! h3i

Z
dpsid

Z
drsid exp

∑
2

Hispsid, rsidd
kBT

∏
1
2

Ç
≠ufSsrsid, rdg

≠rsid ?
psid

m

Ç
, (4)

wherepsid are momenta conjugate torsid, Hi is the Hamiltonian for the cluster, andh is Planck’s constant. The reactan
partition functionqR

i sT , rd is given by

qR
i sT , rd 

1
i! h3i

Z
dpsid

Z
drsid exp

∑
2

Hispsid, rsidd
kBT

∏
ufSsrsid, rdg


gi

i!

Z
drsid exp

∑
2

Uisrsidd
kBT

∏ iY
j1

usr 2 jrj 2 Rijd , (5)
ast
where g  s2pmkBTyh2d3y2, and Ui is the interaction
potential. This definition of the reactant partition functio
is equivalent to expressions that have appeared in previ
work [4–6] where the partition function is related to th
total Helmholtz free energy for forming the cluster from
monomers byAisT , rd  2kBT lnfqR

i sT , rdg.
n
ous
e

The evaporation rate constant in Eq. (4) can be rec
into the more traditional form of a ratio of partition
functions [16]

aGT
i sT , rd 

kBT
h

qGT
i sT , rd

qR
i sT , rd

, (6)
3485
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where the generalized transition state partition functio
qGT

i sT , rd is [11]

qGT
i sT , rd 

µ
h2

2pmkBT

∂1y2 gi

i!

Z
drsid exp

∑
2

Uisrsidd
kBT

∏
3

iX
k1

dsr 2 jrk 2 Rijd
iY

jfik

usr 2 jrj 2 Rijd .

(7)

The zero of energy for the two partition functions is
chosen to be the same, so the Boltzmann factor that
normally present in the traditional TST expression is n
explicitly included. The Dirac delta functiondsxd in
Eq. (7) constrains the system to lie on the dividing su
face; i.e., one of the molecules is constrained to the s
face of the sphere. This constrained ensemble is the sa
as the “shell-molecule ensemble” [7], with the modifica
tion of Ellerby [9] that the shell molecule interacts with
the other molecules in the cluster. However, the relatio
ship between the partition function for this constraine
ensemble and the evaporation rate constant is aunique
contribution of the present work.

The TST approximation to the reactive flux
through the dividing surface,qR

i sT , rdaGT
i sT , rd 

skBTyhdqGT
i sT , rd, is an upper bound to the exact clas

sical reactive flux. The minimum value of the reactiv
flux is found by variationally optimizing the location of
the dividing surface, which in this case is determined b
the radiusr of the sphere constraining the cluster. Th
VTST rate constant is given by

qR
i sT , r

z
i daVTST

i sT d  min
r

Ω
kBT

h
qGT

i sT , rd
æ


kBT

h
qGT

i sT , r
z
i d , (8)

wherer
z
i is the location that minimizes the reactive flux

Comparing the expressions for the reactant and transit
state partition functions, Eqs. (5) and (7), it is easy
show that they are related by

qGT
i sT , rd 

µ
h2

2pmkBT

∂1y2 d
dr

qR
i sT , rd

 2

µ
h2

2pmkBT

∂1y2 qR
i sT , rd
kBT

d
dr

AisT , rd . (9)

Thus, the VTST expression for the evaporation ra
constant takes on the appealing form

aVTST
i sT d  2

µ
1

2pmkBT

∂1y2 d
dr

AisT , rd
Ç
rr

z

i


c̄
4

f4psrz
i d2g

Pint
i

kBT
, (10)

where the internal pressure of thei-molecule cluster is
defined byPint

i  2dAisT , rdydyjrr
z

i
andy  4pr3y3.

Equation (10) is the central result of this Letter. Thi
expression points out the importance of knowing th
dependence of the Helmholtz free energy on the radiusr.
Unlike some previous studies that assume the Helmho
free energy is relatively insensitive to variations ofr, we
3486
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see thatit is crucial to know howAisT , rd varies with
r since this dependence determines the rate constant.
addition, the formulation presented here gives for the fi
time a fundamentally justified prescription for choosin
the optimum value ofr for each cluster. This prescription
selects those clusters that are the most stable relativ
evaporation, since the reactive flux is a minimum for th
optimum choice of constraining volume.

In this Letter we have described the first steps
defining a dynamical nucleation theory. A comple
dynamical nucleation theory requires specification of t
condensation rate constantsbi21 and a prescription for
solution of the kinetic equations in Eq. (2). These ste
will be described in detail in subsequent publications.
should be noted that TST obeys microscopic reversibili
so that the reactive flux for the condensation process o
monomer in ansi 2 1d molecule cluster is the same as th
reactive flux for the evaporation of thei-molecule cluster.
Determination of the condensation rate constantbi21
requires evaluation of the correct normalization factor (t
reactant partition function) for the condensation proces

We demonstrate the method by calculating the evap
ration rate constants for water clusters. Monte Ca
techniques are used to evaluate the configurational in
gral in Eq. (5) for the reactant partition function, and th

FIG. 1. Dependence of the total Helmholtz free energ
AisT , rd on the radius of the constraining volume fo
i-molecule water clusters at 243 K. Solid lines with symbo
are the simulation results and dashed lines are the analyt
results for a cluster of noninteracting molecules (ideal ga
The zero of energy for each curve is arbitrary.
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TABLE I. Cluster radiusr
z
i , VTST evaporation rate constant

a
VTST
i sTd, and internal pressurePint

i , of i-molecule water
clusters at 243 K.

i r
z
i sÅd a

VTST
i ss21d Pint

i (atm)

2 2.8 1.6 3 1011 43
3 4.3 4.8 3 1010 5.3
4 5.8 4.7 3 109 0.28
5 5.8 1.0 3 1010 0.60
6 6.3 1.3 3 1010 0.64

evaporation rate constants are obtained using Eq. (1
Details of the simulation technique will be given else
where [11]. The polarizable water potential of Dang an
Chang [18] is used in the simulations. Figure 1 presen
the total Helmholtz free energies for forming clusters con
taining 2–6 water molecules at 243. Only the derivativ
dAisT , rdydr is needed for computing rate constants, n
absolute values ofAisT , rd. Therefore, the zero of energy
for each cluster is arbitrarily set. The figure also include
the analytical results [5] for noninteracting molecules. I
all cases,AisT , rd is a monotonically decreasing function
of r. For the water dimer and trimer,AisT , rd shows
strong dependence onr over the entire range ofr, but
it is still possible to determine wheredAisT , rdydr has a
minimum. The free energy curves for the larger cluste
at 243 K do show regions of relative insensitivity tor.
However, as stated above, the slope ofAisT , rd is crucial
since it determines the rate constant. In addition, we e
pect that at higher temperatures theAisT , rd curves will
show stronger dependence onr. Studies of the tempera-
ture dependence are currently underway as well as ext
sions of the calculations to larger clusters.

Table I presents the optimum value of the radius, th
evaporation rate constants, and the internal pressures
the clusters. As the number of molecules in the cluster i
creases from 2 to 4, the radius of the constraining sphe
grows with increasing cluster size and the evaporation ra
constant and internal pressure drop dramatically. Mo
complex size dependence of cluster radii, evaporation r
constants, and internal pressures are seen in going to
larger clusters. To understand these trends, further st
ies are under way to characterize the structure and th
mochemistry of these clusters and larger ones.

In summary, a new theoretical approach to vapor-pha
nucleation has been developed that directly evaluates
relevant dynamical quantities rather than focusing o
equilibrium properties of clusters. Variational transitio
state theory is used to obtain expressions for the eq
librium rate constants. We choose a TST dividing su
face that is equivalent to the surface of the constrainin
volume defining “physically consistent clusters” of Reis
and co-workers [4,6]. In the present work, the variation
procedure locates the dividing surface that minimizes t
reactive flux, thereby defining a unique volume for eac
cluster. This is the first time that the cluster volume ha
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been uniquely defined based upon fundamental cons
erations. The resulting rate constant expression is pr
portional to the derivative, with respect toy, of the
Helmholtz free energy for forming the cluster. In con
trast to previous assertions that the Helmholtz free e
ergy is relatively insensitive to the constraining volum
(for reasonable choices ofy), we find that the sensitivity
to y is crucial since this dependence determines the ra
constant.
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