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Classical Atomic Form Factor
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The general trends exhibited in the variation of the inelastic form factor in collisional transitio
nl ! n0l0, when l0 is changed andn, l, and n0 are kept fixed, are explained solely in terms
of classical mechanics. Previous quantal results are reproduced from purely classical mech
principles. Our conclusions are valid not only for large quantum numbers (which provide
usual classical correspondence) but also for other cases, which, up to now have been des
only by quantal or semiclassical methods. The interesting trends exhibited in the form factor
directly reflected in experimental and theoretical treatments of collisions involving excited ato
[S0031-9007(99)09037-7]
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With the advent of new technology which facilitates
the accurate measurement [1] of electron-excited ato
collision cross section there has also been renewed inter
in the theory [2] of collisions involving Rydberg atoms.
Recent experiment [1], in particular, has confirmed th
the cross section for the quadrupole23S ! 33D transition
in e 2 Hes23Sd collisions is much higher than that for the
pure dipole23S ! 33P transition at low and intermediate
energies, in accord with the theoretical predictions o
Ref. [3] (Born and multichannel eikonal approximations)
Flannery and McCann [4] have noted that this unexpect
behavior is only part of a more general systemat
trend in that (a) the23S ! n3D collisional transitions
are predominant over all other transitions to the samen
value, even for transitions to the electronic continuum
and (b) there is a unique valuel0

max of the final angular
momentuml0 that is preferentially populated innl ! n0l0

transitions (n0 ¿ n) in collisions between Rydberg atoms
and electrons or atoms.

The origin of this general behavior was traced [4] to th
variation withl0 of the quantum mechanical inelastic form
factor

Ffisqd  kcf srdjeiqry h̄jcisrdl  kffsp 1 qdjfispdl
(1)

for isn, ld ! fsn0, l0d transitions between atomic states
ci,fsrd are the wave functions in position space an
fi,fspd  s2p h̄d23y2

R
ci,fsrd exps2ipryh̄d dr, the

wave functions in momentum space.
When an instantaneous impulse applied att  t0 trans-

fers momentumq to an atomic electron, the exact solution
of Schrödinger’s equation under Hamiltonian

Hsp, r, td  p2y2m 2 e2yr 2 r ? qdst 2 t0d (2)

is

Csr, td  f1 1 seiqry h̄ 2 1dust 2 t0dgcnlmsrd ,

whereu is the Heaviside step function. The probability
for i ; jnll ! f ; jn0l0l transitions from thes2l 1 1d
initial sublevels is then
0031-9007y99y82(17)y3412(4)$15.00
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Pnl,n0l0sqd  jkcn0l0 jClj2 
X

m,m0

jkn0l0m0jeiq?ry h̄jnlmlj2

(3)

also deduced in [5]. The probability of any impulsiv
i ! f transition, whether due to particle collisions o
electromagnetic field, is therefore

Pifsqd  jFfisqdj2, (4)

which provides physical significance to the inelastic for
factor, a fundamental property of the atom. For impulsi
collisions between a particle 1 and a Rydberg electron
bound to a core 3, the overall transition matrix elementT
decomposes as [5]

Tifsqd  FfisqdT12sqd , (5)

whereT12, the matrix element for (1-2) free-free elast
scattering in the (1-2) center of mass, is a function only
q, as for Coulomb scatteringT12  4p h̄2e2yq2, or for
Born’s approximation,T12 

R
V sr12d expsiqryh̄d dr12.

The probability of transition in the target atom pe
each (1-2) impulsive encounter isPif  jTif j2yjT12j

2, in
agreement with (4).

The cross section is obtained by the following integr
tion of the form factor (5) over momentum change,

sif 

√
2p

M2
12y

2
i

! Z ki1kf

jki2kf j
jFfisqdj2 jf12sqdj2 q dq , (6)

whereki,f are the initial and final wave numbers of rela
tive motion of the projectile-target system of reduce
massM and q  h̄jki 2 kf j is the momentum change
The scattering amplitude for (1-2) collisions of reduce
massM12 is f12  s2M12y4p h̄2dT12. For (1-2) slow col-
lisions with scattering lengtha, the Fermi interaction
V sr12d  f4pash̄2yM12dgdsr1 2 r2d also yields decom-
position (5) withf12  a.

The inelastic quantal form factor therefore not on
exerts primary importance in collision studies, but al
has a deep physical reality. In recent experimental stud
© 1999 The American Physical Society
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of excitation of Rydberg atoms by short unipolar hal
cycle electromagnetic pulses the transition amplitude
determined directly by the inelastic form factor [6].

Analytical quantal [7,8] and semiclassical [9] form
factors are available, although general systematic tre
cannot be easily extracted from them. A classical for
factor for n ! n0 has been deduced [10] from binar
encounter impulse theory and from a microcanonic
distribution in energy space. A key point of this pape
is that a complementary classical approach fornl ! n0l0

transitions can also be developed in a way which revea
quite succinctly, important aspects which remain hidd
within the quantal treatment.

Consider a Rydberg atom in a stationarysn, ld state
with energyE and angular momentumL. If the atom
is perturbed by any general impulsive field [as in Eq. (
or the Fermi interaction], then the transition probability t
the final statesn0, l0d (of energyE0 and angular momentum
L0) is the inelastic form factor.

The quantal probability density for finding the electro
in the radial intervalsr , r 1 drd is

r
q
nlsrd  r2jRnlj

2, (7)

where Rnl is the hydrogenic radial wave function ex
pressed in terms of the generalized Laguerre polynomi

The phase space of a classical atom, with Ham
tonian Hsr, pd  p2y2m 1 V srd, angular momentum
Lsr, pd  r 3 p, and periodtnl  n

21
nl in stationary

statesn, ld is populated according to the microcanonic
distribution [8,10]

r
c
nl dr dp  hhnnl h̄dsH 2 EddsjLj 2 Ldj

dr dp
s2p h̄d3 (8)

normalized tos2l 1 1d states in all of phase space. O
integrating over the momentum spacep and angular part
r̂ of the configuration spacer, the classical distribution is

r
c
nlsrd dr 

2l 1 1
tnl

2
Ùr

dr ,

where the radial speed is given bym Ùr2y2 
E 2 V srd 2 sl 1 1y2d2h̄2y2mr2. For the Kepler
atom (tnl  2pn3 a.u.) andr

c
nl (in a.u.) is

r
c
nlsrd 

1
pn3

"
2
r

2
1
n2 2

sl 1 1y2d2

r2

#21y2


1

pn3

1
Ùrsrd

. (9)

The quantal (7) and classical (9) radial probability de
sities are illustrated in Fig. 1. As in the textbook examp
of the harmonic oscillator, the classical distribution ha
singularities at the corresponding turning points given
the radii (in a.u.)

R6  n2h1 6 ej  n2h1 6 f1 2 sl 1 1y2d2yn2g1y2j .

(10)
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FIG. 1. Classical and quantal radial densities of probabili
of localization for the stationary state of the hydrogen ato
[E  21ys2 3 202d andl  8].

The classical distribution is zero outside the accessib
region, bounded byR6.

By using definition (1) the transition probability (3) can
be converted to the new form

Pif sqd  s2p h̄d3
Z

rnlsr, pdrp
n0l0sr, p 1 qd dr dp ,

(11)

where the quantal distributions in phase space are giv
by rqsr, pd  s2p h̄d23y2csrd exps2ip ? ryh̄dfpspd.
This form is now suitable for classical corresponden
obtained by replacing densitiesrq by the phase space
distributions (8). The basic definition of the classica
form factor is therefore given by (8) and (11). Th
physical significance is that the initial and final state
correspond to definite regions in phase space, popula
according to the microcanonical distribution (8), an
that the transition probability is given, in a geometri
sense, by the amount of overlap of these regions.
configuration space alone, the regions are spheri
shells with inner and outer radii given by Eq. (10)
the pericenter (R2) and apocenter (R1) of the Kepler
orbit.

Analytical expressions with explicit dependence o
q for quantal and classical probabilities fornl ! n0l0,
nl ! n0, n ! n transitions are developed in a separa
paper [8]. Rather than examining thel0 variation of (11)
for a given q, the key results are more readily deduce
and are easily transparent by investigating the probabil
for all momentum transfers

Fc
nl!n0l0 

Z
Pif sqd dq  s2p h̄d3

Z
R

dr r
c
nlsrdrc

n0l0srd ,

(12)

where R is the overlapping region in configuration
space defined by intersection of (R2

i , R1
i ) and (R2

f , R1
f )

intervals.
3413
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Insertingrsrd  4prcsrdr2 with (9) in (12) gives the
classical form factor (CFF)

Fc
nl!n0l0  2

s2l0 1 1d
n3n03

Z Rmax

Rmin

dryr2

ÙrisrdÙrfsrd
, (13)

where Rmin  maxsR2
i , R2

f d and Rmax  minsR1
i , R1

f d
define the bounds of the overlapping regionR. Different
overlap situations are illustrated in Fig. 2 for a represe
tative case. The gray region is the accessible region
the initial state and the curves are possible final state t
jectories. Transitions occur only when the final state tr
jectory penetrates the initial state accessible region. T
longer time spent by the electron on the final state traje
tory within the initial state accessible region, the bigger
the transition probability.

As l increases from zero to its maximum value fo
circular orbits,R2 increases from zero ton2, while R1

decreases from2n2 to the same valuen2. For final states
n0 .

p
2 n, then Rmax  R1

i for all values ofl0. Three
regions of overlap are then apparent and are, respectiv
accessed asl0 is increased.

Region I,R2
f , R2

i .—Here the overlap regionR ;
sR2

i , R1
i d is determined solely by the initial state and ha

spatial extent which remains constant asl0 is varied from
zero to some valuel1 whereR2

f  R2
i . There is always

an orientation of the final orbit which will then intersec
the initial orbit, as exhibited in Fig. 2, forsn  3, l  2d
andsn0  8, l0  0 2 2d orbits. Thel0 variation of (13)
is contained solely within the increasing integrandsÙrf d21.

Region II,R2
i , R2

f .—Here the overlap regionR ;
sR2

f , R1
i d includes thef pericenter and has spatial exten

which decreases, asl0 increases, eventually to zero when
R2

f  R1
i . In this region, the initial and final orbits can

intersect each other, as for thesn0  8, l0  4d orbit in
Fig. 2. The l0 variation of (13) results from variation
of both the increasing lower limitR2

f and the increasing
integrandsÙrfd21.

FIG. 2. Various final statesn0  8, l0  1 7d trajectories
and the initial accessible region corresponding tosn  3,
l  2d.
3414
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Region III, R2
f . R1

i .—Here the initial and final
trajectories no longer intersect, since the pericenter of
final state is greater than the apocenter of the initial sta
This region wheresi ! fd transitions do not occur, as
illustrated bysn0  8, l0  5, 6, 7d orbits in Fig. 2, is the
classically inaccessible region.

The boundaries between regions I and II and betwe
regions II and III occur, respectively, atl0  l1 where
R2

f sn0, l0d  R2
i sn, ld and atl0  l2 where R2

f sn0, l0d 
R1

i sn, ld. Thusl1 andl2 are given by√
l1,2 1

1
2

!2

 n2s1 7 ´d f2 2 s1 7 ´dn2yn02g , (14)

wheree is the eccentricityf1 2 sl 1 1y2d2yn2g1y2 of the
initial orbit.

Variation of the CFF (13), with final angular momen
tum l0 is then determined both by the lower integratio
limit Rmin (which is a constantR2

i in region I and in-
creases asR2

f in region II) and by the integrandsÙrf d21.
Figure 3 illustrates the general pattern. Asl0 is increased
from 0 to l1 (region I), the increase in CFF originate
purely from the increasing integrandsÙrfd21. As l0 is var-
ied from l1 to l2, the increasing integrand is offset by th
decreasing rangesR2

f , R1
i d of integration (region II). For

l2 , l0 , n 2 1, CFF is zero because transitions are n
classically allowed in region III.

At l0  l1 the trajectories touch only at their corre
sponding pericenters and CFF has a turning point s
gularity characteristic of classical descriptions. The ze
radial speed of the electron at the contact point of bo
initial and final orbits causes the infinite CFF (transitio
probability).

As is evident from Figs. 3–5, the agreement betwe
the classical and quantal results is excellent in region
even for small quantum numbers. In region II, the quan
results oscillate about CFF. Since classical motion
confined to a definite region, the dramatic fall for larg
l0 is steeper than that for the quantal case where sta

FIG. 3. Characteristic dependence of the inelastic form fac
on the final angular momentuml0, for fixed n s 3d, l s 2d,
andn0 s 8d. Classical calculations: solid line; quantal result
dots.
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FIG. 4. Classical (solid line) and quantal (dots) inelastic form
factor for transitions from state (n  35, l  30) to (n0  55,
l0  0 ! 54) states.

have exponential tails within the classical inaccessib
region III. As expected from correspondence principle
for the larger quantum numbers, the quantum form fact
tends to CFF, even in the regions II and III, as shown
Fig. 4. For quasielastic transitionsnl ! nl0 the classical
and quantal results are in excellent agreement for
angular momenta (Fig. 5). The quantal results exhib
maxima in the neighborhood ofl0  l1, l2 where CFF has
the classical singularities. The position ofl1 defined by
(14) in the limit of largel, where the eccentricitý ! 0,
is l1sl ! n 2 1d  n

p
2 f1 2 1y2snyn0d2g1y2 2 1y2, an

exquisite result for initial circular orbits. Forn0 ¿ n,
l1 tends from the bottom tol1sl ! n 2 1, n0 ¿ nd 
n
p

2 2 1y2, a key result in detailed agreement with
that previously derived from consideration of the quant
momentum-space overlap [4].

For small initial angular momentuml, e ! 1 and
l1 is then zero so that the maximum CFF is given b
l2sl ! 0d  2nf1 2 snyn0d2g1y2 2 1y2, appropriate
to highly eccentric initial orbits. In then0 ¿ n limit
then l2sl ! 0, n0 ¿ nd  2n 2 1y2. As the initial l
increases, there is therefore a slow variations2n !

p
2 nd

in the position l2 of the maximum of CFF, which is

FIG. 5. Classical (solid line) and quantal (dots) inelastic form
factor for quasielastic transitions fromn  20, l  10 state.
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pushed slightly to lower values. This theoretical predic
tion is also confirmed by the quantal results [4].

When the energyE0 of the final orbit is not sufficient to
accommodate the value ofl2 deduced above (n0 ,

p
2 n),

the peak in CFF (as in Fig. 5) is given byl1, provided the
initial l is large enough. When the finaln0 is sufficiently
small so that the lowerl1 cannot be accommodated,
i.e., l1 . n0 2 1, CFF and the quantal result exhibit a
monotonic increase confined to region I, which is alway
characterized by excellent agreement between quantal a
classical results.

In summary, the pattern exhibited by thel0 variations
(Figs. 3–5) is essentially identical with the quantal pa
tern. The positions of maxima of thel0 variation of CFF
depend strongly on the initialn and only weakly on the
initial l, in agreement with the quantal calculations [4]
which were restricted to certain cases. Excellent qua
titative agreement between classical and quantal resu
makes the classical form factor a very useful tool particu
larly at large quantum numbers (Rydberg atoms) whe
exact quantal results are not easy to obtain (either analy
cally or numerically) and to use, due to the highly oscilla
tory nature of the wave function. Although the emphas
here is on the electron form factors, the present analy
is applicable also to form factors for transitions betwee
rovibrational states of molecules.
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