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Sixth-Order Vacuum-Polarization Contribution to the Lamb Shift of Muonic Hydrogen
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The sixth-order electron-loop vacuum-polarization contribution to 2Re/,-2S;,, Lamb shift of
the muonic hydrogeny~ p™ bound state) is evaluated numerically. Our result is 0.007 608(1) meV.
This eliminates the largest theoretical uncertainty. Combined with the proposed precision mea-
surement of the Lamb shift it will lead to a precise determination of the proton charge radius.
[S0031-9007(99)08919-X]
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The muonic hydrogen, tha~ p* bound state, differs timelike. The first choiceq(Z < 0) leads to the integral
from the ordinary hydrogen atom in two important re- 47TZa
spects. One is that the vacuum-polarization effectis much AVE = ;P ——[-11(=¢)]. (3)
more important than other radiative corrections. The other (2 )
is that it is more sensitive to the hadronic structure of theHerep is equal topop — pas, p2r andpas being Fourier
proton. Thus it provides a means of testing aspects of QEyansforms of squares of nonrelativistic Coulomb wave
significantly different from those of the hydrogen atom. functions for the2P and2S$ states:

The muonic hydrogen has a long-lived metastable L
state. This makes it possible to measure 2Rg/-251 Paps) = ] d’rldapes)(F)lFe 4T (4)
Lamb shift to about a 10 ppm level using the phase- spac& . hei . btai
compressed muon beam technique [1]. At present, arrying out the integration we obtain
however, theoretical precision is limited to about 50 ppm. . 1 —a? .1 —3a%>+ 24" 5
This uncertainty comes mainly from the unknown P2% 7 (1 + 220 P27 T 2 ()

contribution AE© of the sixth-order electron vacuum-
polarization effect [2].

In this paper we report the result of our evaluation of
AE®. Our result is

wherea = |g|/(Zam,) and p,p is averaged over three
degenerate states.
The second choicegt > 0) gives rise to the integral

[2]

3
AE® = 0.120045(12) X m (Za)2<i> * B>
r ADE = (Z 2] dtu(t) m———, 6
= 0.007 608(1) meV, (1)  where
where Z =1 for the proton, a is the fine structure m,
constant, anh, is the reduced mass of the” p* system B = - =073738 76(30), (7)
3]: "
3] m m, is the electron mass [3], and
m, = ——"— = 94.964485(28) MeV, 1
my + mp u(r) = —1ImIl(g*> = tm). (8)
o
m, = 105.658389(34) MeV, (2)

Although Egs. (3) and (6) are analytically equivalent,

they are totally different from the viewpoint of numerical
mp = 938.27231(28) MeV. integration. Thus they provide a useful check whenever

We have also evaluated the main part’f© using both real and imaginary parts di are available. For
the Padé approximation of vacuum-polarization functiondiagrams containing several vacuum-polarization loops
[4]. The result (24) is in good agreement with the directin one Coulomb photon line, Egs. (3) and (6) must be
calculation (23). modified accordingly. Insertion of vacuum polarization

The contribution to the&P; »-25,/,, Lamb shift of the loops in several Coulomb photon lines can be handled by
muonic hydrogen due to the effect of the electron-loopthe nonrelativistic bound-state perturbation theory.
vacuum-polarization on a single Coulomb photon can be Let us first consider insertion of three second-order
expressed as an integral over the vacuum-polarizatiomacuum-polarizations in a Coulomb photon (see Fig. 1).
function I1(¢%). Here ¢ may be either spacelike or The contributionII(?%3(42) of this improper diagram

3240 0031-900799/82(16)/3240(4)$15.00 © 1999 The American Physical Society



VOLUME 82, NUMBER 16 PHYSICAL REVIEW LETTERS 19 ARIL 1999

FIG. 1. Three second-order vacuum-polarization diagrams in- 3 f i

serted in the Coulomb photon line exchanged by the muon an
the proton.

EIG. 2. Insertion of one second-order and one fourth-order
vacuum-polarization diagram in the Coulomb photon line

can be expressed in terms of the second-order vacuurﬁ’z(chamgeol by the muon and the proton.

polarization functionl®(4?) as

H029(g2) = 12T ©) g girir ofa
’ AUDEP4D — 0.046243(16) X m,(Za)}[ = ).  (16)
where I1? is known analytically and has the spectral .
function We also evaluatedA?E(P472) using the parametric-
42 2> integral form of I1® [6]:
T A e L
3 T q2 q2

3
(10) ADE(PD = 0,046 250(2) X m,(Za)2<i> .17
a

The real part oflI® in Eq. (3) can be obtained from
M(z)(t) through the dispersion relation. Subs“tu“ng The third contribution comes from the sixth-order

H(l’zi?’) in Eq (3) and eva|uating the integral numerica”y’ VaCUUm-pOIarizaﬂon ternﬂ[p4(1’2)] obtained by inserting
we find a second-order vacuum-polarization loop in the fourth-
3 order vacuum-polarization diagram (see Fig. 3). The
ADEP2) = 0.0062534(6) X mr(zay(ﬁ) . (1) form of T1Lr4(r2] convenient for numerical integration is
™ an integral over Feynman parameters [6]. This can be
(This and subsequent integrals are evaluated numerical§one easily by adapting to the Lamb shift the program
either on DEG or on Fuijitsu-VX of NWU, or on both, by  Written previously for the electrop — 2 [8]. This leads
the adaptive-iterative Monte Carlo subroutivesAs[5].)  tO
The result of the second method (6) agrees with (11): o\’
3 ADELPAPI] = 0013 628(6) X m,(Za)2<—) . (18)
AMEP23) = 0,0062539(10) ¥ m,.(za)z(i> . (12 T
& The MS renormalized imaginary part ofIl?4»2] js
Another evaluation ofAVE(P23) ysing the parametric- known in a two dimensional integral form [9]. Converting
integral form ofI1? given in Ref. [6] leads to it to the on-shell renormalized one and using Eq. (6), we
3 obtained
ADEP2Y — 0006253 8(8) X m,(Za)Z(a) . (13) 3
™ AUDELPAPIT = 0,013 626(1) X m,(Za)2<i) . (19
The next contribution comes from diagrams involv- .
ing one second-order and one fourth-order vacuum- The fourth contribution comes from the sixth-order
polarization insertion (see Fig. 2). This contribution isvacuum-polarization diagrams with a single electron loop.
given in terms of The exact form of this contribution is known only in a
4p2)r 2\ 2, Nt (4), 2 arametric-integral form [6]. Its imaginary part is not
i )(q ) =~ )(q ) )(q ), (14) gvailable in a form conve[ni]ent for numericalrz/vork. We
whereII® is the fourth-order vacuum-polarization func- have therefore evaluated it using Eq. (3) only. There are
tion [7]. Substitutingll® into Egs. (3) and (6) we obtain eight topologically distinct diagrams (see Fig. 4). Each
3 diagram can be written as a sum of various divergent
ADEP*P2) — 0.046248(5) X mr(Za)2<£) , (15) terms and a finite pardII®), wherei = a,b,...,h.
. After renormalization the sum of these diagrams is free
and | from any divergence and can be written as [6]

P9 = 2(ATI) + ATI®) + ATI®D + ATT®)) + ATI®Y + 4ATIC¢) + ATI®® + ATI®® — 4AB,1T¢
- Z[ABM + ALy, + 2ALy. + AByy + ALy + 2ALy, + %(A82)2:|H(2) — 2(A8may + ASmap)TT®,

(20)

whereAB,, ..., are finite parts of renormalization constants dh@ and I1 are renormalized vacuum-polarization
functions of second and fourth order, respectively** is the second-order vacuum-polarization function with a mass
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TABLE I.  Contributions to the2P,,,-2S;,, muonic hydrogen
Lamb shift from the sixth-order vacuum polarization diagrams
with a single electron loop. The overall facter(Za)*(a/7)3

is omitted. The second and third columns give results
of integration in double precision and quadruple precision,
respectively. Their difference is listed in column 4.

FIG. 3. Sixth-order vacuum-polarization diagrams with a Term  Doub. precis.  Quad. precis. Difference
\S;gg&nj%—_orggrri;/:gg#rgi-gorlggzsation inserted in the fourth-orderAE(@,) 0.044769(4) 0.044739(51) 0.000030(52)
P g ' AE©®P) 0.028 654(4) 0.028640(35) 0.000014(36)

AE®©) —0.025393(3) —0.025368(23) —0.000025(24)
AE®)  —0.026376(2) —0.026371(21) —0.000005(22)
insertion vertex. Precise definitions of these functionsAE®® 0.151356(4) 0.151 334(46) 0.000022(47)

are given in Ref. [10]. The numerical values of the AE®)  —0.067139(3)  —0.067144(30)  0.000005(31)
coefficients of 1@ 1@ andI12" are AE©)  0.019536(3)  0.019540(23) —0.000004(24)

AE®H 0.025877(2) 0.025858(22) 0.000019(23)

3 «
AB, = > &
2 4 7
3 2
o
AByy + -+ + E(ABz)2 = 0.871680(27) X (;) , of uncertainty ofon-the-computerenormalization [11].

) The excellent agreement between two calculations shows
o that the estimated error of the former is not signifi-
Admyq + Admyy = 1.906340(21) X (;) ; cantly affected by theligit-deficiencyproblem and can
21) be safely assumed to be mostly statistical. We therefore
choose the double precision value, which has higher
where the last two are new evaluations. The Lamb shifttatistics, as our best estimate:
contributions fromII®, 11@, and [1®* can be easily

3
obtained by numerical integration: ADEPO = 0.017410(9) x mr(Za)2(£> . (23)
a

2
AE®PY = 0.0459227(4) X m,(Za)2<i , ,
T As a cross-check, we also evaluatd@(”® using the

o Padé approximation of the vacuum-polarization function
AE'PY =0.01745283) X m,(Za)>—,  (22) from Ref. [4]. We did this using both methods | and
. Il. The [2/3] and [3/2] Padé approximations give nearly
AE(P? — Z0.0090018(2) X mr(Za)zi. identical results. Taking their average we obt?in
o
_ o , ADELS — 0.0174149025) X m,(za?| 2],
The Lamb shift contributionsAE(4) coming T
from the ultraviolet- and infrared-finite parts of diagrams 3
ATI®® . are numerically evaluated. The results are AUI)EI(,Z&? = 0.0174149(26) X mr(Za)2<£> )
summarized in Table I. The second and third columns list ™
the results of integration carried out in double precisionThese results are consistent with each other and agree
and quadruple precision, respectively. The purpose of thgith (23) to three significant digits, or within one standard
latter calculation is to see whether the former indicategjeviation of (23). Obviously either (23) or (24) has
sign of losing significant digits due to rounding off, which gyfficient precision as far as comparison with experiment
we call digit-deficiencyproblem and is the major source js concerned. Note, however, that the uncertainties given
in (24) are those resulting from numerical treatment of the
Padé approximation and do not include those caused by
the Padé method itself. It is argued in a separate paper
[11] that the uncertainty of the Padé model itself is about
0.001 percent and hence the true value will be found well
a b c d

within the uncertainties given in (24).

Thus far we considered only diagrams in which one
M@W@'.@,,M@N Coulomb photon line is modified by the electron-loop
- R vacuum polarization. Additional contributions of order

e g

o’ arise from the diagrams of Fig. 5 in which two
FIG. 4. Sixth-order vacuum-polarization diagrams with aand three Coulomb photons are modified by vacuum
single electron loop. polarization. Their contributions to the Lamb shift can

(24)
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to resolve the long-standing discrepancy between [16] and
[17]. The new value of2 will also play an important role
in testing the validity of QED in terms of high precision
measurements of the hydrogen atom [18]. Another impact
NONONX of accurate determination of,z, will be to stimulate
evaluation ofr2 from the lattice QCD more precise and
a b reliable than those available at present [19].
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*Electronic address: tk@hepth.cornell.edu
Electronic address: makiko@phys.nara-wu.ac.jp
[1] D. Tagquet al., Hyperfine Interact101/102, 599 (1996).

. . .. [2] K. Pachucki, Phys. Rev. A3, 2092 (1996).
In this calculation we used the reduced nonrelativistic [3] C. Casoet al., Euro. Phys. J. G, 1 (1998).

Coulomb Green function foS and 2P states given by [4] P.A. Baikov and D.J. Broadhurst, iNew Computing

3
AE(Fig. 5¢) = 0.002535(1) X m,(Zaz)2<%) :

Egs. (23) and (24) of Ref. [2]. _ Techniques in Physics Research Bdited by B. Denby
Collecting (11), (15), (18), (23), and (25), we obtainthe  and D. Perret-Gallix (World Scientific, Singapore, 1995),
total contribution to the Lamb shift (1) due to the sixth- pp. 167-172.
order vacuum-polarization effect. [5] G.P. Lepage, J. Comput. Phy&7, 192 (1978).
Evaluation of various lower-order contributions to the [6] T. Kinoshita and W. B. Lindquist, Phys. Rev. 27, 853
2P »-281» Lamb shift £ of the muonic hydrogen (1983).

are summarized in Ref. [2]. (K. Pachucki informed [7] G.Kallénand A. Sabry, K. Dan. Vidensk. Selsk. Mat. Fys.
us that F. Kottman pointed out that the sum of all Medd.29, No. 17, 1 (1955).
contributions listed in Ref. [2] was 206.049 meV, not [8] T. Kinoshita and W.B. Lindquist, Phys. Rev. 2%, 867

» . : (1983).
205.932 meV.) In addition we have obtained the hadronlc[g] K.G. Chetyrkin, A. H. Hoang, J. H. Kiihn, M. Steinhauser,

vacuum-polarization correction of 0.0113(3) meV follow- and T. Teubner, Euro. Phys. J.2C137 (1998).
ing Ref. [12]. These results and our result (1) lead to thg10] p. Cvitanovicand T. Kinoshita, Phys. Rev. R0, 4007
most precise theoretical prediction (1974).

L =1[206.068(2) — 5-1975&] meV, (26) [11] T. Kinoshita and M. Nio, Cornell University Report

wherer, is the proton charge radius in units of fm. The No. CLNS98/1599, 1998 and hep-ph/9812443.
"p P 9 ’ [12] J.L. Friar, J. Martorell, and D.W. L. Sprung, Los Alamos

uncertginty in the first term of (26) is our estimate of National Laboratory Report No. LA-UR-98-5728, 1998
theoretical error. _ - o and nucl-th/9812053.

To improve the theoretical prediction further, it is [13] R.N. Faustov, A. P. Martynenko, and V. A. Saleev, e-print
necessary to have a better estimate of the effect to  hep-ph/9811514.
the Lamb shift and hyperfine structure of the muonic[14] K. Pachucki, D. Leibfried, and T.W. Hansch, Phys. Rev.
hydrogen due to the proton’s internal structure beyond A 48 R1 (1993); K. Pachucki, M. Weitz, and T.W.
elastic form factors. Recently the proton polarizability Hansch, Phys. Rev. A9, 2255 (1994).
correction to the hyperfine structure of the hydrogen and!S] |- B. Khriplovich and R.A. Senkov, e-print physics/
muonic hydrogen was obtained [13]. There are als 9809022.

. . ?16] G.G. Simon, C. Schmidt, F. Borkowski, and V.H.
references for ordinary hydrogen and deuterium [14,15] Walther, Nucl. PhysA333, 381 (1980).

Unforyunately they are not dlrectly' applicable to theél?] L.N. Hand, D.J. Miller, and R. Wilson, Rev. Mod. Phys.
muonic hydrogen because of a very different energy scale. 35, 335 (1963).

Measurement ofL to 10 ppm, or 0.002 meV, will (18] Th. Udemet al., Phys. Rev. Lett79, 2646 (1997).
lead to improvement in the value of} by an order [19] T. Drapers, R. M. Woloshin, and K.-F. Liu, Phys. Lett. B
of magnitude over those determined from the elastic 234 121 (1990);D.B. Leinweber and T.D. Cohen, Phys.
scattering form factor measurements, making it possible  Rev. D47, 2147 (1993).

3243



