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Fractal Geometry of Rocks

A. P. Radliński,1 E. Z. Radlińska,2 M. Agamalian,3 G. D. Wignall,3 P. Lindner,4 and O. G. Randl4

1Australian Geological Survey Organization, GPO Box 378, Canberra, Australian Capital Territory 2601, Aus
2Department of Applied Mathematics, The Australian National University, GPO Box 4, Canberra,

Australian Capital Territory 0200, Australia
3Solid State Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831-6393

4Institut Max von Laue–Paul Langevin, 38042 Grenoble Cedex, France
(Received 6 August 1998)

The analysis of small- and ultra-small-angle neutron scattering data for sedimentary rocks shows tha
the pore-rock fabric interface is a surface fractalsDs ­ 2.82d over 3 orders of magnitude of the length
scale and 10 orders of magnitude in intensity. The fractal dimension and scatterer size obtaine
from scanning electron microscopy image processing are consistent with neutron scattering dat
[S0031-9007(99)08945-0]
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Owing to the limited size range over which the frac
properties are usually observed, the issue of the appa
fractal geometry of various natural objects is a contenti
one. In their critique of 96 recent reports on the fracta
of a wide range of physical systems, Avniret al. pointed
out the contradiction between the narrow range of
appropriate scaling properties for declared fractal obje
(centered around 1.3 orders of magnitude) and the pu
image of the status of experimental fractals [1], which
rocks has previously been based on limited experime
evidence (about 1.5 decades in length scale). A nota
exception is the x-ray study of Bale and Schmidt
coals (Ref. [2], 2 decades in length scale, 7.5 decade
intensity). In this study we extend the range of leng
scales studied for rocks to over 3 decades (10 decade
intensity) and show that sedimentary rocks are in fact
of the most extensive fractal systems found in nature.

Sedimentary rocks are formed from a mixture of o
ganic and inorganic debris deposited in an aqueous e
ronment, buried and compacted at elevated temperat
over geological periods of time. Remarkably, there
no percolation threshold observed in sedimentary roc
which indicates a microstructure more complex than o
originating from just a collection of compacted grain
According to the antisintering hypothesis of Cohen, t
rock/pore interface evolves by maximizing the intern
surface area in response to the secular equilibrium
tween the rock matrix and the formation brine [3]. Va
ous studies performed on rocks of different origin a
lithology over length scales in the range 20 Å to100 mm
have shown that sedimentary rocks are often effec
fractals [4]. Experimental tools used in these studies
clude molecular adsorption [5], microscopic techniqu
[6,7], and small-angle scattering (SAS) methods. S
methods are particularly well suited for testing the po
matrix interface: They are noninvasive, average over
entire sample volume, and include correlation inform
tion. Previous small-angle neutron and x-ray scatter
(SANS and SAXS) studies on shales [8–10] and sa
0031-9007y99y82(15)y3078(4)$15.00
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stones [7,9,11] demonstrated the surface fractal geom
of the pore-matrix interface in the scale range 20 Å
about 2000 Å.

Recent progress in neutron scattering instrumenta
enables one to access the microstructure of rocks
beyond the conventional SANSQ limit of Qmin ­ 3 3

1023 Å21. The 80-m SANS instrument D11 at ILL [12
has resolutionQmin ­ 8 3 1024 Å21 and the Bonse-Har
geometry USANS facility at ORNL [13] can probeQ
range down to2.5 3 1025 Å21. For periodic structures
this corresponds to the maximum size limit,2pyQmin,
of about 25 mm. For fractal systems, a full SANS
characterization of a particular size range requires ac
to lower Q values such thatQR , 1, and the minimum
size limit is about four micrometers. The advantag
of extending theQ range for both microstructural an
geochemical applications have been demonstrated
recent work on artificially pyrolyzed hydrocarbon sour
rocks [14].

In this work we used SANS instrument D11 at IL
(l ­ 4.5, 7, and 14 Å), USANS facility at ORNLsl ­
2.59 Åd and the 30-m SANS facility at ORNLsl ­
4.75 Åd [15]. The instruments cover theQ range2.5 3

1025 # Q # 0.3 Å21, which offers an opportunity to
study for the first time the microstructure of a natural ro
in the continuous range of sizes2 nm # R # 5 mm. In
this Letter we report SANS, USANS, and SEM resu
for a hydrocarbon source rock U116, originating fro
342.7 m depth in the Urapunga 4 well (Velkerri Fo
mation, MacArthur Basin, Northern Territory, Austral
[10]). Solid rock samples cut out in-bedding-plane we
used and the SANS spectra were fully isotropic [10].

SEM has been a major tool used in petrography, wh
not only helped to visualize the complexity of the ro
matrix, but also provided information used to demonstr
the fractal character of sedimentary rocks and determ
their fractal dimension for the first time [6]. Althoug
the small-angle scattering (SAS) techniques are be
suited for the latter purpose, only the combination of S
© 1999 The American Physical Society
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and microscopy provides a means to visualize the fra
structure, achieve the necessary scale coverage of
structural data (upper bound for SAS and lower bound
SEM) and cross check the results using two independ
techniques.

The specific surface area of surface fractals,s, scales
with the length scaler according tos ­ sxr22Ds , where
Ds is the fractal dimension. The prefactorsx can be
determined from the small-angle scattering data in
large-Q limit [16,17]:

sx ­
limQ!`fQ62Ds

dS

dV sQdg
pDr2r0FsDsd

, (1)

whereQ is the scattering vector,dS

dV sQd is the scattering
cross section,Dr is the scattering length density contras
r0 is mass density, andFsDsd ­

Gs52Dsd sinfs32Dsdspy2dg
s32Dsd .

In the large-Q limit, dS

dV sQd measured in the scatterin
experiment has the asymptotic form [8,18]:

dS

dV
sQd ! AsDsd 3 QDs26 1 . . . (2)

from which the surface fractal dimension,2 , Ds # 3,
can be directly determined. The amplitude, as calcula
by Bale and Schmidt [2] and modified by Wong an
Bray [17], isAsDd ­ pI0Dr2sxr0VFsDsd, whereI0 is a
constant determined by the incident intensity andV is the
sample volume. Real fractal objects scatter according
Eq. (2) only within a limitedQ range. Assuming that the
density-density correlation function decays exponentia
above the upper size limitj of the fractal object, the
following result is obtained [8]:

dS

dV
sQd ~ Q21Gs5 2 Dsdj52Ds f1 1 sQjd2gsDs25dy2

3 sinfsDs 2 1d arctansQjdg , (3)

which reduces to Eq. (2) in the large-Q limit, but saturates
in the regionQj ¿ 1. Since shales, even with significan
organic matter content, are perceived by neutrons
two phase [10], the two-phase approximation inherent
Eqs. (2) and (3) can be applied to interpret SANS data
organic-rich sedimentary rocks.

Behavior described by Eq. (3) is qualitatively sim
lar to the distortion of fractal scattering by the multip
scattering (MS) effects [19]. In order to test for MS an
refraction effects [20] (not detected), our preliminary me
surements were performed on samples of several th
nesses. The SANS curves obtained with instrument D
using long-wavelength neutronssl ­ 14 Åd show signi-
ficant dependence on sample thickness (Fig. 1), which
dicates pronounced MS effects. For strongly scatter
sedimentary rocks MS may be particularly misleading
the small-Q region, where there is a similarity betwee
the saturation caused by MS and the flattening out d
to the finite size of fractal scatterers [Eq. (3)].

In this study it was possible to thin down roc
samples until MS became irrelevant. Figure 2 sho
al
he
r
nt

e

d

to

y

s
n
r

-
k-
1

-
g

e

s

FIG. 1. SANS data acquired for various sample thicknes
(instrument D11, l ­ 14 Å). (A) t ­ 0.63 mm; (B) t ­
1.20 mm; (C) t ­ 3.09 mm; (D) t ­ 4.23 mm; and (E)t ­
7.4 mm.

the absolute scattering cross section for a 0.1 mm th
sample measured at three different neutron waveleng
4.5, 7, and 14 Å. The three experimental curves coinc
in the overlappingQ range. MS is evidently absen
as its contribution, inversely proportional tol2, would
otherwise deform different experimental curves to
different degree. The SANS experiments atl . 5 Å
and USANS experiments atl ­ 2.59 Å were performed
using samples about 1 mm thick with no significa
contribution from MS.

Figure 3 shows the absolute scattering cross sec
(in cm21) for rock U116, calculated from the com
bined SANS and USANS data. The experimental cu
shown in Fig. 3 represents the single-scattering cross
tion. The ORNL and ILL SANS data were calibrate

FIG. 2. SANS data acquired from a thin samp
st ­ 0.1 mmd using various neutron wavelengths. I
strument D11:l ­ 4.5 Å (circles), l ­ 7 Å (squares), and
l ­ 14 Å (triangles).
3079
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FIG. 3. Absolute neutron scattering cross section for r
U116. Experimental errors are less than the symbol size.

independently with no adjustable scale factors [21,22]
an excellent agreement was obtained. A flat scatte
background of0.13 cm21 (Fig. 2) was subtracted from
SANS experimental values. This value is most proba
dominated by the small-scale inhomogeneities, since
estimated incoherent scattering cross section on hydro
nuclei present in the organic matter and in formation w
ters is only about0.02 cm21. USANS data have bee
transformed to the point geometry by the means of L
technique [23] using formula (3) for fitting the experime
tal curves measured in the slit geometry.

The region of the power-law scattering in Fig.
extends over 3 orders of magnitude of the length sc
s6 nm # 2pyQ # 6 mmd and 10 orders of magnitud
of the scattering cross sections1021 # dSydV #

109 cm21d. Such an extent of fractal microstructure
a rock is remarkable, in particular when compared w
numerous other reports on the fractal properties of nat
systems [1]. The slope of23.18 obtained from a straight
line fit in the 1024 # Q # 1021 Å21 region correspond
to a surface fractal of dimensionDs ­ 2.82, which is
within the range of fractal dimensions found previously
Urapunga 4 source rocks [10]. From experimental data
obtain limQ!`fQ62Ds

dS

dV sQdg ­ 6 3 1025 ÅD26 cm21.
Substituting to Eq. (1)Dr2 ­ 8.41 3 1020 cm24 and
r0 ­ 2.45 gycm3 [10], we obtain the specific surfac
area for coverage with nitrogen gas (molecular cro
sectional area16.2 Å2, Ref. [16]) ss4 Åd ­ 17.5 m2yg.
This is within the range of the specific surface are
for shales determined using molecular adsorption te
niques, which vary from 10 to60 m2yg between depth
500–3500 m [24].

The departure of the scattering curve from straight l
in the ultra-small-Q region is real, although minima
3080
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The shape of scattering curve in this region varies
samples originating from various depths in the Urapun
4 core, indicating differences in the large-scale struct
of scatterers at various depths of burial. The solid cu
calculated for a single fractal component [formula (
j ­ 1.2 mm and Ds ­ 2.82] is shown for illustration
in Fig. 3. It was not possible to obtain a good fit
formula (3) over the entireQ range, and it is likely that
there is more than one fractal component in the syst
The value ofj for rock U116 could only be estimated t
be of the order of severalmm.

SEM images of the surface of sample U116 cleaved
bedding-plane are shown in Fig. 4. The surface text
is dominated by the illite clay particles and appea
rough at any length scale. For smallest magnificati
however, one can see images of roughly spherical obj
about 10–20 mm in diameter (Fig. 4A). Image C ha
been obtained from image A by digital enhancem
(increasing contrast) of the outlines of some of the
objects and serves as a guide for the eye only. The ob
size is close to the value ofj estimated from small-angle
scattering and, therefore, it is possible that these obj
are images of individual fractal scatterers.

In order to independently estimate the fractal dimens
and cutoff lengthj in sample U116 we used the manu
“feature” counting technique [6]. For surface fractals o
expects a power-law relationship between the aver
number of “features” per unit length,NyL, and the
“feature size,” R: NsRdyL ­ const3 R22Ds1 , where
Ds1 is the fractal dimension characterizing the analyz
one-dimensional region. It has been argued that
high porosity rocks, which break up mostly along t
preexisting pore-matrix interface, the fractal dimensi
measured by SANSsDsd and that obtained from the
image analysis of cleaved rock surfacesDs1d probe the
same structural features [6] and, therefore, should
identical. The feature counting results illustrated in Fig

FIG. 4. SEM images for U116 samples cleaved in-bedd
plane. (A) Magnification31000; (B) magnification33000;
(C) digitally enhanced image (A); (D) magnification310 000.
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FIG. 5. Variation of the average number of “features” w
feature size obtained from SEM images.

are consistent with the conclusions based on neu
scattering data.Ds1 is about 2.8 to 2.9 for length scale
smaller than about4 mm and, importantly, there is
marked dropoff of the number of features for leng
scales above4 mm, indicating a breakdown of the fract
properties which gives an estimated value ofj ø 4 mm.
This is consistent with severalmm estimated from the
onset of cutoff effects in USANS data.

In conclusion, using SANS and USANS we demo
strated that the pore-matrix interface in a natural hyd
carbon source rock is a surface fractal over three dec
of the length scale, from 6 nm to about4 mm. Such an
extent of the fractal properties in a natural system is
markable. In the region 0.7 to7 mm the fractal analysis
based on neutron scattering data is consistent with S
image processing results for the same rock sample.
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