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Sonic Band Gaps in Finite Elastic Media: Surface States and Localization Phenomen
in Linear and Point Defects
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The existence of surface states for sonic propagation in elastic band gap finite periodic systems
is shown in this Letter. These surface states slide and propagate the sound along the surface edge
as whispering galleries. We also experimentally observe such surface modes as well as localization
phenomena in linear and point defects. [S0031-9007(99)08907-3]
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Photonic band gap structures have been widely stu
in recent years [1–4]. A solid material that is transpar
to a radiation may turn opaque, for some forbidden f
quencies, by the appropriate modulation of the refrac
index in the material. Such modulation creates band g
for the propagation of modes (waves) inside the mate
and is analogous to Bragg reflections of electrons in so
[5]. In case of photonic crystals, bulk localized states h
been predicted and observed [6,7] as well as states lo
ized at the surface (surface states) have been calculate
For elastic band gap materials, there are a large numb
calculations for infinite periodic systems predicting ga
[9–13]. Moreover, the existence of full band gaps for
trasonic propagation of waves in an Al matrix filled up w
Hg cylinders has been recently demonstrated [14]. In
paper we show that surface state solutions are consub
tial with finite systems and exist for sonic propagation
finite elastic media. We also deal with several realizati
of structures for ultrasonic propagation in elastic media
observe such surface state modes and localization phe
ena in linear and point defects.

The wavelengths involved in elastic media when pro
gating ultrasounds (US) are in the range of millim
ters. This implies that the modulations in elastic mod
needed to produce band gaps and related effects, w
Bragg reflections are produced, are in the millimeter sc
Therefore, the involved technology consists of produc
simply millimeter details in the sample matrix. Recent
by drilling millimeter cylinders filled up with Hg in an
Al matrix, the existence of directional band gaps alo
the (100) and (110) directions, at theX andM symmetry
points, has been shown, as well as a full band gap has
detected [14]. This gap is in good agreement with theor
cal calculations [13]. Directional attenuation lengths w
also measured. For elastic media, there is a reason
amount of calculations for infinite systems [9–13]. Ho
ever, systems are not infinite and there are boundarie
metal-vacuum or air (for US vacuum or air does not m
ter given the large impedance mismatch between me
0031-9007y99y82(15)y3054(4)$15.00
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Therefore, under a proper choice of parameters, states
ing and propagating along the surface and localized in
normal to the surface, i.e., surface states, should app
These are analogous to electronic surface states in cry
[5] and to those calculated for photonic systems [8].

We proceed by describing the theory and equat
governing the problem of the wave solutions at boun
ary surfaces. The equation for elastic waves in inhom
geneous solids [9–13,15] is
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whereui
j is theith component of the displacement vect

usrd, lsrd, andmsrd are the so-called Lamé coefficient
rsrd is the density, andj describes the medium: airj  1,
elastic mediaj  2.

The longitudinal and transverse velocities for the h
mogenous case (l, m, r  const) are given by
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For fluids,m  0, and Eq. (1) becomes

≠2p
≠t2  l=

µ
=p
r

∂
(3)

by introducing the pressurep  2l=u.
Band structure and band gaps appear whenlsrd, msrd,

andrsrd vary periodically in the elastic media. Howeve
at the band gaps, surface states appear when boun
conditions are imposed at the pointsrs describing the
interface air-elastic media. These boundary conditio
state the continuity of the displacements

ui
lsrsd  ui

2srsd (4)

and the continuity of the integral of Eq. (1) along th
© 1999 The American Physical Society
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(5a)

wherei  1, 2 andsx1, x2d  sx, yd for a 2D system.
Notice that for fluids,m  0, and if l1 ø l2, case of

air metal, then Eq. (5a) becomes

≠ul
2

≠xl
ø 0 . (5b)

By Fourier transforming Eq. (1), one obtains the se
lar equation linking the frequenciesv to the reciprocal
vectors G that by Floquet-Bloch’s theorem defines th
band structure in elastic media [9–13].

The boundary conditions (4) and (5) along with Eq. (
provide solutions that are localized at the interfaces
propagate along them.

We have solved these equations, for the casem  0,
in 2D and found the surface states localized inkx

and propagating inky for values of the wave vecto
kx  2fGs0, 1dy2g 1 id describing the Bragg reflectio
sGy2d, with the localization length given byd21 and
ky ø Gs1, 0dy2 (see Ref. [16]). It reads

ux  Ae2dx cos

µ
G
2

x 1 f

∂
eikyy , (6)

wheredsvd and fsvd are defined by the boundary con
ditions (5) andA is a normalization constant. Figure 1(
shows the band structure for air cylinders immersed
water with a filling factorf  0.3, which means that30%
of the volume is air. The bands are for theG-X and
G-M directions. Figure 1(b) shows the surface states
satisfy boundary conditions located atrssx0, yd as sweep-
ing the unit cell. There is a surface state for eachx0 at the
X symmetry point. This state develops in a band asky in-
creases from 0 toGs1, 0dy2. Analogously, by symmetry
there are surface states localized iny and propagating inx
for the boundaryrssx, y0d and described by the same sol
tion (6), wherex ! y andkx ! ky and vice versa. The
inset of Fig. 1(b) shows the region populated by surfa
states with decay lengthd21. The maximumd is related
to the band gap width. The larger the band gap wid
the larger the maximumd. For the sake of simplicity, we
have presented results form  0. However, the same re
sult should hold for the most general casem fi 0 as has
been discussed in laminar composites [17].

In order to prove experimentally the above results,
have used the Al-Hg composite samples previously
scribed [14]. The specific acoustic impedance of b
Al host and Hg scatterers are18.2 3 106 and 19.7 3

106 kgm22 s21, respectively. Thus, the contrast in acou
tic impedance is small. Band gaps appear even tho
there is not a strong impedance contrast. We have c
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FIG. 1. (a) Shows the band structure for air cylinders i
mersed in water along theG-X andG-M directions. It is shown
that a big full band gap exists in agreement with previous
culations [10]. In (b) we present the surface states at thX
point that satisfy the boundary conditions (4) and (5a) atx0: in
this case both of them are equivalent to (5b). The inset sh
the localization of the surface states around elastic media
the schematic decay of the displacementsux anduy that extend
in the fringed21.

pled an US piezoelectric transducer to the sample as
dicated in the inset of Fig. 2, launching a monochroma
wave at the frequency of 0.75 MHz, in the middle of t
strong directional gap along the (100) direction. The
bration amplitude of the elastic waves were scanne
the x-y surface of the sample by means of a broadb
needle hydrophone coupled to the sample by a thin la
of a coupling liquid, as described elsewhere [14]. In t
case, a surface state should be localized in they direction
and propagating in thex direction. As discussed abov
by symmetry, other surface states exist propagatingy
and localized inx [see inset of Fig. 1(b)]. Because of th
small size of the transducer, it also produces waves pr
gating alongy that, at gap frequencies, should locali
in x. Figure 2 shows the amplitude record of an Al-H
composite plate with a40% mercury filling ratio, with the
diameter of the cylinders of 2 mm and the unit cell leng
a  2.8 mm. The scanned surface is15 3 23 mm2. The
width, in thex direction, of the exciting transducer surfa
is 5 mm. The distance from the plate plane boundary
the centers of the first mercury cylinder row is 3 mm.

The recorded amplitude signal (Fig. 2), measured al
x andy at the interfaces, shows a clear propagation al
3055
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FIG. 2. A 3D contour plot of the surface amplitude scan
the metallic composite of the inset when a monochrom
excitation wave of 0.75 MHz was launched from one cor
of the sample. Notice the appearance of clear surface s
along the boundaries and a week penetration along the (
direction. This last weak propagation appears because, a
excitation frequency, the attenuation along the (110) direc
is less than along the (100) direction. The inset indicates
corresponding geometry and the coupled hydrophone (CH)

FIG. 3. Surface amplitude scan of a metallic compos
with an L-shaped linear defect. The excitation frequency
0.75 MHz. Note that the radiation is guided along the path f
of holes (superimposed lines indicate the path free of ho
The lateral penetration along the (010) direction affects o
the first row of cylinders. At the corner of the L-shaped pa
the radiation comes slightly in the composite along thes1, 1, 0d
and s1, 21, 0d directions. The inset shows the geometry a
the transducer position.
3056
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lateral surfaces. The signal amplitude is larger at
interfaces and dies off exponentially in the elastic med
The decay length is larger in the (110) direction than
the (100) direction, in agreement withd values:d21

100 ø
2a, d

21
110 ø 3.5a, as measured. The reason we used

cylinders in Al matrix is not only for scientific convenienc
but also to have the signal always contained in the ela
sample. No transmission to surrounding air exists beca
of the large mismatch of elastic moduli [17]. This wou
permit directing sound and US and redistributing so
signals. Recent experiments about sound gaps [18] h
found directional gaps that would also be enough to s
the sound along the surface of the studied structure.

On the other hand, as an example of a linear def
in Fig. 3 we present the propagation of US when t
rows of Hg cylinders are missing according to an
shaped structure (see inset of Fig. 3). A monochrom
0.75 MHz excitation signal, corresponding to the cen
of the band gap along the (100) main symmetry directi
was launched along the missed rows scanning the vibra
amplitude at thex-y surface of the sample. The activ

FIG. 4. A 3D contour plot of the surface amplitude scan
a metallic composite with a point defect. A cylinder has be
substituted by a piezoelectric vibrator excited at a freque
of 0.75 MHz. Note the strong localization of the wave (top
The left inset is the direct surface amplitude scan. The ri
inset indicates the vibrator position in the lattice. A 3D conto
plot of a surface amplitude scan when the vibrator excites
sample at a frequency of 1.3 MHz, clearly out of the gap,
shown at the bottom of the figure. Note the expected sprea
of the ultrasonic wave in this case.
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aperture of the transducer is 3 times the width of the p
free of holes. In this experiment, the radiation is guid
along the path free of holes and is able to illuminate
right arm of the L-shaped path.

We have also dealt with localized states. With this a
we have substituted one Hg cylinder by a piezoelec
vibrator that we have excited at a frequency of 0.75 MH
within the band gap, and at 1.3 MHz, clearly outside t
gap. Scans of the vibration amplitude at thex-y surface
sample were performed. Results are presented in Fig
In the first case, the frequency is in the middle of t
gap. Consequently, the localization of the wave stron
appears. See Fig. 4 (top) and its insets. The w
localization at frequencies in the center of the full g
is isotropic. As far as the frequency is increased up to
edge of the full band gap, the exponential decaying len
linearly increases. At a wave frequency far away from
gaps, as it is expected, the wave is completely delocal
spreading out (Fig. 4, bottom). This experimental se
can also be used to study in detail unsettled question
classical wave localization in 2D random systems.
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