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We consider the parametric excitation of a Langmuir wave and an electromagnetic wave by
gravitational radiation, in a thin plasma on a Minkowski background. We calculate the coupling
coefficients starting from a kinetic description. The growth rate of the instability is thus found. The
Manley-Rowe relations are fulfilled only in the limit of a cold plasma. As a consequence, it is generally
difficult to view the process quantum mechanically, i.e., as the decay of a graviton into a photon and a
plasmon. Finally we discuss the relevance of our investigation to realistic physical situations and presen
an example. [S0031-9007(99)08933-4]
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The state of matter in regions where general relativis
treatments are desirable is often the plasma state. Ne
theless, plasma physics and general relativity are q
distinct areas of physics, and accordingly there are c
paratively few papers using a general relativistic fram
work which include the electromagnetic forces in th
treatments. However, there are a few exceptions to
rule (see, for example, Refs. [1–5]), where the plasma
namics in a strong gravitational field is considered [1], re
tivistic transport equations for a plasma are derived [2
general relativistic version of the Kelvin-Helmholtz the
rem is derived [3], photon acceleration by gravitational
diation is considered [4], and gravitational wave effects
conducting matter are studied [5]. Omission of the el
tromagnetic effects for a plasma subject to gravitatio
forces is possible because gravity alone does not sep
the charges, and in many cases the plasma can be tr
as a neutral fluid, in spite of its electromagnetic propert

In this Letter we consider a simple model problem th
has two interesting properties: Firstly, the process of
vestigation requires a general relativistic description
the plasma dynamics to occur, and, secondly, we dem
strate the possibility of charge separation induced by
gravitational effects. We start from a monochroma
gravitational wave propagating through a thin plasma
perimposed on a flat background metric, and consider
parametric excitation of a plasma wave and an elec
magnetic wave. This means that we perform an exp
sion of the governing equations in two small parametere

andh, and we only keep terms up to ordereh. Heree

andh are proportional to the electromagnetic and grav
tional wave amplitudes, respectively. The plasma wave
with an increasing amplitude due to the above mentio
mechanism—undergoes charge density oscillations. T
the parametric excitation process—which of course has
Newtonian analog—shows that, although nodirectcharge
separation can be caused by gravitational forces,indirectly
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charge density perturbations may grow due to the grav
tional and electromagnetic interaction. Theoretical asp
of our problem, i.e., satisfaction of the Manley-Rowe r
lations and the possibility of a quantum interpretation
the interaction, and the relevance of our model problem
realistic physical situations will be discussed at the end
this Letter.

The Vlasov equation for the distributionf ­ fsxm, pad
(where m, n, . . . ­ t, x, y, z and a, b, . . . ­ x, y, z) reads
[6]

pt≠tf 1 pa≠af 1 sqgmnFampn 2 ptGad≠pa f ­ 0 ,

(1)

where Ga ; Ga
mnpmpnypt , and this is coupled to

Maxwell’s equations

Fmn
;n ­ m0jm

;
X
p.s.

m0q
Z

fsxn , padpmjgj1y2jptj
21d3p , (2a)

Ffmn,sg ­ 0 , (2b)

where p.s. stands for particle species. Here we h
introduced the invariant measuresjgj1y2yjptjdd3p on the
surface in momentum space, wheregmnpmpn ­ 2m2, m
being the mass of the particle in question, and we usg
to denote the determinant of the metric. The gravitatio
field, represented by the Christoffel symbolsG

m
ns in the

Vlasov equation, is assumed to be generated by s
outside source. The plasma itself is assumed to gene
a much weaker gravitational field.

Next we assume the presence of a small amplit
gravitational wave, and we use the transverse trace
gauge. The line element then takes the form [7]

ds2 ­ 2dt2 1 s1 1 h1d dx2 1 s1 2 h1d dy2

1 2h3 dx dy 1 dz2, (3)
© 1999 The American Physical Society
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where h1 ­ h1sud, h3 ­ h3sud, with u ; z 2 t, and
jh1j, jh3j ø 1. The mass of a particle with momentu
pm is defined asm ; jgmnpmpnj1y2. From this,pt may
be expressed aspt ­ hm2 1 dabpapb 1 h1fspxd2 2

spyd2g 1 2h3pxpyj1y2. Computing the Christoffel sym
bols of the gravitational wave (3), the Vlasov equ
tion (1) for the unperturbedsFmn ­ 0d distribution f ­
fst, xa, pbd becomes

≠f
≠t

1
pa

pt

≠f
≠xa

2 Ga ≠f
≠pa

­ 0 , (4)

where Gx ; s21 1 pzyptd s Ùh1px 2 Ùh3pyd, Gy ;
s21 1 pzyptd s Ùh3px 2 Ùh1pyd, G z ; hfspyd2 2

spxd2g Ùh1 2 2pxpy Ùh3jys2ptd, and Ùh ; dhydu. Ex-
panding pt according topt ø pt

s0d 2 F , where F ;
hh1fspyd2 2 spxd2g 2 2h3pxpyjys2pt

s0dd, and pt
s0d ­

sm2 1 dabpapbd1y2, the Vlasov equation becomes

≠f
≠t

1

√
1 1

F

pt
s0d

!
pa

pt
s0d

≠f
≠xa

2 Ga ≠f
≠pa

­ 0 . (5)
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For simplicity we let the gravitational wave be
monochromatic, i.e., h ­ h̃ expfisk0z 2 v0tdg 1 c.c.,
with the dispersion relationk0 ­ v0. We divide f
according tof ­ fSJspad 1 fgst, z, pad, where the equi-
librium distribution fSJ in the absence of a gravitationa
wave is taken to be the Synge-Jüttner distribution [8], a
fg ­ ffg expfisk0z 2 v0tdg is the perturbation induced
by the gravitational wave—which is assumed to fulfi
fg ø fSJ. From Eq. (5) we find

ffg ­ 2
Gas≠fSJy≠pad

isv0 2 k0pzypt
s0dd

(6)

to first order in the amplitude.
Next we assume the presence of electromagnetic p

turbations with frequency and wave numbersv1, k1d as
well as electrostatic perturbationssv2, k2d. The frequen-
cies and wave numbers are supposed to satisfy the r
nance conditionsv0 ­ v1 1 v2 andk0 ­ k11k2. The
vectorsk1 andk2 span a plane, and we choose they axis
to be perpendicular to this plane, i.e.,k1 ­ kx

1 bx 1kz
1bz and

k2 ­ kx
2 bx 1kz

2bz. Including the electromagnetic field, ex
panding Eq. (5) to first order inh, and writing all terms
proportional toh on the right-hand side, Eq. (5) become
≠fng

≠t
1

pa

pt
s0d

≠fng

≠xa
1 q

√
2Fat 1

1
pt

s0d
dbcFacpb

!
≠fng

≠pa

­ 2
F

spt
s0dd2

pa ≠fng

≠xa
1 Ga ≠fng

≠pa
2 q

√
2Fat 1

1
pt

s0d
dbcFacpb

!
≠fg

≠pa

2

(
q

pt
s0d

f2h1sFaxpx 2 Faypyd 1 h3sFaxpy 1 Faypxdg

)
≠fSJ

≠pa
, (7)
the
is

w

re-
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we

t

where we have introducedfng defined byfng ­ f 2 fg.
Furthermore, we need two components of Faraday’s
Expanding Eq. (2b) to first order in the amplitudeh, we
obtain

≠tF
xy 2 ≠yFtx 1 ≠xFty ­ h3s2≠xFtx 1 ≠yFtyd

1 h1s≠yFtx 1 ≠xFtyd ,

(8a)

≠tF
yz 2 ≠zFty 1 ≠yFtz

­ h3s≠zFtx 2 ≠tF
xzd 1 h1s≠zFty 1 ≠tF

yzd

1 Ùh3sFtx 1 Fxzd 2 Ùh1sFty 1 Fyzd . (8b)

In what follows, we will puth1 ­ 0; i.e., we choose
a specific polarization of the gravitational wave. It tur
out that such a gravitational wave does not couple
linearly polarized electromagnetic wave with magne
field in they direction. Thus we assume the electrom
netic wave to have the opposite polarization, i.e.,Fyt , Fxz ,
and Fyz are the only electromagnetic components to
different from zero in the linear approximation. Sim
larly, Fzt andFxt are the only nonzero electrostatic co
w.

a
c
-

e

-

ponents of the field tensor. We then dividefng accord-

ing to fng ­ fSJspad 1 gfemst, pad expfiskx
1 x 1 kz

1z 2

v1tdg 1 ffesst, pad expfiskx
2 x 1 kz

2z 2 v2tdg, where the
time dependence of the amplitudes, which is due to
parametric interaction with the gravitational wave,
assumed to be slow, such that≠t ø v. In the linear
approximation (i.e., no gravitational coupling) the slo
time dependence vanishes, and Eq. (7) gives

gfl
em ­ 2

qeFyt

i bv1

≠fSJ

≠py , (9a)

ffl
es ­ 2

qeFat

i bv2

≠fSJ

≠pa
(9b)

for the electromagnetic and electrostatic perturbations
spectively. Here we havebvi ; vi 2 ki ? pypt

s0d, where
the scalar product is Euclidean. Considering the part
Eq. (7) varying as expfiskx

2 x 1 kz
2z 2 v2tdg, using linear

approximations for the factors on the right-hand side,

obtain ffes ­ ffl
es 1 ffnl

es . The linear contribution is given
by (9b), by replacingv2 by v2op ; v2 1 i≠t (since
≠t ø v2, division by v2op can be calculated by a firs
3013
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order Taylor expansion) and the nonlinear contribution is found to beffnl
es ­ Ces

eh3
eFytp, where

Ces ­
q

i bv2

(
pxpyk1 ? p
spt

s0dd3 bv1

≠fSJ

≠py 1 v0Gop

√
1bv1

≠fSJ

≠py

!

1

"√√√
1 2

1
pt

s0d

√
p ? k1

v1

!!!!
≠

≠py 1
py

v1pt
s0d

√
kx

1
≠

≠px
1 kz

1
≠

≠pz

!# "
v0bv0

sGopfSJd

#
1

kz
1px

pt
s0dv1

≠fSJ

≠pz

)
, (10)
ati

e

ith
and Gop ; sGayiv0h3d≠pa ­ s1 2 pzypt
s0dd spy≠px

1 px≠py d 1 spxpyypt
s0dd≠pz . By combining Eqs. (10)

and (2a) we then find

´Lsv2op, k2deFes ­ C1h̃3F̃ytp, (11)

where the longitudinal dielectric permittivitýL is given
by [9]

´L ­ 1 1
m0q
k2

X
p.s.

Z 1bv2op

≠fSJ

≠p
d3p , (12)

the coupling coefficientC1 is found to be

C1 ­
m0q
ik2

X
p.s.

Z
Cesd

3p , (13)

p ­ fspxd2 1 spyd2 1 spzd2g1y2, k2 ­ fskx
2 d2 1

skz
2d2g1y2, and eFes ­ fseFxtd2 1 seFztd2g1y2. In deriv-

ing Eqs. (11) and (12) we have used the electrost
mode as longitudinal, i.e.,eFxtyeFzt ­ kx

2 ykz
2 .

Next we turn to the part of (7) varying as expfiskx
1 x 1

kz
1z 2 v1tdd. Again, using linear approximations for th

right-hand side, we obtaingfem ­ gfl
em 1 gfnl

em, wheregfl
em

is given by (9a) (naturally by replacingv1 with v1op),
-
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)
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r to
co
ral

us-

3014
c

andgfnl
em is found to begfnl

em ­ Cemeh3
eFp

es, where

Cem ­
q

i bv1

(
v0Gop

√ bkx
2bv2

≠fSJ

≠px
1

bkz
2bv2

≠fSJ

≠pz

!

2

√bkx
2

≠

≠px
1 bkz

2
≠

≠pz

! "
v0bv0

GopfSJ

#

2
pxpyk2 ? p

spt
s0dd3

√ bkx
2bv2

≠fSJ

≠px
1

bkz
2bv2

≠fSJ

≠pz

!)
.

(14)

Eliminating linear terms proportional toFyz andFxy with
the help of Eqs. (8b) and (8a), Eq. (2a), together w
(14), gives

Dsv1op, jk1jdeFyt ­ C2h̃3F̃p
es , (15)

where the dispersion functionDsv1op, jk1jd for the elec-
tromagnetic wave is given by [9]

Dsv1, jk1jd ­ 1 2
k2

1

v
2
1

1
m0q2

v1

X
p.s.

Z pybv1

≠fSJ

≠py
d3p ,

(16)
and the coupling coefficientC2 is found to be
C2 ­
im0q
v1

Z "
py

pt
s0d

√√√
Cem 1

qpxpy

ispt
s0dd2

√
kx

2

k2 bv2

≠fSJ

≠px
1

kz
2

k2 bv2

≠fSJ

≠pz

!!!!#
d3p 1

k2xk2
1

k2v
2
1

. (17)
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The operators ´Lsv2op, k2d and Dsv1op, jk1jd
can be expanded according tó Lsv2op, k2d ­
´Lsv2, k2d 1 s≠v2 ´Ldi≠t and Dsv1op, jk1jd ­
Dsv1, jk1jd 1 s≠v1 Ddi≠t. Assuming that the dis
persions relations for the Langmuir wave and
electromagnetic wave are exactly fulfilled, we
´Lsv2, k2d ­ Dsv1, jk1d ­ 0. Equations (11) and (15
are then written as

≠eFes

≠t
­ C1

eh3
eFytp

s≠´Ly≠v2d
, (18a)

≠eFyt

≠t
­ C2

eh3
eFp

es

s≠Dy≠v1d
. (18b)

As can be seen, generally the expressions (13) and (1
the coupling coefficients are very complicated. In orde
get transparent formulas, we present the result for a
electron plasma with immobile ions constituting a neut
izing background. LettingfSJ ! d3spd, taking the cold
limit of the dispersion relations (12) and (16), and
or

ld
-

ing the resonance conditions, the coupling coefficients
come C1 ­ C2 ; C ­ 2ik2xv0yk2v1. Applying these
expressions, combining (18a) and (18b), and noting
h̃3 is a constant, the growth rateg for the Langmuir wave
and the electromagnetic wave is given by

g2 ­

√
k2xv0

k2v1

!2
v1vp

4
jeh3j2. (19)

wherevp ­ sn0m0e2ymd1y2 is the plasma frequency, an
n0 is the unperturbed number density of electrons. Si
we have not included dissipation of the wave mod
the threshold value for the instability is zero. Howev
it is straightforward [10] to calculate the threshold b
including appropriate damping mechanisms for the de
products.

The fact that the same coupling coefficientC appears
in Eqs. (18a) and (18b) for a cold plasma means t
the Manley-Rowe relations [10] are fulfilled for that cas
These relations usually follow from an underlying Ham
tonian structure of the governing equations, and ens
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that each of the decay products takes energy from
pump wave in direct proportion to their respective fr
quencies. Thus fulfillment of the Manley-Rowe relatio
means that the parametric process can be interpreted q
tum mechanically; i.e., we can think of the interaction
the decay of a graviton with energȳhv0 into a photon
with energyh̄v1 and a plasmon with energȳhv2. How-
ever, we stress that this interpretation is not always p
sible [11]. When thermal effects are taken into accou
the coefficientC1 in (18a) is generally different from the
coefficientC2 in (18b). Thus we obtain the rather surpri
ing result that the simple graviton interpretation (i.e., th
the gravitational wave is built up of quanta with ener
h̄v0) of the gravitational field is not always applicable.

There are two main conclusions which can be dra
from our calculations: First, wave-wave interactions c
lead to energy transfer from gravitational to electroma
netic degrees of freedom, and vice versa. Second, ch
separation and corresponding electrostatic fields may
cur as a result of such interactions. However, as a s
ing point, we made quite strong idealizations, and ther
considered somewhat of a model problem. Still we th
that our process can occur in a realistic physical s
ation, as will be demonstrated by the following examp
Consider a binary system of two equal massesm ­ 3MØ

separated by a distance of six Schwarzschild radiir ­
12Gmyc2. The frequency of the emitted gravitation
waves is of the orderv0 * 104 radys. It is difficult to ob-
tain a precise value of the amplitudeh̃3, but an estimate
can be obtained by considering two point masses se
rated by a fixed distance. Theñh3 , Gmr2v

2
0ys2c4Rd,

whereR is the distance from the system. At a distan
of 1y60 a.u. (i.e., roughly 10 earth-moon distances), t
implies h̃3 , 1026. Choosing the electron number de
sity asn0 ­ 5 3 103 m 23 and the temperature asT ­
10 eV, the growth rate given by (19) isg , 1022 s 21.
(The plasma parameters chosen correspond to low-de
undisturbed interstellar matter (ISM). If one assumes t
the black hole pair moves through the ISM with hig
speed (a few hundred kmys), the plasma density at th
distance 1y60 a.u. can be unaffected by a Bondi-type
flow [12].) Comparing the growth rate with the deca
rate due to collisional or Landau damping [10], we no
that the gravitational amplitude is orders of magnitu
above threshold, in spite of the comparatively large d
tance from the source that was chosen.

Other examples of events that would produce cons
erable amounts of gravitational radiation are superno
and black hole and neutron star formations. Howev
in these processes the expected gravitational radia
is very incoherent and broadband (although there
calculations predicting highly monochromatic emissio
of gravitational waves for certain types of neutron s
formation [13]). Some estimates of the effects due to s
tering of gravitational waves in supernovas have been
sented by Binghamet al. [14]. See the review by Thorne
e
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[15] for characteristic values of the amplitudes, freque
cies, and duration times for the processes discussed ab

The parametric process considered in this Letter can
thought of as a gravitational analog of Raman scatter
where the electromagnetic pump wave has been repla
by a gravitational wave. Similarly, we can imagine th
a gravitational analog of Compton scattering may occ
Such a process requires a kinetic treatment, and coul
described within our formalism without very much ext
difficulty. Gravitational waves may also be subject
four-wave processes such as modulational instabilities

Finally, we note that, if we increase the plasma de
sity, a more effective transfer of gravitational energy—
compared to our example—can be obtained. This is c
sistent with the resonance conditions, if we instead c
sider excitation of MHD waves, since the eigenfrequen
of such waves decreases with density.
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