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Parametric Excitation of Plasma Waves by Gravitational Radiation
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We consider the parametric excitation of a Langmuir wave and an electromagnetic wave by
gravitational radiation, in a thin plasma on a Minkowski background. We calculate the coupling
coefficients starting from a kinetic description. The growth rate of the instability is thus found. The
Manley-Rowe relations are fulfilled only in the limit of a cold plasma. As a consequence, it is generally
difficult to view the process quantum mechanically, i.e., as the decay of a graviton into a photon and a
plasmon. Finally we discuss the relevance of our investigation to realistic physical situations and present
an example. [S0031-9007(99)08933-4]
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The state of matter in regions where general relativisticharge density perturbations may grow due to the gravita-
treatments are desirable is often the plasma state. Neveienal and electromagnetic interaction. Theoretical aspects
theless, plasma physics and general relativity are quitef our problem, i.e., satisfaction of the Manley-Rowe re-
distinct areas of physics, and accordingly there are comations and the possibility of a quantum interpretation of
paratively few papers using a general relativistic frame+the interaction, and the relevance of our model problem to
work which include the electromagnetic forces in theirrealistic physical situations will be discussed at the end of
treatments. However, there are a few exceptions to thithis Letter.
rule (see, for example, Refs. [1-5]), where the plasma dy- The Vlasov equation for the distributigh= f(x*, p%)
namics in a strong gravitational field is considered [1], rela{where w, v,... = t,x,y,z anda,b,... = x,y,z) reads
tivistic transport equations for a plasma are derived [2], 6]
general relativistic version of the Kelvin-Helmholtz theo- a apw v o ta _
rem is derived [3], photon acceleration by gravitational ra- prouf + pdaf + (g8 F*p PGy =0,
diation is considered [4], and gravitational wave effects in 1)
conducting matter are studied [5]. Omission of the elecyhere G = re,ptp”/p', and this is coupled to
tromagnetic effects for a plasma subject to gravitationaljaxwell’'s equations
forces is possible because gravity alone does not separate
the charges, and in many cases the plasma can be treatdd ., = moj”
as a neutral fluid, in spite of its electromagnetic properties.

In this Letter we consider a simple model problem that => g [ G pplgl Plpd '@ p, (2a)
has two interesting properties: Firstly, the process of in- p-s
vestigation requires a general relativistic description of F ~0 b
the plasma dynamics to occur, and, secondly, we demon- [ur.o] ’ (2b)
strate the possibility of charge separation induced by thevhere p.s. stands for particle species. Here we have
gravitational effects. We start from a monochromaticintroduced the invariant measuti|'/2/| p;|)d*p on the
gravitational wave propagating through a thin plasma susurface in momentum space, whetg, p#“p” = —m?, m
perimposed on a flat background metric, and consider theeing the mass of the particle in question, and we gise
parametric excitation of a plasma wave and an electroto denote the determinant of the metric. The gravitational
magnetic wave. This means that we perform an exparfield, represented by the Christoffel symbdlés in the
sion of the governing equations in two small parameters Vlasov equation, is assumed to be generated by some
and n, and we only keep terms up to ordey;. Heree  outside source. The plasma itself is assumed to generate
andx are proportional to the electromagnetic and gravitaa much weaker gravitational field.
tional wave amplitudes, respectively. The plasma wave— Next we assume the presence of a small amplitude
with an increasing amplitude due to the above mentionedravitational wave, and we use the transverse traceless
mechanism—undergoes charge density oscillations. Thugauge. The line element then takes the form [7]
the parametric excitation process—which of course has no 2 2 2 2
Newtonian analog—shows that, althoughdiect charge ds” = —di” + (1 + he)dx” + (1 = hs)dy
separation can be caused by gravitational foricekrectly + 2hy dx dy + dz°, 3
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where hy = hi(u), hx = hx(u), with u = z — ¢, and

For simplicity we let the gravitational wave be

|h+l, |hx| < 1. The mass of a particle with momentum monochromatic, i.e.,h = hexfdi(koz — wot)] + c.c.,

p* is defined asn = |g,, p*p”|/?. From this,p’ may
be expressed ap’' = {m?> + S.,p°p" + hil(p*)? —

with the dispersion relationky = wy. We divide f
according tof = fs;(p?) + fe(t,z, p*), where the equi-

(p*)*] + 2hx p*p?}'/2. Computing the Christoffel sym- librium distribution fs; in the absence of a gravitational
bols of the gravitational wave (3), the Vlasov equa-wave is taken to be the Synge-Juttner distribution [8], and

tion (1) for the unperturbedr*” = 0) distribution f =
f(t,x, p?) becomes

af . p*of  a O _

at - pt 9xa G ap 0. “)
where G* = (=1 + p*/p") (h+p* — hxp’), G =
(=1 + p?/p") (hxp* — hyp?), G ={(p)? -

(p*)hy = 2p*p hy}/@2pY), and h = dh/du. Ex-
panding p’ according top’ = p(’o) — F, where F =
{h[(p?)* = (p)*] = 2hxp*p*}/2p(y), and p(, =
(m? + 8,,p*p?)'/2, the Vlasov equation becomes

J 4 9 d
—f+<1+i,)p, S get—o. )
at P)) P 9x° ap*

afng
at  ply 0x°

Po)

a a 1
T q<_Fm + Tﬁch‘”Pb>

fe = Eexp{i(koz — wot)] is the perturbation induced
by the gravitational wave—which is assumed to fulfill
fe < fs3. From Eqg. (5) we find

7 G*(3fs1/ap®)
£ i(wo — kop?/p(o)

(6)

to first order in the amplitude.

Next we assume the presence of electromagnetic per-
turbations with frequency and wave number;, k) as
well as electrostatic perturbatio&,, k,). The frequen-
cies and wave numbers are supposed to satisfy the reso-
nance conditionswy = w; + w, andky = k;+k,. The
vectorsk; andk, span a plane, and we choose jhaxis
to be perpendicular to this plane, i.k;, = kX +k{z and
k, = k3X +k3z. Including the electromagnetic field, ex-
panding Eq. (5) to first order if, and writing all terms
proportional tokz on the right-hand side, Eq. (5) becomes

0 fng
ape

_ :F pg 3fng + gd afng _ q(_Faz + L 5b Facpb) a_fg
t t C
(p(o))? dx¢ ap Do) ap
! ! J
- —({ [—h+(F¥p* — FpY) + hx(F*p’ + F¥ p*)] Lsaj (7)
P() ap

where we have introducef}, defined byf,, = f — f,.

ponents of the field tensor. We then dividig, accord-

Furthermore, we need two components of Faraday’s lawpng to foe = fsi(p®) + }:n/(t,p“)exdi(kfx + k7 —

Expanding Eq. (2b) to first order in the amplitudle we
obtain

9 F™ — 9,F™ + 9, FY = hu(=0,F" + 0,F")
+ hi(9,F™ + 0,F),

w1)] + fes(t, p)exdi(kyx + kiz — wot)], where the
time dependence of the amplitudes, which is due to the
parametric interaction with the gravitational wave, is
assumed to be slow, such that < w. In the linear
approximation (i.e., no gravitational coupling) the slow

(8a)  time dependence vanishes, and Eq. (7) gives
3, F7 — 9,FY + 9,F" 0 g fs;
’ : ! fom = =Tm 0 (%)
= hy(9.F™ — 9,F) + hy (0, F" + 8,F") L
+ hy(F™ + F¥) — h o (F” + F%).  (8b) 7 _qf“’ dfss (ab)
; iwy Jdp°

In what follows, we will putky = 0; i.e., we choose ] ] .
a specific polarization of the gravitational wave. It tunsfor the electromagnetic and electrostatic perturbations re-
out that such a gravitational wave does not couple to &Pectively. Here we have; = w; — k; - p/p(o), where
linearly polarized electromagnetic wave with magneticthe scalar product is Euclidean. Considering the part of
field in they direction. Thus we assume the electromag-Ed. (7) varying as exp(kzx + k3z — wy1)], using linear
netic wave to have the opposite polarization, ", F2, approxmwatlonNS for,che factors on the right-hand side, we
and F>¢ are the only electromagnetic components to beobtain f.; = fi, + f2l. The linear contribution is given
different from zero in the linear approximation. Simi- by (9b), by replacingw, by wy,, = w> + id, (since
larly, F** and F*' are the only nonzero electrostatic com- 9, < w», division by w,,, can be calculated by a first
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order Taylor expansion) and the nonlinear contribution is found tfzbe= ces%jw*, where

co— 4 pp’ki-p ofsy e 1 dfs
=T iay | lgran ap M\ G, apy

1 -k d y 9 w Kip* 9
MGl s G e Rt
Po)\ @1 ap”  wipg \ 9P ap* wo poywi Ip?

and  Gop = (G*/iwohx)dp = (1 — pz/p(’o))(p-"a,f | andfnl is found to bef = CemhxF where

es?

+ p*ap) + (p*p”/p(o)dp:. By combining Egs. (10) . ,
and (2a) we then find Com = Llw Op(k_Z 9fss + k_5 @)
~ 5 5 m N ~ a X ~ a Z
8L((1)20p,k2)Fes = CthFyt*’ (11) H! @2 0P @2 op
~ 0
where the longitudinal dielectric permittivity, is given - (kg‘ P + k2 P )[% GOpfSJi|
by [9] p Dt 0
104 Lo _ PPk p (k_z ofss , K am)]
A | o e @ (o \é2 ap™ " &2 ap:
14
the coupling coefficient, is found to be (14
Eliminating linear terms proportional t6” and F*> with
_ Hog Z f Coud®p, (13)  the help of Egs. (8b) and (8a), Eq. (2a), together with
iks (14), gives
p =[(p*) + (p)? + (p°)?1'2, ky = [(k3)* + D(@iop, kI NF = ColiFly (15)

(k3)2]/2, and Fe = [(F)”)2 + (F¥Y]2, In deriv-
ing Egs. (11) and (12) we have used the electrostatlﬁ,
mode as longitudinal, |eF"’/F“ =I5 /k5.

where the dispersion functloﬂ(wlop, |k]) for the elec-
omagnetic wave is glven by [9]

Next we turn to the part of (7) varying as éx(kix + Do, ki) =1— —L + toq’ Z f pr’ afSJ
1s 1 5
kiz — wit)). Again, usmg linear apprOX|mat|ons for the o apy
right-hand side, we obtalﬁem fL. + fol wherefl (16)
is given by (9a) (naturally by replacing; with wi,p), | and the coupling coefficient; is found to be
' y pr (k39 k5 o ko ki
c, = z,uoq[ . (Cem+ CIPtP2< 2 Ofsi ks fSJ)) dp + Kk (17)
W] P(o) i(p)* \ kawa dp* kowy dp*© kyowi
The operators ep(wyp,k2) and  D(wiep, ki) ! ing the resonance conditions, the coupling coefficients be-
can be expanded according toe;(waop, k) = come C; = C, = C = —iky,wo/krw1. Applying these
er(wa, kz) + (9p,e1)id; and D(wiop, [ki]) =  expressions, combining (18a) and (18b), and noting that

D(wy,|k|) + (9,,D)id,. Assuming that the dis- &y is a constant, the growth rajefor the Langmuir wave
persions relations for the Langmuir wave and theand the electromagnetic wave is given by

electromagnetic wave are exactly fulfiled, we let oo 2wlw N
e1(w2, k) = D(wy, |k;) = 0. Equations (11) and (15) y? ( = °> —2 | hy |2 (19)
are then written as krw) 4

OF T O wherew, = (nopmoe?/m)'/? is the plasma frequency, and
az‘ = (C; m (18a) ny is the unperturbed number density of electrons. Since
BL/0@? we have not included dissipation of the wave modes,
al?yz ’}\l‘fo?* the threshold value for the instability is zero. However,
rve = @D /o) Jown)” (18b) it is straightforward [10] to calculate the threshold by
@1 including appropriate damping mechanisms for the decay
As can be seen, generally the expressions (13) and (17)fproducts.
the coupling coefficients are very complicated. In orderto The fact that the same coupling coefficightappears
get transparent formulas, we present the result for a colth Eqgs. (18a) and (18b) for a cold plasma means that
electron plasma with immobile ions constituting a neutral-the Manley-Rowe relations [10] are fulfilled for that case.
izing background. Letting'sy — 8°(p), taking the cold These relations usually follow from an underlying Hamil-
limit of the dispersion relations (12) and (16), and us-tonian structure of the governing equations, and ensures
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that each of the decay products takes energy from thfl5] for characteristic values of the amplitudes, frequen-

pump wave in direct proportion to their respective fre-cies, and duration times for the processes discussed above.

quencies. Thus fulfillment of the Manley-Rowe relation The parametric process considered in this Letter can be

means that the parametric process can be interpreted quaheught of as a gravitational analog of Raman scattering,

tum mechanically; i.e., we can think of the interaction aswhere the electromagnetic pump wave has been replaced

the decay of a graviton with energyw, into a photon by a gravitational wave. Similarly, we can imagine that

with energy/Ziw; and a plasmon with energyw,. How-  a gravitational analog of Compton scattering may occur.

ever, we stress that this interpretation is not always possuch a process requires a kinetic treatment, and could be

sible [11]. When thermal effects are taken into accountdescribed within our formalism without very much extra

the coefficientC; in (18a) is generally different from the difficulty. Gravitational waves may also be subject to

coefficientC, in (18b). Thus we obtain the rather surpris- four-wave processes such as modulational instabilities.

ing result that the simple graviton interpretation (i.e., that Finally, we note that, if we increase the plasma den-

the gravitational wave is built up of quanta with energysity, a more effective transfer of gravitational energy—as

hiwg) of the gravitational field is not always applicable.  compared to our example—can be obtained. This is con-
There are two main conclusions which can be drawrsistent with the resonance conditions, if we instead con-

from our calculations: First, wave-wave interactions carsider excitation of MHD waves, since the eigenfrequency

lead to energy transfer from gravitational to electromag-of such waves decreases with density.

netic degrees of freedom, and vice versa. Second, chargeWe would like to thank Dr. M. Bradley for helpful

separation and corresponding electrostatic fields may odliscussions.

cur as a result of such interactions. However, as a start-

ing point, we made quite strong idealizations, and thereby

considered somewhat of a model problem. Still we think

that our process can occur in a realistic physical situ-

ation, as will be demonstrated by the following example:  *Email address: gert.brodin@physics.umu.se
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