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The Brownian motion in a tilted washboard potential subjected to a low-frequency periodic drive
develops large hysteresis loops, which attain their maximum at the locked-to-running transition in th
underdamped regime. The dependence of such a critical phenomenon on the drive parameters a
on the temperature is investigated numerically. Moreover, this hysteresis mechanism is related to th
occurrence of random multiple jumps, whose length and time duration distributions appear to deca
according to a universal power law with exponenta  1.5. This model may explain various instances
of low-frequency excess damping in material science. [S0031-9007(99)08872-9]
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The classical Brownian motion in a washboard pote
tial has been investigated to a great extent in conn
tion with a variety of condensed phase phenomena, s
as Josephson junction currents [1], superionic conduct
[2], dielectric relaxation [3], plasma physics [4], surfac
diffusion [5], and polymer dynamics [6], to mention but
few. The most comprehensive review on this topic is
be found in Risken’s textbook [7], where the diffusion in
washboard potential is analyzed within the framework
the Fokker-Planck formalism. Lately, a surge of intere
[8–10] was kindled by the debate on the characterizat
and physics significance of the so-called multiple jump
or flights, when an underdamped Brownian particle jum
over many a potential barrier before getting trapped ag
(see also Risken’s unstationary solutions [7]). Eventual
the extension of the Fokker-Planck formalism to spatia
periodic systems (eigenvalue-band analysis [10], dynam
structure factor approach [9]) proved capable of repr
ducing quite closely the flight statistics reported in rece
simulation studies [8].

In this Letter we take on the ultimate challenge posed
Risken’s textbook, namely, the question of hysteresis in
periodically driventilted potential at low damping. Such
a phenomenon becomes apparent at the locked-to-runn
transition, which is known to occur for weak static tilt
(proportional to the damping constant). The relevant hy
teresis loops are the largest for certain values of the forc
frequency and the temperature. Moreover, we observ
that the multiple jump statistics changes dramatically in t
presence of a low-frequency periodic drive, no matter ho
small its amplitude: The flight length and time duratio
distributions seem to decay according to a universal pow
law, independent of the forcing frequency and the pa
0031-9007y99y82(14)y2820(4)$15.00
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ticle temperature. Furthermore, hysteresis induces an
ditional contribution to the internal friction that opposes th
driving periodic modulation [11]: In the present model o
Brownian motion the excess damping turns out to diverg
at vanishingly low frequencies, in suggestive analogy wit
the internal friction in various materials and devices.

The Brownian motion in a tilted washboard potential i
fully described by the stochastic differential equation (i
rescaled units [7])

ẍ  2g Ùx 2 v2
0 sinx 1 F 1 jstd , (1)

where the force terms on the right-hand side represent,
spectively, a viscous damping with constantg, a spatially
periodic, tilted substrate described by the potential

V sx, Fd  v2
0s1 2 cosxd 2 Fx , (2)

and a stationary zero mean-valued, Gaussian noise w
autocorrelation functionkjstdjs0dl  2gkTdstd.

The time evolution of the stochastic processxstd is
characterized by random switches between alockedstate
with zero average velocity and arunning state with
asymptotic average velocitykyl  k Ùxl  Fyg. In terms
of the mobility msFd ; kylyF the locked and running
state correspond togm  0 and gm  1, respectively.
In the noiseless casejstd ; 0, the average speed of the
Brownian particle depends on the initial conditions ac
cording to a static hysteresis loop [7]: In theunder-
dampedregime g ø v0, the transition from the locked
to the running state occurs when increasingF above
F3  v

2
0 , while the opposite transition takes place o

lowering F below F1  s4ypdgv0. Of course, for suf-
ficiently large values ofg, say, in thedampedregime
with g . spy4dv0, the distinction betweenF1 and F3
© 1999 The American Physical Society
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is meaningless; the locked-to-running transition is locat
at F  F3, no matter what the initial conditions.

The weak noise case, or zero temperature limitT 
01, brings about a totally different scenario, where th
stationary dynamics of xstd is controlled by a single
thresholdF2 . s2 1

p
2dgv0: For F , F2 the Brown-

ian particle gets trapped in one potential well; forF . F2
it falls down the tilted periodic substrate with averag
speedFyg. At the thresholdF2 the quantity gmsFd
jumps from zero up to one stepwise. For finite but lo
temperatures,kT ø v

2
0 , the locked-to-running transition

is continuous, but still confined within a narrow neighbo
hood at aboutF2 (Fig. 1). The critical behavior ofgmsFd
in the vicinity of the transition threshold is the signatur
of a strongly nonlinear system response and involves lo
relaxation times [7].

In order to shed light on the mechanism responsible
the locked-to-running transition, we replaced the static
F in Eq. (1) with

Fstd  F0 1 DF cossVt 1 wd . (3)

Here, the sinusoidal component ofFstd is treated as a
perturbation withDF ø F0, while its initial phasew can
be set to zero without loss of generality.

The most evident effect of the time periodic driv
in Eq. (3) is the appearance of hysteresis loops in t
parametric curves of the steady state average velo
kysFdl or, equivalently, of the mobilitymsFd versusF
(Fig. 1). For forcing periodsTV  2pyV larger than the
intrawell resonance period2pyv0, the mobility hysteresis
loops are2DF wide, centered on the static mobility curv
msF0d and traversed in the counterclockwise directio
with increasing TV their major axis approaches th
tangent to the curvemsF0d; for the phase lag betweenFstd

FIG. 1. Oriented hysteresis loops for the mobilitymsFd at
different values of the forcing period withkT  1y3 (a) and
different values ofkT with TV  8 3 103 (b). In both panels
F0  0.085 and DF  0.01; the dashed curves represen
gmsFd as obtained numerically in the absence of period
forcing for g  0.03 andv0  1. Points on loops are equally
spaced in time.
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and the system responsekystdl decreases fromp down
to zero (Fig. 1a). Hysteresis loops have been obser
even for values ofTV much larger than the relevan
Kramers timetK , skTy2v

2
0gd exps2v

2
0ykT d [12], the

longest relaxation time scale in the stationary process (
The main properties of the hysteresis phenomenon t

revealed are displayed graphically in Figs. 1–3.
(i) Criticality .—The phenomenon attains its maximu

for values of F0 comprised within the transition jump
width of the curvemsF0d; more precisely, the optima
choice of F0 seems to be given by the condition tha
gmsF0d  1y2. Figure 1b shows indirectly thecritical
nature of this hysteresis mechanism. For values ofF0
relatively far from F2 no appreciable hysteresis loop
were detected. Moreover, the area encircled by th
loops grows quadratically with the amplitudeDF of the
periodic drive, as expected [7].

(ii) Frequency dependence.—In order to characterize
the frequency dependence of the phenomenon at h
we plotted the areaAsVd encircled by the velocity
hysteresis loops and the corresponding average po
PsVd dissipated by the periodic drive (3) versus th
angular frequencyV (see Figs. 2a and 2b). The quantitie
AsVd andPsVd are easily related to the first coefficien
of the Fourier series expansion ofkystdl, namely,

AsVd  2
I

kystdldF  pDFyssVd , (4)

FIG. 2. Frequency dependence of the velocity hysteresis lo
area AsVd (a) and average powerPsVd dissipated by the
periodic drive (b) for different values of the temperatur
The ratio PsVdyAsVd is the internal frictionFsVdy2p per
defect plotted in (c) (see text). In (a)–(c),F0 is chosen
to coincide with the optimal choicegmsF0d  0.5, namely,
F0  0.086 at kT  1y4 (triangles);F0  0.085 at kT  1y3
(squares);F0  0.090 at kT  2y5 (circles). Other simulation
parameters areDF  0.01, g  0.03, andv0  1.
2821
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FIG. 3. Hysteresis loop areaA and average dissipated powe
P versus temperature forTV  8 3 103 and F0  0.085.
Other simulation parameters areDF  0.01, g  0.03, and
v0  1.

PsVd 
DF
TV

Z TV

0
kystdl cossVtddt 

DF
2

ycsVd , (5)

where

ycsVd 
2

TV

Z TVy2

2TVy2
kystdl cossVtddt,

yssVd 
2

TV

Z TVy2

2TVy2
kystdl sinsVtddt . (6)

The curvesAsVd exhibit a main peak in correspondenc
with the interwell hopping rateV , t

21
K [12], and a side

peak, attributable to the intrawell relaxation process f
V , g, that shoots up from the background only at low
temperatures. In the limit ofV tending to zero,AsVd
vanishes proportional toV, while PsVd increases up to a
plateau; hence, at low frequenciesV , t

21
K , the average

dissipated power is frequency independent. The differe
low-frequency behaviors ofAsVd andPsVd are discussed
at a later time.

(iii) Temperature dependence.—The temperature de-
pendence of the critical hysteresis phenomenon was inv
tigated by keeping the parameters of the time depend
tilt Fstd (F0, V, andDF) fixed and by varying the tem-
perature. For instance, in Fig. 3 the static tiltF0 was cho-
sen so as to satisfy the optimal conditiongmsF0d  1y2
at kTyv

2
0  1y3 and thenkT was varied without further

tuningF0. The loop areaAsT d and the average dissipated
power PsT d peak at different values of the temperature
closely resembling the stochastic resonance phenome
[13]. The reason whyAsT d peaks atkTyv

2
0  1y3 is a

consequence of the critical nature of the hysteresis mec
nism under study (see also Fig. 1b): On changingkT , the
choice of the static tiltF0 is no longer optimal and thus
the relevant hysteresis loop shrinks. The quantityPsT d
2822
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peaks at a higher temperature and is a more relia
signature of stochastic resonance [14,15].

Critical hysteresis in a tilted washboard potential ha
interesting consequences on the statistics of the multi
jumps that are known to occur in the underdamped regim
[8–10]. Figure 4 summarizes well the conclusions of o
simulation work: Under the action of a low-frequenc
periodic drive, the flight lengths and time durations a
distributed according to auniversalpower law.

In the absence of periodic driveDF  0, we explored
the static tilt range from belowF1 up to aboveF2:
For no value ofF0 we managed to detect flight length
(or time duration) distributions with nonexponential tails
In close agreement with the predictions of Ref. [9
our distributions show a fast drop for relatively sho
flights, followed by a slower exponential decay with tim
constant of the order oftK for the longest flights (see inse
of Fig. 4) [16].

In the presence of a low-frequency periodic drive,V ,

t
21
K , we distributed the flights recorded during each cyc

according to their lengthX and time durationTx, thus
obtaining the relevant distributionsNsXd andNsTxd. For
the sake of comparison, we then rescaledTx into an
effective lengthXt by multiplying the flight time duration
Tx times the asymptotic speedF0yg of the running state,
Xt  sF0ygdTx. In Fig. 4 the two distributionsNsXd and
NsXtd are compared: They appear to overlap even
for the parameter values of the simulations,kyl  F0y2g.
This means that the Brownian particle performs multip
jumps with average speedF0yg andvery small dispersion.

FIG. 4. Distribution of the number of flights per forcing
cycle according to length and time duration (in length unit
see text) forTV  3.2 3 104 (squares) andTV  6.4 3 104

(circles). The power lawNsXd , X2a with a  1.5 is drawn
for reader’s convenience (dotted straight line). Inset: Flig
number density with respect to length and time duration in t
absence of periodic forcing for different values ofF0 close to
F2. Other simulation parameters areDF  0.01, g  0.03,
andv0  1.
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Figure 4 clearly shows that (a) the integrals ofNsXd
andNsXtd, i.e., the average number of flights per forcin
cycle, are proportional toTV . As a consequence, the
number density of flights per unit of time isindependent
of the forcing frequency, and (b)NsXd andNsXtd decay
like power laws with exponenta . 1.5 independent of
V (and the temperature). Of course, it fails for tim
durations longer than a half forcing period, as the sig
reversal of the periodic drive becomes important (fini
size effect). The flight distributions are correlated i
phase with the periodic drive. Most of the longest fligh
take place during the half-cycle whenDF cossVtd is
positive. This explains the different behavior ofAsVd
andPsVd for V ! 0 in Figs. 2a and 2b: The correlation
betweenkystdl andDF cossVtd increases with decreasing
V, so thatycsVd [and PsVd] approach a plateau, while
yssVd [andAsVd] vanish.

The notion of critical hysteresis has a potential applic
tion to many problems in material science. For instanc
it may be invoked to explain the low-frequencyexcess
damping observed in metals [17,18]. In this case, t
pointlike Brownian defect of Eq. (1) must be replaced b
a sine-Gordon string [19] that models the dislocation d
namics on a lattice periodic substrate; the string center
mass can be easily shown to undergo critical hystere
Furthermore, it has been known since the 1960s that a d
location network should be envisaged as a metastable s
tem arranged into relatively large domains, each subjec
to a randomsubcritical internal stress (Pare’s model [11])
In a real internal friction experiment, such an intern
stress combines with the externally applied periodic stre
in perfect analogy with the time dependent tilt (3) of ou
model. The details of a hysteretic model of low-frequenc
dislocation damping will be reported in a forthcomin
publication.
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