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Dynamics of Late-Stage Phase Separation: A Test of Theory
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The kinetics of Ostwald ripening are examined in a solid-liquid system that satisfies all assumptions
of theory. We find that even at the longest coarsening time the samples are close to, but never reach
the steady-state coarsening regime. The coarsening rate agrees with predictions of the theories fo
transient Ostwald ripening to within the errors of the thermophysical parameters. These theories also
describe the evolution of the particle size distribution very well. We thus conclude that the nonzero
volume fraction theories of coarsening are sound. [S0031-9007(99)08766-9]
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Ostwald ripening, or coarsening, is a process in whic
the total particle-matrix interfacial area of a two-phas
mixture decreases with time. It occurs via small particle
dissolving and transporting their mass to large particles.
is an ubiquitous natural phenomena occurring in the la
stages of virtually all phase separation processes.

The classical description of this process was given b
Lifshitz and Slyozov [1] and Wagner [2] (LSW). They
found that in the limit of a vanishing particle volume
fraction and in the limitt ! `, wheret is time, the system
approaches a steady-state or self-similar regime in whi
the particle size distribution (PSD), when scaled by th
average particle size, is time invariant and is independe
of both the initial PSD and the materials parameters of t
system. They also found that the average particle radi
R̄, is given by the following temporal power law:

R̄3std ­ R̄3s0d 1 KLSW t , (1)

where KLSW is the LSW rate constant. KLSW ­
8T0GDy9MLsCS 2 CLd with T0 the coarsening tempera-
ture, G the capillary length,D the diffusion coefficient,
ML the slope of the liquidus curve, andCL and CS the
compositions of the solid and liquid at a planar solid-liqui
interface.

More recently several theories have been developed t
remove the restrictive assumption employed by LSW of
vanishingly small volume fraction of a coarsening phas
[3–13]. It was found that in the limitt ! ` the exponents
of the temporal power laws are unaltered, but the ra
constant and shape of the scaled PSD become a func
of the volume fraction. Specifically, the rate constant
predicted to vary with the volume fractionF as

KsFd ­ KLSW fsFd , (2)

wherefsFd is system independent. The scaled PSD’s a
predicted to be broader and more symmetric than tho
given by LSW.

It is fairly well established experimentally that the
exponent of the temporal power for the average partic
radius is indeed that predicted by theory. However, ma
of the other predictions of the theory remain unconfirme
For example, beginning with the experiments of Arde
0031-9007y99y82(13)y2725(4)$15.00
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[14,15] and continuing today [16], no measured PS
agrees with those given by theory. Also in contradiction
these theories are numerous reports that the rate consta
independent of the volume fraction [16,17]. However, th
widely reported disagreement between theory and exp
ment (see, e.g., [17]) may be due to system depend
complications not included in the theory, such as elas
stress or fluid flow [18]. Thus, despite all the experimen
that have been performed since the publication of the LS
papers, to the best of our knowledge none have emplo
systems that satisfy all the assumptions employed
theory and in which the thermophysical parameters nee
to determineKLSW have been measured independent o
coarsening experiment. We report here on experime
that are performed in such a system and thus allow us
address unambiguously the validity of a theory.

Previous work has identified solid-liquid mixtures con
sisting of solid Sn-rich particles in a Pb-Sn liquid as a
ideal system to study coarsening phenomena: the p
ticles are spherical, the coarsening rate is rapid, and
thermophysical parameters have been measured [19].
access the low volume fractions at which most theor
make predictions and to prevent both sedimentation of
particles and convection of the liquid matrix, these expe
ments were performed in microgravity during the spa
shuttle missions STS-83 and STS-94. A number of vo
ume fractions ranging from 0.05 of Sn-rich particles up
0.8 have been used for the experiments. The results p
sented here are for systems with a 10% coarsening ph
at which most theories make predictions. Other volum
fraction samples have not yet been analyzed fully.

The samples were prepared in a similar manner to t
done previously [20]. Samples were heated to a tempe
ture of 185±C, coarsened for times ranging from 70 s t
more than 10 h, then quenched and stored. Isother
conditions were achieved after 545 s of coarsening, a
thus data for times less than this are not reported. Up
return to the laboratory, the samples were section
etched, and photographed. Standard image analysis
performed on montages that were sufficiently large
encompass an entire cross section of a sample. Since
© 1999 The American Physical Society 2725
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the data were collected on plane sections, it is necess
to convert the theoretical predictions forR̄ and the particle
size distribution to the corresponding quantities measu
on a plane section,̄RPS and PSDPS [21]. The kinetic
equation forRPS follows from Eqs. (1) and (2):

R̄3
PSstd ­ R̄3

PSs0d 1 KPSt , (3)

with

KPS ­ KLSW fPSsFd . (4)

Each particle size distribution was determined by me
suring ca. 4000 particles, thus allowing us to detect ve
small differences in PSD’s measured at different times.

Grain boundary groove experiments allowKLSW to be
determined as a single quantity independent of a coars
ing experiment. Hardyet al. measuredKLSW ­ 1.01 6

0.05 mm3ys (KH
LSW ) [19]. Similar experiments have been

performed in microgravity along with the coarsening e
periments. They yieldedKLSW ­ 2.6 6 1.3 mm3ys with
the large scatter due to the limited number of data poin
The higher value obtained in the spaceflight experime
indicates that there was no significant convection of t
liquid in Hardy’s experiments. One improvement wa
made to the grain boundary groove experiments, howev
that could affect the results. In contrast to Hardy’s e
periments, we did not use flux in the preparation of th
samples. This resulted in purer alloys and thus may ha
yielded a higher solid-liquid interfacial energy and th
concomittantly higherKLSW .

Typical microstructures of the solid-liquid mixtures ar
shown in Fig. 1. Clearly evident is the spherical morpho
ogy of the particles. The magnification of Figs. 1(a) an
1(b) are scaled bȳRPS such that the average particle ra
dius shown in both figures is the same. The solid volum
fraction obtained in all samples was 0.08–0.09.

Apparent in Fig. 1 is that the spatial distribution o
the particles changed during coarsening. Analysis of t
residual acceleration data during the MSL-1 missio
shows that this change is not due to buoyancy driv
particle movement [22]. To quantify the change in th
spatial arrangement, the radial distribution (RDF) functio
on the plane sections was measured. It was found t

10 RPS500 µm 10 RPS1000 µm

(a) (b)

FIG. 1. Microstructures of the solid-liquid mixture afte
(a) 880 s of coarsening and (b) 36 600 s of coarsening. T
particles are white and the matrix is black.
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for early times the RDF undergoes significant chang
while for the three longest coarsening times the RDF
seem to superimpose when the distance is scaled with
average particle size. A similar behavior was found f
the PSD’s. The scaled PSD’s for three different times a
shown in Fig. 2 together with a steady-state distributi
and simulation results that will be discussed later. B
comparing the PSD’s to the steady-state distributi
it is evident that the distributions are evolving wit
time. However, the distributions for the three longe
experiments, only one of which is shown in Fig. 2, a
very close to each other. It is not clear from these resu
if the system has reached steady state at the three lon
times or if the evolution of the PSD and RDF are simp
sufficiently slow that they appear to superimpose wh
scaled byR̄PS.

Nevertheless, we proceed in the standard fashion
assuming the presence of steady-state coarsening. A
constant for the average particle radius was determi
by regressing the average particle radius data meas
on a plane section as a function of time, yieldin
KPS ­ 2.48 6 0.06 mm3ys with a correlation coefficient
of 0.999. The comparison of theory and experiment n
is done in a rather unusual way: Using the measuredKPS
and thefPSs0.1d predicted by different theories in Eq. (4
one can calculateKLSW for each theory. TheseKLSW ’s
can then be compared toKH

LSW to determine the veracity
of the theories. One can draw the same conclusio
using this procedure as by comparing the measured
predictedKPS, but it has the advantage that it can be us
when the system is not in steady state as well. For
Marquesee and Ross (MR), Akaiwa-Voorhees (AV), a
Marsh and Glicksman (MG) theories we obtainKMR

LSW ­
2.5, KAV

LSW ­ 2.33, andKMG
LSW ­ 2.06 mm3ys. These are

factors of 2–2.5 higher thanKH
LSW . Most other theoretical

predictions lie between the MG and MR theories.
If the steady-state regime has not been reached m

theories cannot be compared to the experiments, si
many theories assume that steady-state coarsenin
present. It is clear from our experiments that at ea
stages non-steady-state coarsening was present. To d
mine if the system has reached steady state at the lon
coarsening times the evolution of the particle size dis
bution was determined using two different theories. Bo
theories account for the effect of the interparticle diff
sional interactions that occur at nonzero volume fractio
The first employs an AV simulation in which the growt
rate of each particle is determined through a solution
the diffusion equation. The particles are placed random
in a computational box and the box is repeated perio
cally to fill space. This approach has the advantage
accounting for the effects of the spatial distribution
particles and is free of any assumptions needed to de
mine the statistically averaged properties of these coars
ing ensembles. The initial random spatial distribution
particles, however, differs from that found experimenta
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FIG. 2. Experimentally measured and calculated particle size distributions using the CV model at different times togeth
the steady-state prediction of the CV theory for (a) 880 s, (b) 2280 s, and (c) 36 600 s of coarsening time.r is defined as
r ­ RPSstdyR̄PSstd.
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at early times. Calculations that employ both the me
sured RDF’s and PSD’s as initial conditions are current
underway [23]. The disadvantage of this method is th
only a limited number of particles can be used in the ca
culations; 10 000 particles were used at the beginning
coarsening. A second simulation was employed using
continuum model due to Chen and Voorhees (CV) [24
that incorporates the Marqusee-Ross expression [8] for
statistically averaged growth rate of a particle. This a
proach has the advantage that very long simulation tim
are possible, but rests upon a certain form for the statis
cally averaged growth rate of a particle. In both cases t
experimentally measured PSD found after 545 s of coa
ening was used as the initial PSD.

Figure 3 shows the theoretical predictions and th
experimental results for the evolution ofRPS. Both theo-
retical predictions are nearly identical, thus, up to a co
stant,KLSW , the temporal evolution of̄R is independent
of the model. In this caseKLSW is chosen for each simu-
lation to yield the best possible fit to the experimenta
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FIG. 3. The time dependence of the average particle size o
plane of section. The experimental values are shown toget
with the results from both simulations.
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data. We obtainKCV
LSW ­ 2.0 and KAVp

LSW ­ 1.9 mm3ys.
These are lower than the values found assuming the p
ence of steady-state coarsening, specifically the disag
ment between theKLSW ’s measured in the coarsenin
experiment andKH

LSW has been reduced from a factor o
2.5 to 2 for the MR theory and from 2.3 to 1.9 for the AV
theory. The remaining difference can be ascribed to i
purity effects in the Hardy experiments, see above. The
changes inKLSW are large considering that the rate con
stants predicted by most theories agree to within 20%
F ­ 0.1.

Figure 2 shows the evolution of the experimental a
theoretical PSD. Since the AV model yielded very simila
results to the CV model, only the latter is included. B
comparing Figs. 2(a)–2(c) it is clear that the PSD fir
broadens [Figs. 2(a) and 2(b)] and then becomes sha
[Figs. 2(b) and 2(c)], with the maximum shifting to large
r. With further coarsening [Figs. 2(b) and 2(c)] the le
side of the PSD remains nearly unchanged while the rig
side becomes steeper, the “tail” of the PSD’s at lar
r becomes shorter, and the maximum becomes high
The agreement between the experimentally measured
simulated PSD’s is excellent. The simulations clear
show that the system is not in steady state. The P
measured at the longest coarsening time is close
the predicted steady-state PSD, but differences are
evident. Other predictions of steady-state PSD’s are
better agreement with the experimentally measured o
shown in Fig. 2(c) than the CV-PSD, but still have
smaller largest particle size and higher maximum th
the measured PSD. Calculations show that a considera
longer coarsening time is required for the PSD to beco
time independent, far longer than was accessible in th
experiments.

In Fig. 4 a plot of the rate constant predicted by th
CV theory as a function of time is shown. The AV
theory predicts a very similar behavior to that of the C
theory. The plot shows quite clearly that the system
predicted to not be in steady state. The large change
2727
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FIG. 4. The time dependence of the coarsening rateK for the
CV simulation. Dimensional values forK andt were obtained
usingKCV

LSW . The experimental data were obtained in the ran
8 , t1y3 , 33 s1y3.

the rate constant at early times predicted by the theor
is unobservable experimentally due to the limited numb
of data points. Most of the data is acquired fort1y3 .

12 s1y3 whereK is predicted to vary by only610% about
the mean value and thus unobservable experimenta
The evolution of the rate constant reflects the approa
of the system to the steady-state regime. It can be use
an indicator on how close the system is to steady state

Both simulation and experiment show that the stead
state or self-similar regime has not been reached. It
the large number of particles used to determine the P
along with the simulations that allows us to conclude th
the system was not in steady state, as the differen
in the PSD’s and RDF’s measured at the three long
coarsening times are very subtle. Usually it would ha
been assumed that steady-state conditions were pres
especially since the regression showed thatR̄ , t1y3 to
a high degree of confidence. However, due to the lar
number of particles used to characterize the state of
system, transient coarsening is clearly evident.

A quantitative comparison with theories other tha
CV and AV is not possible at this point. Once th
kinetics and PSD’s are measured for the other volum
fractions employed in the spaceflight experiment, it m
be possible to differentiate between the predictions of t
many theories of Ostwald ripening. Samples with high
volume fractions of solid are in the process of bein
analyzed.

We have shown that there is an excellent agreem
between the predictions of two theories for transie
2728
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Ostwald ripening and the measured coarsening ra
and particle size distributions. The many past repo
of disagreement between theory and experiment m
thus be ascribed to phenomena that were present in
experiments and not accounted for in the theory or
undetected presence of transient coarsening.
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