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Magnetic Dipole Equilibrium Solution at Finite Plasma Pressure
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A realistic equilibrium with finite plasma pressure is derived for a plasma confined by the magnetic
field of a point dipole. The low and high pressure forms of the solution are explicitly displayed. The
energy principle is used to demonstrate the interchange stability of the equilibrium solution for arbitrar
pressures and shows that it remains stable as the plasma pressure increases. [S0031-9007(99)0879
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Dipole confinement devices are axisymmetric toroid
systems in which the dipolar magnetic field is created b
a current ring [1,2]. All other equilibrium currents are
plasma currents in the toroidal direction—there are n
parallel currents. All magnetic field lines are closed s
that “flux” surfaces are defined as surfaces of rotatio
about the axis of the current ring by the closed fiel
lines. These surfaces are also the surfaces on which
pressure is constant. Because of the dipole’s geometri
simplicity, charged particles remain on flux surfaces
their guiding center motion: There are no banana orbi
and no neoclassical enhancements to classical transp
[3]. Moreover, the diamagnetic toroidal flows have
vanishing divergence so no Pfirsch-Schülter flows a
generated [3]. Of course, dipolar features are observ
in planetary magnetospheres [4], so the interest in dipo
confinement is not limited to the laboratory.

Remarkably, however, physically interesting an
mathematically simple equilibrium solutions for a plasm
confined by the magnetic field of a point dipole—tha
is, solutions of the relevant Grad-Shafranov equatio
[5] in the absence of inertial and gravitational effect
[6]—are not available in the literature and have not bee
shown to exist. Recent work by Tur, Maurice, Blanc
and Yanovsky [7] attempts to remedy this situation b
considering the limit of a point dipole and a pressur
profile that is proportional to the flux squared so that th
Grad-Shafranov equation reduces to a linear different
equation. Aside from the mathematical complexity of th
resulting solution, the quadratic pressure profile assum
tion yields a toroidal plasma current density that does n
decrease with the radial distance from the dipole. Ev
when their solution is matched to an external vacuum r
gion, the resulting equilibrium is not physically appealing
because the small pressure limit of the solution is obtain
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as an expansion in the distance from the point dipole
the fourth power. Interestingly, however, their weak pre
sure solution contradicts earlier claims that the lead
finite b  splasma pressuredysmagnetic pressured modi-
fication to the vacuum dipole magnetic field is a chan
in the magnitude of the field, but not its direction [8].

To obtain an equilibrium dipole solution with a finite
total plasma current, that is, a current density that d
creases faster than the third power of the distance fr
the dipole, we consider separable solutions of the Gr
Shafranov equation,

= ?

√
1

R2 =c

!
 24p

dp
dc

, (1)

where p  pscd is the plasma pressure, andc is the
flux function associated with the dipole magnetic fie
$B  =c 3 =z , with the z toroidal angle with respect to
the dipole axis andR the cylindrical radial distance from
the axis of the dipole. Equation (1) is obtained as us
from the steady state toroidal component of Ampère
law, c= 3 $B  4p$J, and force balance,$J 3 $B  c=p.
The flux functionc is related to the toroidal component o
the vector potential,A, by c  RA. We employ spherical
coordinatesr, u, and z with m  cosu, R  r sin u,
and seek separable solutions of the form,

c 
Hsmd

ra
, (2)

whereH is an unknown function ofm alone that becomes
a constant timess1 2 m2d in the vacuum limit. The
parametera plays the role of an eigenvalue of th
nonlinear Grad-Shafranov equation and is equal to un
in the vacuum limit to recover the vacuum dipole solutio
c ~ sin2 uyr. Plasma currents will cause the parame
a to depart from unity, and, since the plasma curre
© 1999 The American Physical Society 2689
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must be in the same direction as the dipole current f
equilibrium, the finite plasma pressure acts to reducea

from unity as the plasma pressure increases, as will
shown shortly.

Inserting Eq. (2) into Eq. (1) and using spherical var
ables gives

≠2H
≠m2 1

asa 1 1d
s1 2 m2d

H  24p
dp
dc

√
H
c

!114ya

. (3)

Therefore, for H  Hsmd only, we must assume
2690
or

be

i-

p ~ c214ya. Employing a pressure profile of the form

p  p0scyc0d214ya , (4)

with p0 the pressure at some reference surfacec0, and
inserting

Hsmd  c0Ra
0 hsmd , (5)

with R0 the cylindrical radius at which the surfac
c0 intersects the symmetry planesu  py2d, yields
the nonlinear Grad-Shafranov equation for the unknow
function hsmd, which we write in a form particularly
convenient at low plasma pressure,
d
dm

"
s1 2 m2d2 d

dm

√
h

1 2 m2

!#
2 s1 2 ad s2 1 adh  2b0as2 1 ad s1 2 m2dh114ya , (6)
m
n
nt
].
e
int
re
ff.
ate

nd

e

whereh ! 1 2 m2 asb0 ! 0 and

b0 
8pp0

B2
0


8pp0R4

0

a2c
2
0

. (7)

To define the plasma beta at the equatorial or symme
plane, b0, we use $B  = 3 sc=z d to find the magni-
tude of the magnetic field atR0 (the intersection of the
symmetry plane and the reference surfacec0) to beB0 
ac0yR2

0 assuminghsm  0d  1. Notice for the pres-
sure profile and flux function considered here, the loc
plasma beta,b  8ppyB2, is independent of the spheri-
cal radial variabler, so b is simply b0 times a function
of angleu.

Using the boundary conditions that$B be finite and
parallel to the axis of symmetry atu  0 andu  py2,

hsm ! 1d  1 2 m, dhydmjm0  0 , (8)

integration of Eq. (6) fromm  0 to m  1 gives

s2 1 ad fs1 2 adP1 2 baP2g  0 , (9)

with

P1 
Z 1

0
dm h, P2 

Z 1

0
dm s1 2 m2dh114ya .

(10)
try

al

Becauseh . 0, to satisfy Eq. (9)a should either be in
the range0 , a # 1 or a  22 [for a  22, p 
const, and the solution to Eq. (6) is simply the vacuu
solution h  1 2 m2, which corresponds to the solutio
near the symmetry axis on the interior of a finite curre
ring generating a vacuum dipole magnetic field [9]
Notice that for 0 , a # 1 the pressure peaks at th
innermost flux surface, that is, at the location of the po
dipole. However, for a finite current ring the pressu
peaks at some distance from the ring before falling o
Consequently, our model is expected to be appropri
beyond a couple ring diameters.

Equation (9) indicates that the departure ofa from
unity is due to the finiteb0 of the plasma (which in turn
modifies the pressure profile). Inserting theb0 ! 0 result
h  1 2 m2 into Eq. (9) and assuminga ! 1 gives the
departure ofa from unity to be of the order ofb0,

1 2 a 
512
1001

b0 . (11)

As a result, an analytic solution to Eq. (6) can be fou
for smallb0 by using the replacementh ! 1 2 m2 in the
two terms in whichh appears undifferentiated. Using th
boundary condition (8) atm  1 to integrate the resulting
equation fromm to 1 and lettingt  1 2 m2 gives [10]
d
dt

√
h
t

!


3y4
t2s1 2 td1y2

"
s1 2 ad

Z t

0

dx x
s1 2 xd1y2 2 b0

Z t

0

dx x6

s1 2 xd1y2

#


192b0

1001

"
1 1

5
6

t 1
35
48

t2 1
21
32

t3 1
77

128
t4

#
.

Integrating again, usinghsm  0d  1, results in the following lowb0 solution valid at all distances from a point
dipole:

h
1 2 m2  1 2

192b0

1001

(
f1 2 s1 2 m2dg 1

5
12

f1 2 s1 2 m2d2g 1
35
144

f1 2 s1 2 m2d3g

1
21

128
f1 2 s1 2 m2d4g 1

77
640

f1 2 s1 2 m2d5g

)
, (12)

where, of course,1 2 m2  sin2 u.
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The plasma current density$J is found from

$J  J ẑ  ẑcR
dp
dc

 ẑ
cb0s2 1 adB0Ra12

0

4pra13 s1 2 m2d1y2h114ya , (13)

with ẑ  R=z the toroidal unit vector. Notice that at the
midplaneJ ~ 1yr31a so the total current in the plasmaR

dr durJ ~
R

dryr21a, is always well behaved asr !
` if 0 , a # 1. Fordpydc ~ c, the case considered by
Tur, Maurice, Blanc, and Yanovsky [7],J ~ Rc ~ const,
so the total plasma current increases asr2.

The magnetic field associated with the flux functionc,

$B 
B0Ra12

0

ara12

(
û

ah
s1 2 m2d1y2 1 r̂

dh
dm

)
, (14)

may also be evaluated, wherêr  =r and û  r=u

are unit vectors. As in the solution of Tur, Maurice
Blanc, and Yanovsky, a finite plasma pressure changes
direction of the magnetic field as well as its magnitud
contradicting the work of Chanet al. [8].

Next, we consider the case of largeb0 sb0 ¿ 1d to
demonstrate that solutions to the Grad-Shafranov equat
exist for arbitrary beta equilibrium. The low pressure s
lution and the lower limit on the alloweda range suggest
that a decreases toward zero asb0 increases to infinity.
Consequently, we assume that1yb0 ø asb0d ø 1. We
will verify this assumption by showing that our solution
requiresa  b

21y2
0 .

We begin by considering the Grad-Shafranov equati
(6) in the form

d2h
dm2 1

asa 1 1d
1 2 m2 h  2b0as2 1 adh114ya , (15)

where we need only consider0 # m # 1, since we are
interested in a solution even inm. When b0 ¿ 1, the
term asa 1 1dhys1 2 m2d is small everywhere [recall
Eq. (8)]. The termb0asa 1 2dh114ya is large atm  0
and rapidly decreases to zero ash decreases fromhsm 
0d  1 towardhsm  1d  0 sincea ø 1. As a result,
to lowest order we need only solve

d2h
dm2  22b0ah114ya . (16)

Multiplying by dhydm and integrating fromm  0,
wheredhydm  0 by symmetry, we find

dh
dm

 2ab
1y2
0 s1 2 h214yad1y2 1 Osad . (17)

Integrating fromm  0, wherehsm  0d  1, to m gives

ab
1y2
0 m 

Z 1

h
dx s1 2 x214yad21y2 !

m!1
1 2 h , (18)
,

,
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where them ! 1 form is valid for m ¿ b
21y2
0 . To

satisfyhsm  1d  0 requires

a  1yb
1y2
0 1 Os1yb0d . (19)

Notice that for largeb0, h  1 2 m everywhere except
in a small region0 # m u b

21y2
0 ø 1, whereh remains

close to unity, but with a large second derivative of th
order ofb

1y2
0 .

The preceding demonstrates that separable dipolar s
tions to the Grad-Shafranov equation exist for arbitrar
largeb0. The distance between adjacent flux surfaces
the symmetry planem  0 increases asb0 increases as
can be seen by realizing that asa decreases the spacin
must adjust to keepc ~ sR0yrda fixed. As a result, the
constantc surfaces become more extended and localiz
about the symmetry plane asb0 increases. The resulting
largeb0 equilibrium resembles the accretion disk asso
ated with star formation [11].

Energy principle arguments are normally invoked
see that interchange (or flute) stability for an adi
batic plasma in a vacuum dipole magnetic field requir
20y3 . 2srypd sdpydrd [12]. For our pressure profile
in the vacuum limitp ~ c6 ~ r26, and we see that this
stability condition is satisfied. More interestingly, we ca
demonstrate that finite beta effects enhance this int
change stability. We start with the necessary conditi
for finite beta interchange stability which can be writte
in the form√

1
p

dp
dc

! √
1
n

dn

dc

!
1

5
3

√
1
n

dn

dc

!2

. 0 , (20)

wheren is the volume per unit flux at fixedc, which for
our solution becomes

n 
I

d,yB 
I

duryû ? $B

 sR3
0yac113yad

Z 1

0
dm h113ya . (21)

Using the preceding we see thatn ~ c2123ya, while from
Eq. (4) we havep ~ c214ya. As a result, Eq. (20) gives
the finite beta modified interchange stability condition fo
our solution to be

5
3

.
2s2 1 ad

3 1 a
. (22)

Becausea decreases from unity towards zero asb0
increases from zero toward infinity, we see that th
interchange stability is maintained at all plasma pressur

To verify that Eq. (20) is valid for arbitrary beta, the
energy principle for interchange modes in the absen
of the parallel current is varied with respect to the pa
allel displacement to obtain the plasma compressibil
term that arises because of the closed field lines [1
Next, variations with respect to the two perpendicular d
placements are performed to obtain the general finite b
2691
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interchange stability condition for arbitrary axisymmetri
closed field line geometries:

2gpk $k ? =cyR2B2l
1 1 4pgpkB22l

.
dp
dc

, (23)

where $k is the curvature, g  5
3 , and k· · ·l H

d,B21s· · ·dy
H

d,B21. Notice that closed field lines
result in plasma compressibility acting to make curvatu
a stabilizing influence for interchange modes. Whe
Eq. (23) is rewritten using perpendicular pressure balan
and the Grad-Shafranov equation, Eq. (20) is recovered

For short wavelength ballooning modes the stabilizin
influence of plasma compressibility is lost and replaced
the stabilizing influence of line bending. Whether there
a critical beta beyond which our equilibrium becomes u
stable to ballooning modes is at present unclear, beca
as beta increases the destabilizing bad curvature regi
become more localized about the intersection of the fl
surface with the equatorial plane, where the rapid var
tion of the displacement makes line bending strongly s
bilizing. Further details of the interchange and high mod
number ballooning stability analysis for our finite bet
equilibrium are beyond the scope of the present treatm
and will be published elsewhere. Of course, more soph
ticated stability analyses are required to determine lo
mode number ballooning [14] and drift [15] stability o
our separable solution. Other stability issues that rem
unclear are the effects of departures from our exact eq
librium solution due to error fields, for example, due t
imperfect coil alignment in the laboratory or asymmetrie
introduced by the solar wind in space physics applic
tions, or due to the presence of a toroidal magnetic fie
as might be generated by the rotation expected in ste
accretion disks.

In summary, we have shown that a physically reali
tic, finite plasma pressure solution of the Grad-Shafran
equation exists for a point dipole magnetic field config
uration, explicitly evaluated the low and highb0 forms
of the solution, demonstrated that generalb0 solution is
interchange stable for arbitrary beta, and that the int
change stability is maintained asb0 increases.
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