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Mesoscopic Mean-Field Theory for Supercooled Liquids and the Glass Transition
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The Weiss mean-field theory is applied to finite systems with unrestricted sizes, yielding a partition
function for supercooled liquids. Finite-size effects broaden the transition and induce a Curie-Weiss—
like energy reduction which provides an explanation for the Vogel-Tamman-Fulcher law. Because the
energy reduction is intensive, the basic thermodynamic unit (aggregate) subdivides into smaller regions
(clusters) which lowers the net internal energy. The distribution of aggregate sizes, combined with a
relaxation rate that varies exponentially with inverse size, provides an explanation for the Kohlrausch-
Williams-Watts law. [S0031-9007(99)08725-6]

PACS numbers: 64.70.Pf, 05.20.-y, 65.20.+w, 77.22.—d

Any liquid that is supercooled sufficiently below its may be represented by a “particle” with a state variable
normal freezing point will exhibit abrupt changes in (o;) that is either “up”(+1) or “down” (—1). Assuming
its thermal and dynamic properties near a glass tema uniform interaction energye,/y) between each parti-
perature 7T, [1]. Such supercooled liquids are often cle and itsy nearest neighbors, the net internal energy per
classified by their distinctive time- and temperature particle is the sum over all pairs of interacting particles,
T-dependent behavior. Relaxation measurements are usgl;, = —(g9/ym) Y. o;0;. For magnetic systems;; rep-
ally analyzed in terms of the Kohlrausch-Williams-Watts resents the orientation of an Ising spin. For supercooled
(KWW) stretched exponentiab(r) « ¢~ /7" with the liquids, o; could correspond to a quasistatic position or
Vogel-Tamman-Fulcher (VTF) law for the characteristicdynamic phase of a molecule. Although it may be unre-
relaxation timer o« ¢8/7-T)  Here B is the KWW alistic to assume only binary degrees of freedom for real
stretching exponent, is the Vogel temperature, arkdd  molecules in glass-forming liquids, the simplified model
gives an energy scale for activation. The most commonlypresented here seems adequate as a first step toward de-
observed nonexponential response I#as< 1, and non-  scribing several salient features. Thus, for simplicity, we
Arrhenius activation behavior hag, > 0, but there is assume that each molecule with multiple degrees of free-
still no widely accepted explanation for either formula. dom may be represented by multiple Ising-like particles.
Here we extend standard mean-field theory to mesoscopic In general,e,, will depend on the relative “alignment”
systems and obtain a partition function for supercooledposition or phase) of each particle and its neighbors.
liquids. Our approach is an empirically motivated adaptaif the cluster is large enough and the interaction long
tion of the theory of finite-size thermostatistics developedanged enough, a mean-field approximation may be used
by Hill [2]. The main new feature is a connection betweento replace the actual state of all neighbors by the net
the Curie-Weiss law from magnetism and the VTF-likealignment of the entire cluster. Assuming a total €of
behavior [3,4] of supercooled liquids. When combinedup particles andrn — € down particles, with the Bragg-
with a model for size-dependent relaxation rates [5]Williams mean-field formalism, the interaction energy
the theory also gives good agreement with measuregder particle may be writtes,,(¢) = —%80(2€/m - 1)%.
KWW:-like response [6,7] and a quantitative correlationUsing the binomial coefficient for the degeneracy of each
to measured heat capacities [8,9]. Thus, the behaviatonfiguration, the partition function of the cluster is

nearT, can be attributed to a thermal transition within n m! o QKT

mesoscopic domains. Ay = Z me em . Q)
Most experimental evidence now favors the domain . ¢=0 T i

picture for the primary response of supercooled liquidd 0" analytic evaluation it is convenient to make a cr21ange

[10]. One of the techniques is nonresonant spectraff variables tol. = 2¢/m — 1, leavings(L) = —30L".

hole burning (NSHB) [11], where different low-frequency Note that the magnitudé|L|) is a type of order pa-
electric fields are absorbed by distinct slow degrees ofdmeter, and that the energy is a maximum when there
freedom. NSHB works because the slow degrees of NO order,&(0) = 0, and it is a minimum when the
freedom are sufficiently independent from the thermafcluster is fully aligned,e(+1) = —&0/2. For largem,
bath that most of the energy they absorb remains localizedsing Stirling’s approximation for the factorials and con-
during their response. Local-probe measurements [12,13F1ting the sum to an mftegral, the partition function
on polyvinylacetate (PVAc) have determined that rigar becomesA,, =~ [Z dLe™" (L)/kri where the frlee en-
the radius of dynamic correlation is 2—7 nm. ergy per particle is(LL) = &(L) + zkT{(1 + L)In[3(1 +
Consider a cluster containing a total @f degrees of L)] + (1 — L) In[%(l — L)]}. If m — o, only the mini-
freedom. In the Ising model, thgh degree of freedom mum free energy contributes to the partition function, and
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settingaf(L)/dL = Oyields the usual transcendental equa-TABLE I. Glass temperature(7,) and transition mid-
tion for the order parametet,. = tanfL..(so/kT)]. This  point (T,,, where |L| = 3) for methyltetrahydrofuran (MT),
solution exhibits the well-known Curie-Weiss transition atPropylene carbonate (PC), salol (SA), PVAc, propylene glycol
T = go/k, with L. = 0 and hences(L.) = 0 for T > (PG), and glycerol (GL). Best fits to the peak dielectric loss as

. . . . a function of temperature [3,4] yield the net interaction energy
go/k, but this standard result is valid only in the macro- i, /1y “traction of free particles ), frequency prefactotry),
scopic limit. We now show that a mesoscopic system cagnd minimum cluster sizén).
lower its energy by subdividing into smaller clusters. K " (K ™

Continuing with the integral representation, T, () Tw (K) eo/k®) f v (THZ) mo

the average energy for a cluster of siza is MT 915 893 100  0.086  0.031 9

E, ~ ledL(_%SOLZ)e—mf(L)/kT/Am. For large PCAc 163 160 182 0.086 0.021 12
but finite m, the integrals may be approximated by SA gég gig g% 8'823 8'8}12 2;1
a steepest-descents procedure. Specifically, for thepgs 167 925 105  ~0 77 8
denominator at 7 > gy/k where L. =0, A, = GL 188 107 121 ~0 28 9

2m 27w /m(1 — g9/kT). However the extra factor af?
in the numerator yields a different transcendental equation
L,, = tanHL,,(g9/kT) + 2/(mL,,)], which leads to a
nonzero order parametdr,, =~ /2/m(1 — g9/kT) and

Finally we assume that clusters group together to
form an aggregate, and that the clusters are in dynamic
equilibrium with the free particles in the aggregate so that

; ~ 1L _
a nonzero energy reduction,, ~ 280/7(11/2 £o/kT) e clusters are indistinguishable. The partition function
above the transition. Note thatl,, < m and the becomes

total energy is intensive, effectively independent of size, "
thereby returning the standard mean-field result that an _ T pmuser
infinite cluster atl’ > ¢(/k is unordered, with negligible = n!
energy density. Our main conclusion is that, when ap-
plied to finite clusters, the same mean-field theory yield
Curie-Weiss-like energies which can be used to explai
the VTF law in supercooled liquids. A specific model is
as follows.

Returning to the explicit summation of Eq. (1), we now
consider clusters that are in contact with a bath of particle ; L .

able 1). Typical values of are similar to the fraction

at chemical potentiale. This induces a range of cluster : : o
of mobile molecules found in a molecular-dynamics simu-

sizesmy = m < o, wheremyg is a minimum cluster size, . . )
which may be related to the minimum number of particleslatlon’ 0.055 % 0.005 [14], but we emphasize that in our

necessary for the mean-field approximationfof. The picture the primary response is due to the activated relax-

" . ation of all particles in each aggregate.
partition function becomes Thermal equilibrium is found from Gibbs’ variational

T = Z A, e"H/KT ) principle by adjustingu to maximizeY with all other
m=mo variables fixed,(0Y /du)s.er = 0. Thus, the thermal

Presumablyn, requires a central particle and at least ongP€havior of a given substance is governed by only two
shell of nearest neighbors, which for random close-packefasic parameters. controls both the average number of
spheres would involve about 13 particles. Particles witHParticles in a clusten) andaverage number of clusters in
steric constraints might have somewhat less than ided" @dgregatér = I'aIn Y /oI'), while £, /k simply shifts
close packing, and indeed all but one of the substancége temperature of the_tra_nsmon. [Glycer_ol and PG differ
we have analyzed have, — 8—12 (Table I). Salol has N that they hav_e a vanishingly smdll possibly due to the
the unusual value o, = 24, possibly due to the O-H r_lyd_rogen bonding between moleculgs. Fort_hese “strong”
bond between molecules. Although Eg. (2) resembles thiduids we seff’ = 0in Eq. (3) and adjust/kT in Eq. (2)
grand-canonical ensemble, in faEtcontains only the in- to the constant value which best fits t'hcl-:‘ data.] Rec_all that
tensive variables: and T (pressure can be ignored for the energy of an average cluster exhibits Curie-Weiss-like
liquids which are effectively incompressible), so that thePehavior so that the energy of an average aggregate may be
cluster volumes are not fixed. If the summation includedWritten E = nE,, = n[—3e0/(1 — &o/kT)]. Using this
all cluster sized = m < =, thenT would be in the “gen-  activation energy in the Arrhenius lage ~¥1/47) yields
eralized” ensemble [2]. This completely open ensemble i& TF-like behavior with Ty = g9/k and B = %ﬁso/k,
rarely used for macroscopic systems, where the three irbut Fig. 1 shows that = kT%(9In Y /dT),./kr without
tensive variables cannot be independent, but it is the onlynathematical approximation gives a better agreement with
ensemble that does not externally restrict the sizes of mesthe observed response.
scopic systems. The small clusters missing from Eq. (2) The partition function yields a distribution of clus-
are compensated for by including an average fractipn  ters [P,, = A,,e”*/* /T] and a distribution of aggre-
of free particles between the clusters in Eq. (3) below. gates[P, = I'"e™/™#/¥T /1Y which we convert into a
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herem = kToInI'/ou is the average number of par-
icles in a cluster. Note that is an effectively con-
stant geometric ratio, and that the filling factor of the
clusters is1/(1 + f). For random close-packed uni-
form hard sphereg; = 0.57, whereas for realistic clusters
hich vary in size and need not be spherigalk 0.57
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6 T T — a broad spectrum of excitations, whereas large aggre-
3 [ 4 gates require more precisely matched activation energies.
X | Qualitatively, the inverse size dependence converts a rela-
0 tively symmetric size distribution into the observed asym-
> 4 i metric spectrum of response, while the inverse Arrhenius
L factor gives the excess response on the high-frequency
6

side of the peak. Quantitatively, thisy yields superior
agreement with the measured dielectric response of super-
cooled liquids, Fig. 2, withC,, as the only temperature-
dependent parameter governing the width and shape of
the response. The agreement extends well into the high-
frequency wing, where all simple empirical formulas such
as the KWW law fail.

The inset of Fig. 2 shows a comparison between the
average specific heat per particle deduced from dielec-
tric spectra,C,/N, and the measured excess specific
heat per moleculeAc,. Good quantitative agreement
is obtained by multiplyingC,/N by a rational constant
which presumably gives the number of particles (binary
degrees of freedom) per molecule. All but one of the
nonpolymeric systems we have examined have three par-
ticles per molecule, while PVAc requires six monomers
FIG. 1. Symbols are from measurements [3,4] of the inverse
peak dielectric loss frequenclyy = —log(f,)] for MT: A; e AR A A
PC: V; SA: &; PVAc: +; PG: OO; and GL: O. Solid 219K 225K 243K 255K
curves are from activation energy of an average aggregate, 0“_ @
y = —In(fo) + |E|/KT. (a) Plot of y vs T,/T linearizes E
the Arrhenius law. “Fragile” liquids show a large amount of '

[-Ay/A(1/T)] " x 100

curvature, whereas “strong” liquids are more nearly Arrhenius “< 4

[1]. (b) Plot of [Ay/A(1/T)]""/? vs T, /T linearizes the VTF S > E

law. Fragile liquids show deviations from the VTF law which £ > ]

can be attributed to a transition (arrows) n€ar= T,, whereas y LY

the strong liquids (which have been offset for clarity) have 2F150 200 - 250 30N N 3

T,, < 0.8T,. rese s ]
L Yy -,,G:mm. 0% >, 4

i S A o S |
distribution of relaxation times. LePy = P,P,, be the wﬂw 0 : ]
probability of finding an aggregate containing a total of 184K

195K 213K 243 K (b)

N = n(1 + f)m particles. Because each aggregate is a
separate system of indistinguishable clusters, it is reason-
able to assume that the relaxation rate depends only on the
total number of particles in the aggregatey. Thus the
susceptibility as a function of frequeng¢y) is

1
1+ 27mv/wy’

log(%")

X'w) —ix"(v) = @ Z NPy (4)
N=1

where®, is a constant amplitude prefactor. The relaxa-
tion rate is given by the normal thermal fluctuations in the

1rat ] Al % -3 0 3 6 9 12
activation energy about its average valig [5], log(v/ Hz )
wy = 2mvge VEVAT exp(C,/k/2N), (5) FIG. 2. Frequency-dependent dielectric loss of (a) salol [6]

h . f f &4 is the h and (b) glycerol [7]. The solid curves give the theoretical
wherew is a constant frequency factor aog is the heat  e5nonse from Egs. (4) and (5). The dashed curves in (b)
capacity of an average aggregate. Note that, to a first apnclude a cutoff in the number of isolated free particles and a

proximation, theinversesize dependence in the “inverse resonance at the frequency corresponding to the average energy
Arrhenius” term yields the usual result that small aggre-of each cluster£,,/h). The dotted line in (b) represents the
gates relax faster than large aggregates, but becAuse high-frequency behavior of the KWW law. The inset shows the

: . . . ._“measured excess specific heat per molecule [8(9]/k (open
is not extensive, the mechanism is not the usual siz&sympols with connecting lines), and 3 times the specific heat

dependent activation energy. Instead, small aggregatg®r particle3(C, /N)/k deduced from the dielectric response of
have large thermal fluctuations which are activated bysalol: #; glycerol: ®; and PC:V.
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to achieve the same 3 degrees of freedom. Thus PVAof supercooled liquids has come from the mode-coupling
at T = 315 K has N = 600 particles, corresponding to theory [20] that predicts KWW-like behavior at low fre-
about 1200 monomers. Assuming spherical aggregategiencies, excess loss at high frequencies, and a dynamic
this yields an average dynamical correlation radius otransition at a critical temperatuf&,) which is 20-50 K
3.3 nm, consistent witt8 = 1 nm [12] and5 = 2 nm  aboveT,. Our theory offers an alternative explanation
[13] from recent measurements. for the critical behavior abové&, in salol [21] and PC
The average cluster sizei and average aggregate [22] whereey/k = T., and explains why the critical be-
size n define two distinct size scales which corre- havior is less obvious in glycerol [23] and PVAc [24]
spond to the two distinct energy scalesl{ and kB)  wherego/k < T,. Moreover, our theory yields a hetero-
in the VTF law. We propose the following inter- geneous distribution of relaxation rates, with correlation
pretation. Because energy-reducing fluctuations aréengths that are consistent with experiment. Although the
intensive, aggregates subdivide into multiple clusters tdasic model presented here gives relatively good agree-
decrease the net energy, and because only nearbyent with observed VTF- and KWW-like responses, the
clusters can exchange particles rapidly enough to beashed curves in Fig. 2(b) show how the agreement at
indistinguishable, aggregates remain finite sized to invery high frequencies can be improved by including reso-
crease the net entropy. The transient nature of the clustef@inces and single-particle effects. Finally, since similar
implies that they coincide with subtle changes in the poresponses are found in a wide variety of materials [5], the
sition or motion of the particles which induce a relatively mesoscopic mean-field theory may ultimately be adapted
strong interaction over a sufficient range to allow use ofo many systems.
the mean-field approximation. A possible mechanism is | thank S. Benkhof, F. Kremer, P. Lunkenheimer,
for neighboring molecules in the cluster to reside at ors R, Nagel, M. Oguni, R. Richert, and B. Schiener for
near the most favorable Sepal’ation for chemical bondinqaroviding me with the Origina| data presented here. | also
which sharply strengthens their energy of interaction. Wehank Burkhard Geil, Terrell Hill, Kevin Schmidt, and
speculate that aggregates are regions of thermodynameorge Wolf for enlightening discussions. This research

correlation (consistent with NSHB), while clusters arewas supported by NSF Grant No. DMR-9701740.
regions of quantum-mechanical coherence [consistent

with the secondary response aboM® Hz in Fig. 2(b)],
but the final picture will require further investigation.
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other theories of supercooled liquids. Two prevalent [} S€€, e.g., C.A. Angell, Scien@b7, 1924 (1995).
models for the VTF law are the Adam-Gibbs (AG) [2] T.L. Hill, Thermodynamics of Small SystefBsver, New
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[15] theory of cooperatively rearranging regions, and the [3] F. Stickel, Ph.D. thesis, Mainz University, 1995
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