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Pairing of Fermions with Arbitrary Spin
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Motivated by the recent success of optical trapping of alkali Bose condensate, we have studied the
superfluid state of optically trapped alkali fermions, which can have Cooper pairs with total spib.
In this paper, we shall discuss the general structure of these large spin Cooper pairs and their close
relation with singlet Cooper pairs with nonzero orbital angular momentum. We also present the exact
solution for theJ = 2 pairing which shows a surprising change of ground state as thefspinthe
constituent fermion increases. [S0031-9007(98)08168-X]

PACS numbers: 03.75.Fi, 05.30.Fk

The discovery of Bose-Einstein condensation [1] inthese systems is spin conserving [3], a prepared Spin
atomic gases has stimulated many new research directionsut of equilibrium with an external field cannot relax
Among these is the search of the superfluid phases of alkai its equilibrium value. The system therefore sees an
fermions. This search has become even more exciting ieffective field which would have been in equilibrium with
view of the recent success of confining Bose condensatele prepared. By choosingS appropriately, the effective
in optical traps [2]. Since optical traps are nonmagneticfield can be made much smaller than the external one. This
the spin of the trapped atoms is no longer frozen as it wamethod has very recently been used by Ketterle’s group to
in magnetic traps. This leads to a new class of superfluigtudy the spinor nature of tHéNa condensate [5].
phenomena. In the case of spin-1 Bose gas¥ik& and Of course, for a pairing state to be observable, its pairing
8Rb, one of us [3] has recently pointed otiNa and interaction has to be sufficiently negative to produce an
8Rb should have a nonmagnetic and ferromagrsginor ~ observabld’.. While the scattering lengths of some alkali
condensate, respectively, according to the current estimatésrmions have been calculated, they remain unknown for
of their scattering lengths [4]. Very recently, experimentsmany alkalis. (See later discussion.) Inview of the lack of
at MIT [5] have verified the basically nonmagnetic spinorinformation, we have performed a general study of the
nature of>’Na and found that its magnetic interaction is large spin Cooper pairs. In particular, we shall discuss
indeed antiferromagnetic [3]. theJ = 2 pairing in detail. This is the simplest among all

The physics of alkali fermions in optical traps is equally large spin pairing which also has an exact solution. The
rich. The fact that all alkali fermions (excefti) have = phenomena contained in this case reveal the rich physics of
hyperfine spins (or simply “spins’}) > 1/2 intheir lowest large spin Fermi systems, which turns out to be remarkable
hyperfine manifold implies that their Cooper pairs canindeed. For simplicity, we shall call th&-wave spinJ/
have total spins/ > 1. Fermions like?’Na and'**Cs  Cooper pairs (made up of two spifi fermions) “spin”
which havef = 5/2 and7/2 can have Cooper pairs with Cooper pairs, and singlet Cooper pairs wathital angular
total spin as high as 4 and 6. From the example ofmomentuny (made up of two spin-42 fermions) “orbital”
superfluid®*He, one can be sure that the internal structureCooper pairs. Let us first summarize our findings:
of these large spin Cooper pairs will generate a multitude (A) The structure of spin Cooper pairs is analogous
of macroscopic quantum phenomena. The purpose of thi® that of orbital Cooper pairs with the same angular
paper is to point out the structure of these large spin Coopanomentum. This allows one to obtain information of the
pairs, and a surprising change in behavior of a gpin- former from the latter, for which an exact solution already
Cooper pair as a function of fermion spfn exists forJ = 2 [7].

As a first step, we shall focus dmomogenoudgilute (B) The structure of a spid- Cooper changes as the
Fermi gases in zero magnetic fields. It is important tospin f of the constituent fermions increases beyond a
understand the homogeneous situation before studying tregitical value. For Cooper pairs with spih= 2, they are
trapped cases [6]. Moreover, the physics of homogeneou$erromagnetic” (or “axial”) if f = 7/2, but nonmagnetic
systems are important in their own right. At first sight, (or “real”) if f = 5/2. This change of character as a
the weak field limit seems difficult to achieve, for even function of f is a result of maximizing the phase space
the Earth’s magnetic field amounts 106~* K, enough to  for pairing and isindependenbf interaction parameters,
polarize the whole gas. Despite this “strong” backgroundas long as they favaf = 2 pairing.
field, which can be shielded off to a large extent, one can Free energy—The low energy effective Hamiltonian
reduce it effectively to the weak field limit by specifying of a spin{ dilute Fermi gas withs-wave interactions has
the total spinS of the system. Since the dynamics of been derived in Ref. [3]. Itis rotationally invariant in spin
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space, and is of the fornf — uN = [dx ) (x) X To find the AY) that minimizes the energy, and to
Hip(x)pp(x) + % [ dx lﬁ;(X)lﬂg(X)Falg;uylﬁﬂ(x)lﬁv(x), illustrate the relation of spin and orbital Cooper pairs, it
_,]_[;ﬁ(x) _ —%szsaﬁ — ¥B - Fap, is_ useful to consider a diff_erent representationﬁdf).
271 First, we note that the singlet stat\ ) .5 « =
ro. — Z or (ff;00lffaB)2f + 1 satisfies UnUT = 5, and
aBipy “= has the propertiesyp™n =1, U'n = UT, and
F Fip = —qF!. DefiningA = 27, Eq. (4) then becomes
xS (ffaBlffiFmy(ff;Fmlffuv),  UEwU* = D, Ep/, which has the solutiofEn 1.z
m=—F [Y)m(F)]ap, WhereY,, (F) is a matrix obtained by first

) ) (:_l) writing the spherical harmonilszr(,f)(lE) in a symmetric
whereM is the mass of the fermiod.ff; Fm|ffuv)is  rectangular form, and then by replacikgby the matrix
the Clebsch-Gordan coefficient for forming a total spin £, [9]. For example, sincek?Y»;(k) o« k,(k, + iky),
from two Splnf partlcles,gp = 47Thz(1.F/M, .and C.lp IS we haVEYZl(F) oc Fz(Fx + lF}) + (Fx + le)FZ The
the s-wave scattering length of two spififermions in the  general form of the order parameter within the angular
scattering channel with total spin. Because of antisym-  momentumy subspace is then
metry of the fermions, only evefi’s appear in Eq. (1).

The order parameter of arf-wave superfluid is ) 4
Vo p(x) = (fa (X)h(x)), Which is a2f + 1) X 2f + Aap = Z CnlYim(F)n]ap - (6)
1) antisymmetric matrix in spin space. For homogeneous m==J
systems, ¥,z is independent ok. It is convenient to Using the Wigner-Eckart theorem, it is easily seen that the

define the gap function two representations, Eqgs. (5) and (6), are identical.
AT o Next, we note that’Y,,,(#) is a homogenous polyno-
af = Laiur Fuv- @) mialofr satisfying Laplace’s equation. It can therefore be
Applying the standard BCS theory [8], we obtain the freeWritten aSVJ_YJm(f)_ = Aijipiy Tiy Tiy -+ Ti,» WheTeA , ., is
energy as symmetric in all its indices and vanishes whenever any

1 two indices contract We can then writ\) as
F=—=TrA" r'A
2 A(J) = Z Ailiz-"i_,FilFiz -~-F,-l,1; . (7)

ipiy

kT g Lo + ¢
> > ¢ TMAGKkw)A Gk, (3) It is also useful to compare thepin structure ofAY) in

2 kw, =1 ¢ . . .

I , Eq. (7) with theorbital structure of the singlet Cooper
where I'"" is given by Eq. (1) withgy replaced by 5 of spin-y2 fermions. The order parameter of the
gr ,w, = (2n + 1)7kgT are the Matsubara frequen_mes, latter isA (k) = <cT(k)c1(—k)>,wherecT+(k) creates a spin
Gap(k, w,) andGap(k, f"ﬂ)_ are normal Greens functions | | /5 fermion with momenturi at the Fermi surface. For
satisfying matrix equatioiw, — 3{,(k)JG(kw,) = 1. pairing withevenorbital angular momentumi, AY) (k) =

[iwn N g-[;?(k)]é(kwn) =1 Zm CinYJm(R)i or
General structure of Cooper pairs with spin angu-
lar momentum/.—To obtain the general form o, we AV(K) = Z Ao ke ki (8)

consider its transformation properties. Under a spin ro-
tation U = exp(—i@ - F), ¢y, — (U),. This implies , .
V¥ — W = UAUT. and hencel — A’ = UAUT. For Comparing Egs. (7) and (8), one finds that they are almost
gap functions that transform like an angular momentunidentical except that the;’s are noncommuting matrices,

iy

state|Jm), they must satisfy whereas the;s arec numbers. On the other hand, this
o o means that t_hese two structures approach each o_tbér as
[UAY U Nag = Do (0) [A Tag - (4) increases, since the spin operalbbehaves more like a
_ _ o classical vector.
It is easy to see that the solution of Eq. (4X4n )ap = The general scheme for determining and theJ = 2
(ffapBlff;Jm). The general structure of the spingap  pairing: As temperature is lowered, superfluid conden-
function is therefore sation first takes place at the (evehrhannel with most
J negative coupling; since it has the highest transition tem-
AN)ap = D el ffaBlffsdm), perature ). The free energy Eq. (3) to the quartic order
m=—1 in AV s
J
or [AYYy e > ¢, lum), (5) F = —% a TrAV AW 4 %,BTr(A(J)A“”)Z, (9)
m=—J
where the second expression in Eq. (5) is simply the firsvhere o = N(0)In(T./T), T. = 1.14epe™"/(&/INO) =
written in abstract form. 1.14epe~™/@kelal)  N(0) is the density of state at the
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Fermi surface per spig = 7£(3)/(872T?), ander and BB,
kr are the Fermi energy and momentum. To determine 1
AY), we substitute Eq. (7) into Eq. (9) and find the matrix
A that minimizes the energy. In the following, we shall f=5/2 ~ |
present the exact solution f6rwaveJ = 2 Cooper pairs 05 . f=ri2
formed by spinf fermions. The solutions off > 2 * %/
Cooper pairs will be studied elsewhere, for they require 1 f—w
much lengthier calculations than thle= 2 case, which 0.0 * B,/B,
is already lengthy. Our method, however, applies to all |
J = 2 pairs. f=372
From Eq. (9), one can see thét is of the form 05 | "
u
_’F = — %AUA;(] Tr(F,'FjFqu)
P 105 -0.5 0.0 05 1.0
+ TAUAIZ?AMA?[ Tr(FiFijF€FquFsFt)- FIG. 1. Distribution of stable phases in thg;/8,, 83/82)
space for/ = 2 pairing [7]. Regions I, Il, and Il are the stable
(10) regions of the “axial,” “cyclic,” and “real” states, respectively.
. . . U corresponds to an unstable region. The stars are the ratios
After evaluating the traces (see Appendix), we find (,BI/BLBF;/Bz) calculated from qus_ (12) to (14) for the
F=—aTrad" + BiITrA]® + By(TrA"A)? value indicated.
+ B3 Tr(A’A™), (11)
B 29 121 22 4 m, = i%, t%. The structure of the axial and the real
A=y [ 70" 60 1T sl T 5 ’8] (12)  state are given b i) = 12:2) = (3.3 — [3. 1),
50 2 | P Aap) = G12:0) + &(12:2) +12,-2)) = §{(13.7) -
B = _[__12 TR —18] 13) 155 + (450 — 155 I+ 103, 0 - 13,3 +
4L 70 30 15 35 (15,5 — 152,511, where the state vectors with
B3 g 16 integer entries such dg;0) means|33;J = 2,m = 0),
Bz = T[g I — §14 + Elﬁi|, (14)  those with half integer entries such 45, 5') mean

wherel, = Zf:_f m", anda@ = $5[41y — L].

lf=32,m=1f=3m= ). One can see that the
only two Fermi surfacesn{ = 3 and 1) are involved in

Equation (11) is identical to the free energy of aine pairing in axial state, whereas all four Fermi surfaces
general d-wave singlet superfluid. The minimization gre jnvolved in the pairing of the real state. Since the real
problem of Eq. (11) was solved by Mermin [7]. Only giate maximizes the amount of pairing, it is favored in this
three equilibrium phases are possible [10]: () Axial gytreme quantum case. Agincreases, the number of

state: whengs > —B; + |Bi1l, A « Y»n(F)n; (Il) Cyclic
state: when0 > B3 > —6;, A o« (F2 + ¢*™/3F2 +
e*3F2)n; (1) Real state: whengs < —48; — 2|81l
A < {{1Y2(F) + H[Y2(F) + Yy —»(F)]in, where; and
{, are real.

The portion of the phase diagram i@;—B; space

Fermi surfaces appearing in the axial state (i.e., the spin
state|J = 2,m = 2)) quickly increases. By the timg
reaches%, the real state no longer has the advantage of
involving most Fermi surfaces, and the system switches
to the axial state, where the spin operaldrbegins to
resemble a classical vector. We have thus established

relevant for our discussion is shown in Fig. 1. Usingstatements (A) and (B).

Egs. (12) to (14), we note th§B;, B3) is in region lll for
f =3 and3, and in region | forf = . The superfluid

Observability—The long lived alkali fermions which
have f > % in their lowest hyperfine manifold aréNa,

is therefore a real state fgr = % and%, but changes to 40K, 36Rp, 132Cs, 13*Cs, and '*°Cs, which havef =

the axial state foy = 1.

5/2,9/2,5/2,3/2, 7/2, and9/2 and lifetimes 2.5 yr,

This change of pairing behavior can be understood0’ yr, 18 days, 6 days, 2 yr, and 13 days, respectively

as follows. As mentioned before, gs— oo, the order

[11]. According to the recent calculation of Greene,

parameters in Egs. (7) and (8) become identical, and thBurke, and Bohn [4], the scattering lengthsUf are posi-

energy Eq. (9) becomes the weak couplifigvave super-
fluid, which has an optimum order parameigs(k) [7].
(This state has “more pairing” thaipy and Y,-; in

tive, hence unfavorable for pairing. At present, there is no
information about the scattering lengths of the Cs fermi-
ons. On the other handy, = —65(+40, —20)ag, a, =

the sense that its absolute square only has point nodes130(+40, —70)ag, ap = —145(+40, —65)ap for 86RDb;
whereas bothY,y(k)|> and |Y, «(k)|*> have line nodes.) andas = —108(+27, —40)ag, a» = —115(+32, —50)az,

On the other hand, in the most quantum cgse- 3,

ap = —117(+34, —55)ap for 2>Na, whereay is the Bohr

there are four degenerate Fermi surfaces, labeled adius and the numbers in the bracket are error bars.
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To estimateT,, we use the value ofr ander atthe ¢ =d = 0. ExpandingU in powers of @, it is easy
center of the trap For an anisotropic trap with frequencies to see thatl, = >* %Izn(ﬂﬁz")o, where I, =

R o n=1 (2n
@l andwz_ln tpexzzplane in? alongk |t2|s easy to ShSW Z{;:,f m?". Next, we note that the relation between
that kra, = (Z) (Z)’ €Ep = zﬁa)l(z) , where a; =

. . . 6 anda,...,d is independent off. For spin ¥2 sys-
Vi/Mw., whereR is the radius of the cloud in the tems, the quantityQ = Tr[e ia0/2¢ b o/2p-ico/2

Xy plan4e8 r)\elated to the total number of partic®¥sas  ,-id'o/2]/Tr(]) = (¢~9'*/2) can be written as¢é =
R N . . . 1w
« = (@) /6 with A = w_/w, . Foranisotropictrap ¢ — | =% CI g2 nverting this relation,

. : n=12,.. 1(2n)!
(A = 1) with @, /27 = 2000 Hz, the expressioff.(/ = e obtainedd> as a power series of, or Q. From
2) = 1.14epe~™/?krlaal givesT.(J = 2) ~ 1.9 X 1078K

s ¢ s this expression, we can calculatd 6%"), for n = 2
for Na_;mth N86= 4 X 10 atomi and7.(J =2) ~ {0 4 by calculatingD Q? for p = 1,2,3,4. The latter
2.3 X 107'K for ®Rb with N = 10> atoms. Since the can pe easily calculated because they involve only spin

lowest temperature reached in current BEC experiments i§/2 quantities. Evaluating this way gives Eq. (12) to
1077 K, these transition temperatures of fermions (whichgq (14).

can be made higher by increasing the trap frequency
or the anisotropy\) appear to be feasible. Singg is
most negative, singlet instead &f= 2 pairing will first
occur in zero field. This, however, does not mean that all
higher spin pairing states are nonobservable. The singletl] M.H. Andersonet al., Science269, 198 (1995); C.C.
spin states can be efficiently suppressed in a magnetic Bradley et al., Phys. Rev. Lett.75 1687 (1995); K.B.
field (obtained by specifying the total spin of the system __ Davisetal.,Phys. Rev. Lett75, 3969 (1995).

as mentioned in the introduction), thereby revealing all [2! g' IStampe:_'iK;mM M.R. \,]Angrews, A Pd V%hlikaturl,
other higher spin pairing states [12]. For length reasons, Phygog)g\a/’ Lett80. zu(a)szr;e{,lg%) tenger, an - Ketterle,
magnetic field effects will be discussed elsewhere. i | ’ )

_ [3] T.L. Ho, Phys. Rev. Lett81, 742 (1998).
We have shown that the superfluid phenomena of alkali4] 5. Burke, C.'Greene, and J. Bohn (to be published).

fermions become amazingly rich once the spin degreess) J. Stengeret al., “Spin Domains in Ground State Spinor
of freedom are released. Should the current efforts of  Bose-Einstein Condensates,” Nature (London) (to be
cooling alkali fermions to degenerate limit be successful,  published).

transferring the degenerate gas into an optical trap [2][6] For a not too small number of particles, the local Fermi
will help one to uncover the superfluid phases discussed Wavelength will be much less than the size of the cloud
here. Since32Cs, 1**Cs, and'**Cs havef = 3/2, 7/2, almost everywhere. One can therefore think of the order
and9/2 in their lowest hyperfine multiplet, respectively, parameter locally. The proximity effect will, however,
if their scattering lengths turned out to be negative, our lower theT. somewhat from the estimate discussed below.

i i 86 [7] N.D. Mermin, Phys. Rev. A, 868 (1974).
E%SUIt predICtS that liké’Na and" Rb, the grg)6und S.tate of [8] Superconductivityedited by R.D. Parks (Marcel Dekker,
32Cs will be a real state, where&8Cs, and'**Cs will be Inc., New York, 1969). Vol. 1, Chaps. 5 and 6
an “axial” state. ° ' , Vol. 1, . )

) ) ) [9] G. Baym, Lectures on Quantum Mechani¢Benjamin/
T.L.H. would like to thank Jim Burke for the estimates Cummings, New York, 1969), Chap. 17.
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Appendix—Evaluation of the quartic term in Eq. (10): [11] Nuclear Wallet Cards, edited by Jagdish K. Tuli
Denoting Iy = A;;Aj(Ap AL, TH(FiF;FyFoF ,F FF,), (Brookhaven National Laboratory, Long Island, NY,
we note thatly = D[TrU]y, whereD = A;jA{A,, X 1998), Sth ed. o

. 0 e e 92 — —iaF o—ibF —icF [12] More precisely, thg = 0 transition will be more strongly
Ag da;da; dbyob, dc,dc, 9d,od,’ U=e ¢ ¢ X suppressed than the axial statex Y,,(F)n or the real
e 4F = ,~i0F "and the subscript “0” means = b = stateA o [Y5(F) + Y »(F)]n.
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