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Pairing of Fermions with Arbitrary Spin
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Motivated by the recent success of optical trapping of alkali Bose condensate, we have studied th
superfluid state of optically trapped alkali fermions, which can have Cooper pairs with total spinJ $ 2.
In this paper, we shall discuss the general structure of these large spin Cooper pairs and their clo
relation with singlet Cooper pairs with nonzero orbital angular momentum. We also present the exac
solution for theJ  2 pairing which shows a surprising change of ground state as the spinf of the
constituent fermion increases. [S0031-9007(98)08168-X]
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The discovery of Bose-Einstein condensation [1]
atomic gases has stimulated many new research directio
Among these is the search of the superfluid phases of alk
fermions. This search has become even more exciting
view of the recent success of confining Bose condensa
in optical traps [2]. Since optical traps are nonmagnet
the spin of the trapped atoms is no longer frozen as it w
in magnetic traps. This leads to a new class of superflu
phenomena. In the case of spin-1 Bose gas like23Na and
87Rb, one of us [3] has recently pointed out23Na and
87Rb should have a nonmagnetic and ferromagneticspinor
condensate, respectively, according to the current estima
of their scattering lengths [4]. Very recently, experimen
at MIT [5] have verified the basically nonmagnetic spino
nature of23Na and found that its magnetic interaction i
indeed antiferromagnetic [3].

The physics of alkali fermions in optical traps is equall
rich. The fact that all alkali fermions (except6Li) have
hyperfine spins (or simply “spins”)f . 1y2 in their lowest
hyperfine manifold implies that their Cooper pairs ca
have total spinsJ . 1. Fermions like22Na and 134Cs
which havef  5y2 and7y2 can have Cooper pairs with
total spin as high as 4 and 6. From the example
superfluid3He, one can be sure that the internal structu
of these large spin Cooper pairs will generate a multitu
of macroscopic quantum phenomena. The purpose of t
paper is to point out the structure of these large spin Coo
pairs, and a surprising change in behavior of a spinJ
Cooper pair as a function of fermion spinf.

As a first step, we shall focus onhomogenousdilute
Fermi gases in zero magnetic fields. It is important
understand the homogeneous situation before studying
trapped cases [6]. Moreover, the physics of homogeneo
systems are important in their own right. At first sigh
the weak field limit seems difficult to achieve, for eve
the Earth’s magnetic field amounts to1024 K, enough to
polarize the whole gas. Despite this “strong” backgroun
field, which can be shielded off to a large extent, one c
reduce it effectively to the weak field limit by specifying
the total spinS of the system. Since the dynamics o
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these systems is spin conserving [3], a prepared spinS
out of equilibrium with an external field cannot rela
to its equilibrium value. The system therefore sees
effective field which would have been in equilibrium with
the preparedS. By choosingS appropriately, the effective
field can be made much smaller than the external one. T
method has very recently been used by Ketterle’s group
study the spinor nature of the23Na condensate [5].

Of course, for a pairing state to be observable, its pairi
interaction has to be sufficiently negative to produce
observableTc. While the scattering lengths of some alka
fermions have been calculated, they remain unknown
many alkalis. (See later discussion.) In view of the lack
information, we have performed a general study of t
large spin Cooper pairs. In particular, we shall discu
theJ  2 pairing in detail. This is the simplest among a
large spin pairing which also has an exact solution. T
phenomena contained in this case reveal the rich physic
large spin Fermi systems, which turns out to be remarka
indeed. For simplicity, we shall call theS-wave spin-J
Cooper pairs (made up of two spinf fermions) “spin”
Cooper pairs, and singlet Cooper pairs withorbital angular
momentumJ (made up of two spin-1y2 fermions) “orbital”
Cooper pairs. Let us first summarize our findings:

(A) The structure of spin Cooper pairs is analogo
to that of orbital Cooper pairs with the same angul
momentum. This allows one to obtain information of th
former from the latter, for which an exact solution alread
exists forJ  2 [7].

(B) The structure of a spin-J Cooper changes as the
spin f of the constituent fermions increases beyond
critical value. For Cooper pairs with spinJ  2, they are
“ferromagnetic” (or “axial”) if f $ 7y2, but nonmagnetic
(or “real”) if f # 5y2. This change of character as
function of f is a result of maximizing the phase spac
for pairing and isindependentof interaction parameters,
as long as they favorJ  2 pairing.

Free energy.—The low energy effective Hamiltonian
of a spin-f dilute Fermi gas withs-wave interactions has
been derived in Ref. [3]. It is rotationally invariant in spi
© 1999 The American Physical Society 247
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space, and is of the formH 2 mN 
R

dx c1
a sxd 3

H
o

absxdcbsxd 1
1
2

R
dx c1

a sxdc1
b sxdGab;mncmsxdcnsxd,

H
o

absxd  2
h̄2

2M =2dab 2 gB ? Fab,

Gab;mn 
2f21X
F0

gF

3

FX
m2F

k ffabjff; Fml k ff; Fmjffmnl ,

(1)
whereM is the mass of the fermion,k ff; Fmjffmnl is
the Clebsch-Gordan coefficient for forming a total spinF
from two spin-f particles,gF  4p h̄2aFyM, and aF is
thes-wave scattering length of two spin-f fermions in the
scattering channel with total spinF. Because of antisym-
metry of the fermions, only evenF’s appear in Eq. (1).

The order parameter of anS-wave superfluid is
Cabsxd  kcasxdcbsxdl, which is as2f 1 1d 3 s2f 1

1d antisymmetric matrix in spin space. For homogeneo
systems,Cab is independent ofx. It is convenient to
define the gap function

Dab  Gab;mnCmn . (2)

Applying the standard BCS theory [8], we obtain the fr
energy as

F 
1
2

Tr D1G21D

2
kBT

2

X
kvn

X̀
,1

1
,

TrfDG̃skvndD1Gskvndg,, (3)

where G21 is given by Eq. (1) withgF replaced by
g21

F , vn  s2n 1 1dpkBT are the Matsubara frequencie
Gabsk, vnd andG̃absk, vnd are normal Greens function
satisfying matrix equationfivn 2 HoskdgGskvnd  1,
fivn 1 H T

o skdgG̃skvnd  1.
General structure of Cooper pairs with spin angu

lar momentumJ.—To obtain the general form ofD, we
consider its transformation properties. Under a spin
tation U  exps2iu ? Fd, ca ! sUcda . This implies
C ! C0  UDUT , and henceD ! D0  UDUT . For
gap functions that transform like an angular momentu
statejJml, they must satisfy

fUDsJd
m UT gab  D

sJd
mm0sud fDsJd

m0 gab . (4)

It is easy to see that the solution of Eq. (4) issDsJd
m dab ~

k ffabjff; Jml. The general structure of the spin-J gap
function is therefore

sDsJddab ~

JX
m2J

cmk ffabjff; Jml ,

or jDsJdl ~

JX
m2J

cmjJml , (5)

where the second expression in Eq. (5) is simply the fi
written in abstract form.
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To find the DsJd that minimizes the energy, and t
illustrate the relation of spin and orbital Cooper pairs,
is useful to consider a different representation ofDsJd.
First, we note that the singlet statesDs0ddab ~ h ;
k ff; 00jffabl

p
2f 1 1 satisfies UhUT  h, and

has the propertiesh1h  1, U1h  hUT , and
Fih  2hFT

i . DefiningD ; Jh, Eq. (4) then becomes
UJ

sJd
m U1  D

sJd
mm0J

sJd
m0 , which has the solutionfJsJd

m gab ~

fYJmsFdgab, where YJmsFd is a matrix obtained by first

writing the spherical harmonickJY
sJd
m sk̂d in a symmetric

rectangular form, and then by replacingki by the matrix
Fi [9]. For example, sincek2Y21sk̂d ~ kzskx 1 ikyd,
we haveY21sF̂d ~ FzsFx 1 iFyd 1 sFx 1 iFydFz . The
general form of the order parameter within the angu
momentumJ subspace is then

D
sJd
ab 

JX
m2J

cmfYJmsFdhgab . (6)

Using the Wigner-Eckart theorem, it is easily seen that
two representations, Eqs. (5) and (6), are identical.

Next, we note thatrJYJmsr̂d is a homogenous polyno-
mial of r satisfying Laplace’s equation. It can therefore b
written asrJYJmsr̂d  Ai1i2···iJ ri1 ri2 · · · riJ , whereAi1i2···iJ is
symmetric in all its indices and vanishes whenever a
two indices contract. We can then writeDsJd as

DsJd 
X

i1···iJ

Ai1i2···iJ Fi1 Fi2 · · · FiJ h . (7)

It is also useful to compare thespin structure ofDsJd in
Eq. (7) with theorbital structure of the singlet Coope
pairs of spin-1y2 fermions. The order parameter of th
latter isDskd  kc"skdc#s2kdl, wherec1

" skd creates a spin
11y2 fermion with momentumk at the Fermi surface. For
pairing withevenorbital angular momentumJ, DsJdskd P

m cmYJmsk̂d, or

DsJdskd 
X

i1···iJ

Ai1i2···iJ ki1 ki2 · · · kiJ . (8)

Comparing Eqs. (7) and (8), one finds that they are alm
identical except that theFi ’s are noncommuting matrices
whereas thekis arec numbers. On the other hand, thi
means that these two structures approach each otherf
increases, since the spin operatorF behaves more like a
classical vector.

The general scheme for determiningDJ and theJ  2
pairing: As temperature is lowered, superfluid conde
sation first takes place at the (even)J channel with most
negative couplinggJ since it has the highest transition tem
perature (Tc). The free energy Eq. (3) to the quartic ord
in DsJd is

F  2
1
2

a Tr DsJd1DsJd 1
1
4

b TrsDsJdDsJd1d2, (9)

where a  Ns0d lnsTcyT d, Tc  1.14eFe21ysjgJ jNs0dd 
1.14eFe2pys2kF jaJ jd, Ns0d is the density of state at the
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Fermi surface per spin,b  7z s3dys8p2T2
c d, andeF and

kF are the Fermi energy and momentum. To determi
DsJd, we substitute Eq. (7) into Eq. (9) and find the matri
A that minimizes the energy. In the following, we sha
present the exact solution forS-waveJ  2 Cooper pairs
formed by spin-f fermions. The solutions ofJ . 2
Cooper pairs will be studied elsewhere, for they requi
much lengthier calculations than theJ  2 case, which
is already lengthy. Our method, however, applies to a
J $ 2 pairs.

From Eq. (9), one can see thatF is of the form

F  2
a

2
AijAp

pq TrsFiFjFpFqd

1
b

4
AijAp

k,ApqAp
st TrsFiFjFkF,FpFqFsFtd .

(10)

After evaluating the traces (see Appendix), we find

F  2 ã Tr AA1 1 b1jTr A2j2 1 b2sTr ApAd2

1 b3 TrsA2Ap2d , (11)

b1 
b

4

∑
2

29
70

I2 1
121
60

I4 2
22
15

I6 1
4

35
I8

∏
, (12)

b2 
b

4

∑
2

2
70

I2 1
1

30
I4 1

4
15

I6 1
8
35

I8

∏
, (13)

b3 
b

4

∑
3
5

I2 2
8
3

I4 1
16
15

I6

∏
, (14)

whereIn ;
Pf

m2f mn, andã 
a

12 f4I4 2 I2g.
Equation (11) is identical to the free energy of

general d-wave singlet superfluid. The minimization
problem of Eq. (11) was solved by Mermin [7]. Only
three equilibrium phases are possible [10]: (I) Axia
state: whenb3 . 2b1 1 jb1j, D ~ Y22sFdh; (II) Cyclic
state: when0 . b3 . 26b1, D ~ sF2

x 1 e2piy3F2
y 1

e4piy3F2
z dh; (III) Real state: whenb3 , 24b1 2 2jb1j,

D ~ hz1Y20sFd 1 z2fY22sFd 1 Y2,22sFdgjh, wherez1 and
z2 are real.

The portion of the phase diagram inb1 b3 space
relevant for our discussion is shown in Fig. 1. Usin
Eqs. (12) to (14), we note thatsb1, b3d is in region III for
f  3

2 and 5
2 , and in region I forf $

7
2 . The superfluid

is therefore a real state forf  3
2 and 5

2 , but changes to
the axial state forf $

7
2 .

This change of pairing behavior can be understoo
as follows. As mentioned before, asf ! `, the order
parameters in Eqs. (7) and (8) become identical, and t
energy Eq. (9) becomes the weak couplingd-wave super-
fluid, which has an optimum order parameterY22sk̂d [7].
(This state has “more pairing” thanY20 and Y261 in
the sense that its absolute square only has point no
whereas bothjY20sk̂dj2 and jY2,61sk̂dj2 have line nodes.)
On the other hand, in the most quantum casef  3

2 ,
there are four degenerate Fermi surfaces, labeled
ne
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FIG. 1. Distribution of stable phases in thesb1yb2, b3yb2d
space forJ  2 pairing [7]. Regions I, II, and III are the stable
regions of the “axial,” “cyclic,” and “real” states, respectively
U corresponds to an unstable region. The stars are the ra
sb1yb2, b3yb2d calculated from Eqs. (12) to (14) for theJ
value indicated.

mz  6
3
2 , 6

1
2 . The structure of the axial and the rea

state are given byjDaxiall  j2; 2l  1p
2
sj 3

2 , 1
2 l 2 j 3

2 , 1
2 ld,

jDreall  z1j2; 0l 1 z2sj2; 2l 1 j2, 22ld  z1

2 fsj 3
2 , 23

2 l 2

j23
2 , 3

2 ld 1 sj 1
2 , 21

2 l 2 j21
2 , 1

2 ldg 1
z2

2 fsj 3
2 , 1

2 l 2 j 1
2 , 3

2 ld 1

sj21
2 , 23

2 l 2 j23
2 , 21

2 ldg, where the state vectors with
integer entries such asj2; 0l meansj 3

2
3
2 ; J  2, m  0l,

those with half integer entries such asj 1
2 , 21

2 l mean
j f  3

2 , m  1
2 l j f  3

2 ; m  21
2 l. One can see that the

only two Fermi surfaces (m  3
2 and 1

2 ) are involved in
the pairing in axial state, whereas all four Fermi surfac
are involved in the pairing of the real state. Since the r
state maximizes the amount of pairing, it is favored in th
extreme quantum case. Asf increases, the number o
Fermi surfaces appearing in the axial state (i.e., the s
statejJ  2, m  2l) quickly increases. By the timef
reaches7

2 , the real state no longer has the advantage
involving most Fermi surfaces, and the system switch
to the axial state, where the spin operatorF begins to
resemble a classical vector. We have thus establis
statements (A) and (B).

Observability.—The long lived alkali fermions which
havef .

1
2 in their lowest hyperfine manifold are22Na,

40K, 86Rb, 132Cs, 134Cs, and 136Cs, which havef 
5y2, 9y2, 5y2, 3y2, 7y2, and 9y2 and lifetimes 2.5 yr,
109 yr, 18 days, 6 days, 2 yr, and 13 days, respectiv
[11]. According to the recent calculation of Green
Burke, and Bohn [4], the scattering lengths of40K are posi-
tive, hence unfavorable for pairing. At present, there is
information about the scattering lengths of the Cs ferm
ons. On the other hand,a4  265s140, 220daB, a2 
2130s140, 270daB, a0  2145s140, 265daB for 86Rb;
anda4  2108s127, 240daB, a2  2115s132, 250daB,
a0  2117s134, 255daB for 22Na, whereaB is the Bohr
radius and the numbers in the bracket are error bars.
249
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To estimateTc, we use the value ofkF and eF at the
center of the trap. For an anisotropic trap with frequencies
v' andvz in thexy plane and alongz, it is easy to show
that kFa2  s R

a'
d s a2

a'
d, eF  1

2 h̄v's R
a'

d2, where a' p
h̄yMv', where R is the radius of the cloud in the

xy plane related to the total number of particlesN as
R
a'

 s 48Nl

s2f11d d
1y6, with l ; vzyv'. For an isotropic trap

(l  1) with v'y2p  2000 Hz, the expressionTcsJ 
2d  1.14eFe2py2kF ja2j givesTcsJ  2d , 1.9 3 1028K
for 22Na with N  4 3 106 atoms andTcsJ  2d ,
2.3 3 1027K for 86Rb with N  106 atoms. Since the
lowest temperature reached in current BEC experiments
1029 K, these transition temperatures of fermions (whic
can be made higher by increasing the trap frequen
or the anisotropyl) appear to be feasible. Sinceg0 is
most negative, singlet instead ofJ  2 pairing will first
occur in zero field. This, however, does not mean that
higher spin pairing states are nonobservable. The sing
spin states can be efficiently suppressed in a magne
field (obtained by specifying the total spin of the system
as mentioned in the introduction), thereby revealing a
other higher spin pairing states [12]. For length reason
magnetic field effects will be discussed elsewhere.

We have shown that the superfluid phenomena of alk
fermions become amazingly rich once the spin degre
of freedom are released. Should the current efforts
cooling alkali fermions to degenerate limit be successfu
transferring the degenerate gas into an optical trap
will help one to uncover the superfluid phases discuss
here. Since132Cs, 134Cs, and136Cs havef  3y2, 7y2,
and 9y2 in their lowest hyperfine multiplet, respectively
if their scattering lengths turned out to be negative, o
result predicts that like22Na and86Rb, the ground state of
132Cs will be a real state, whereas134Cs, and136Cs will be
an “axial” state.

T. L. H. would like to thank Jim Burke for the estimates
of the scattering lengths. This work is supported by
Grant from NASA, No. NAG8-1441, and NSF Grants
No. DMR-9705295 and No. DMR-9807284.

Appendix.—Evaluation of the quartic term in Eq. (10):
Denoting I4  AijAp

k,ApqAp
st TrsFiFjFkF,FpFqFsFtd,

we note thatI4  D fTr Ug0, whereD ; AijAp
k,Apq 3

Ap
st

≠2

≠ai≠aj

≠2

≠bk≠b,

≠2

≠cp≠cq

≠2

≠ds≠dt
, U ; e2ia?Fe2ib?Fe2ic?F 3

e2id?F ; e2iu?F, and the subscript “0” meansa  b 
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c  d  0. ExpandingU in powers of u , it is easy
to see thatI4 

P4
n1

s21dn

s2nd! I2nsD u2nd0, where I2n Pf
m2f m2n. Next, we note that the relation betwee

u and a, . . . , d is independent off. For spin 1y2 sys-
tems, the quantityQ ; Trfe2ia?sy2e2ib?sy2e2ic?sy2 3

e2id?sy2gyTrs1d  ke2iu?sy2l can be written asj 
Q 2 1 

P
n1,2,...

s21dn

22ns2nd! u
2n. Inverting this relation,

we obtainedu2 as a power series ofj, or Q. From
this expression, we can calculatesD u2nd0 for n  2
to 4 by calculatingD Qp for p  1, 2, 3, 4. The latter
can be easily calculated because they involve only sp
1y2 quantities. EvaluatingI4 this way gives Eq. (12) to
Eq. (14).
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