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We present the first successful attempt at calculating cluster full-potential x-ray absorption near-e
structure (XANES) spectra, based on the finite difference method. By fitting XANES simulations on
experimental spectra we are able to perform electron population analysis. The method is tested in
case of TiK-edge absorption spectrum in TiO2, where the amount of charge transfer between Ti and
O atoms and of the screening charge on the photoabsorber is obtained taking into account both dip
and quadrupolar transitions. [S0031-9007(99)08724-4]
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The close interplay between experimental measureme
and theoretical analysis has been and continues to be
of the most fruitful approaches to our present understan
ing of the electronic structure of condensed matter. Th
has become particularly true following the advent of sy
chrotron radiation experiments with their highly sophist
cated detection techniques, since they provide a wealth
information impossible to exploit completely without the
assistance of an adequate theoretical analysis.

The study of the occupied and unoccupied electron
states of matter by x-ray emission and absorption is o
such instance. Traditionally band structure calculations
periodic systems have been of great help in this interact
process, especially for the occupied part of the states
the unoccupied part very near to the Fermi energy (1
15 eV). Nowadays one can perform very sophisticat
full-potential self-consistent band calculations that can
used to advantage to analyze experimental data. Howe
there are severe limitations regarding their applicability
systems of physical interest: (a) They can be applied on
to periodic crystals; (b) band programs are not geared
calculating empty states far above the Fermi level (ap
from an early attempt [1] that has remained isolated
(c) the charge relaxation around the core hole is difficu
to implement (supercell calculations have to be done bu
is not at all easy to reach self-consistency).

In this respect short range cluster calculations [2] are
more flexible and superior, since they can be applied
the vast majority of interesting cases (in material scienc
e.g., nanostructured materials, biology and coordinati
chemistry, catalysis and industrial processes, disorde
systems, absorbates, etc.), and the energy range over w
absorption spectra can be calculated is virtually unlimite
Incidentally even for periodic systems a long range ba
calculation is not necessary, for the simple physical reas
that the finite lifetime of the excited photoelectron in th
final state limits the size of the region sampled around t
photoabsorber.
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Unfortunately up to now cluster calculations have be
based on multiple scattering theory with optical potent
restricted to the muffin-tin approximation. This is a ve
limiting feature, especially at low photoelectron kinetic e
ergies [the x-ray absorption near-edge structure (XANE
part of an absorption spectrum within about 50 eV fro
the edge], since then the excited electron becomes ra
sensitive to the spacial and electronic details of the p
tential. The ability to perform full-potential cluster cal
culations would provide a unique way for utilizing th
near-edge absorption region, not only for extracting stru
tural geometrical information but also, in a novel way
illustrated below, to study the details of the effective p
tential and the distribution of charge density.

The purpose of the present paper is to present a via
method for doing such calculations and to apply it to t
case of TiO2-rutile, where full potential band calculation
are possible for comparison, presenting at the same t
a population analysis based on the novel way of usin
XANES spectrum.

In the one-electron quadrupolar approximation the ph
toabsorption cross section with light polarized along t
vector´, using Rydbergs and atomic units, is given by

s  4p2aEn

X
f

µ
jkCf

j´ ? rjCilj2

1
1
4

jkCf
j´ ? r k ? rjCilj2

∂
, (1)

wherea is the fine structure constant,En andk the pho-
ton energy and wave vector.Ci and C

f
stand for the

wave functions of the initial and final states. These lat
are time-reversed scattering solutions of the Schrödin
equation (SE) [3]. WithCi being known for core absorp-
tion, the problem is calculating all the possible final stat

In an ab initio cluster approach this is accomplishe
by solving the SE for the photoelectron moving in a
effective optical potential of the Hedin-Lundqvist type [4
© 1999 The American Physical Society
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using the finite difference method (FDM) full potentia
approach [5].

The FDM has been known for a long time [6] but
is only recently that the first FDM band structure calcul
tion was reported [7]. The technique was also extend
to low energy electron [8] and positron diffraction [9]
Sensitivity of low energy particles on electronic param
ters was illustrated in Ref. [10]. The calculation is pe
formed on a sufficiently large cluster around the cent
atom. Following Dill and Dehmer [11], the whole spac
is divided in three regions: (i) an outer sphere region s
rounding the cluster of interest, (ii) an atomic region com
posed by very little spheres (up to 0.65 Å of radius) arou
the atomic cores (not the usual large muffin-tin sphere
and (iii) the interatomic region where an FDM formula
tion of the Schrödinger equation is performed. In the ou
sphere region, the potential is assumed constant and a c
plete set of scattering solutions is given by an expans
of the final states in spherical harmonicsLf  s,f , mf d,

Cfsrd 

r
k

p

√
j,f skrdYLf sr̂d 1

X
L

T
Lf

L h1
, skrdYLsr̂d

!
,

wherejl andh1
l are the radial Bessel and outgoing Hank

functions. k 
p

E is the electronic wave vector andE is
the kinetic energy of the photoelectron in the outer sphe
The quantitiesT

Lf

L are the unknown cluster scatterin
amplitudes to be determined in the way specified belo
The factorkyp assures normalization of the scatterin
wave function to one state per Rydberg. In the atom
core region, since the potential is spherically symmetric
a very good approximation, one can expand the solution

Cfsrd 
X
L

A
Lf

L R,srdYLsr̂d ,

where the functionsR,srd are solutions of the radial SE
inside the atoms, with the vectorr being measured from
the atomic centers.

Finally in the interatomic region, the unknowns are th
values of the wave function on each grid pointi: C

f
i 

Cf srid. Here the Laplacian is discretized by approxima
ing the wave function around the pointi by a polynomial
of the order of 4. In this way, in an orthogonal frame, th
SE becomes

f6 1 h2sVi 2 EdgCf
i 2

16
15

firstX
j

C
f
j 1

1
15

secondX
j

C
f
j  0 ,

whereh is the interpoint distance (the smaller it is, the mo
accurate is the computation). In the XANES energy rang
convergence is reached withh around 0.25 Å.Vi  V srid
is the potential on the node pointi. The summations are,
respectively, over the six first and the six second neighb
points in the three orthogonal directions. The resultin
large system of linear equations connecting the values
the wave function on all the grid points in the interstitia
region and the expansion amplitudesA

Lf

L andT
Lf

L within
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the atomic core region and the outer sphere, respectiv
(in a way dictated by the continuity of the wave functio
and its gradient across the surface boundaries between
different regions), is solved by the Gauss-Seidel meth
to provide the solution everywhere in space. Equation
provides then the absorption coefficient.

This formulation does not require any approximation
the shape of the optical potential. This latter, moreov
to a very good approximation, can be assumed to b
functional of the total electronic density relaxed about t
core hole. Therefore the shape of a XANES spectrum
determined not only by the position of the atoms arou
the photoabsorber (which convey structural informatio
but also, although to a lesser extent, by the electro
density of the system. This fact suggests a novel w
of exploiting near-edge XAS spectra.

Indeed the total electronic density can be described
the superposition of the charge densities of the ato
whether neutral or ionized according to the system.
key ingredient in this procedure is the type of atom
orbitals, since this latter is correlated to the electr
population. In particular, bond directed valence orbita
are used whenever appropriate. For neutral or positiv
charged atoms, we take the orbitals generated via an ato
relativistic Hartree-Fock (HF) calculation. For anion
we use the same HF program but dilate the result
orbitals. This dilatation is controlled by the radius o
the orbital defined at the maximum of the radial electr
density. The electron population and the anion orbi
radius are adjusted by minimizing the discrepancy betwe
the simulated and the experimental spectrum. In or
to have an optimization criterium we use the reliabili
factor of typeD1 as described in Ref. [12] to measure th
“distance” between the two curves.

We have chosen to illustrate our method with an app
cation to the polarized TiK-edge x-ray absorption spec
tra in the rutile TiO2 structure for a variety of reasons
First, being a closed shell system, no multiplet effects
expected in the final state. Multielectron excitations (
the type3p to 4p at around 30 eV above the rising edg
are not observed, being probably very weak. Theref
we can reasonably expect a one-electron approach to
accurate enough for the study of charge-transfer tran
tions. Both dipole and quadrupole transitions are allow
[Eq. (1)]. Calculated polarized spectra are compared w
the experiments of Poumellecet al. [13] for two differ-
ent directions of the electric field and of the propag
tion vector: (a)s´, kd  sf001g, f110gd, and (b)s´, kd 
sf11̄0g, f110gd. We use basis vectors rotated by 45± around
thez axis of the conventional crystallographic structure
get the mirror planes alongxOy, xOz, andyOz. In the
structure, there are two kinds of octahedra related to e
other by a rotation of 90± around thez axis. The symmetry
type of the orbitals reached in the final state in the va
ous experimental setups are (a)pz for the dipolar transi-
tion anddxz anddyz for the quadrupolar transitions; (b)px
2399
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and py for the dipolar but onlydxy for the quadrupolar.
According to the ligand field theory applied in our fram
the dxy anddyz orbitals belong to thet2g-like representa-
tion; dxz belongs to theeg-like representation. The fina
result of the fitting is shown in Fig. 1, where the expe
mental (dotted line) and theoretical spectra (solid line)
superimposed for the two experimental setups (a) (t
and (b) (bottom). Cluster size convergence was reac
with a radius of 6.9 Å. The agreement between expe
ment and theory is very good: all the features are w
reproduced both in amplitude and position and in bo
orientations. Since the correct interpretation of the th
peaks (A1, A2, andA3) is still controversial, the pre-edg
region in both polarizations is detailed in Fig. 2. The
the individual quadrupolar and dipolar components are a
plotted. One can observe thatA2 andA3 are higher when
´ is along thec axis than when it is perpendicular to i
On the contrary,A1 is lower in the first polarization. One
can see that the shape of theA2 peak is also well repro-
duced, its width being larger in the second orientation. T
quadrupolar contribution is significant: theA1 peak is only
quadrupolart2g; A2 is dipolar in nature but includes also
little eg quadrupolar component;A3 is a pure dipolar fea-
ture. All of this is in agreement with Uozumiet al. [14]

FIG. 1. Lower panel: Comparison between the experimen
(dotted line) and calculated (solid line) TiK-edge XANES
spectra of single crystal TiO2-rutile for two orientations of the
electric field and wave vectors; bottom:s´, kd  sf11̄0g, f110gd
s´ ' kd top: s´, kd  sf001g, f110gd s´ k kd. Inset: Variation
of the R factor with the Ti 3d occupancy. Upper panel:pz-
projected density of states on Ti atom calculated by the FLAP
method.
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but not with Wuet al. [15] and Brydsonet al. [16] who,
relying on muffin-tin calculations, attribute theA1 feature
to a dipolar transition. Clearly on the basis of the prese
findings, this is an artifact of the muffin-tin approximation

As already mentioned, our interest is not only the fu
potential cluster calculation of XANES but also the eval
ation of the electronic parameters via the fitting procedu
In the present case the adjustable parameters were the
3d orbital occupation numbers:np

d for the photoabsorber
andnd for the others titanium.np

d includes the amount of
screening charge on the central atom. The O-2p orbital
np is given by charge neutrality (np  6 2 ndy2). No
occupation of4s orbital on Ti was present. The fitting
procedure givesnp

d  1.91, nd  1.00, and np  5.50.
The quadrupolar transition is extremely sensitive to t
np

d parameter, contrary to the dipolar transition, as alrea
emphasized in Ref. [14]. Thus it is the fit of the energ
position of peakA1 that allows the evaluation ofnp

d with
high accuracy. A calculation withnd  2.00 showed that
the quadrupolar transitionA1 shifted upward in energy by
2.0 eV, hence with a slope of 2.0 eV per 0.1 electron
screening charge. The fact that the core hole charg
not completely screened (0.1 electron charge is missin
points to a correlation effect caused by the presence
the excited3d electron that hinders the screening proce
The interesting comparison with the same quantity for t
dipolar transition cannot be done, due to the already m
tioned poor sensitivity of the spectral shape to the scre
ing charge. nd was optimized especially with peaksA2
and A3 in the experimental spectra, judging from the
energy distance from featureD in Fig. 1. Their energy
position was quite sensitive to the amount of charge tra
fer between Ti and O atoms with a derivative of 0.6 e
per tenth of electron on titanium. This allowed a preci
evaluation of the occupation numbers. Also their amp
tude variation with polarization did agree with the data
shown in Fig. 2. However this parameter does not aff
only theA2 andA3 peaks but also all the spectral shap
up to featureC. The minimization of theR factor (inset

FIG. 2. View of the pre-edge region. Quadrupolar (q) and
dipolar (d) components and their sum foŕ k (top) and '
(bottom) toz. The dotted line is the experimental curve.
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of Fig. 1) which is carried out on the considered energ
region confirms our results.

For comparison band structure calculations were p
formed within the full-potential linearized augmente
plane wave (FLAPW) framework of Ref. [17], obtaining
agreement with similar calculations by Sorantin an
Schwarz [18]. Thepz-projected density of states on
the Ti atom is also shown in Fig. 1 and confirms th
assignment of the pre-edge features, since only two pe
are found just above the Fermi level at the same ene
position as the Ti3d projected density of states. Straigh
comparison with the orbital occupation number cannot
done, but we can get an idea about the distribution of t
valence charge by integrating the total charge inside tw
equal nonoverlapping spheres around Ti and O atoms w
a radius of 0.95 Å. We get, respectively, 18.88 and 7.
electrons with the FLAPW method, 18.85 and 8.17 wi
our approach, the rest of the charge being in the intersti
region. The agreement is very good for Ti and seems le
good for O. The discrepancy might be significant an
could indicate a tendency to localization of the O electro
due to correlation effects. In any case the 0.95 Å radi
used for the integration and corresponding to the sph
where the expansion in spherical waves is performed
the FLAPW method (see Appendix of [18]) does no
correspond to the ionic radius of the atom. On the oth
hand, recalculating the absorption spectrum using t
self-consistent density generated by FLAPW resulted in
R factor slightly higher than our minimum (D1  2.53%
to be compared with theDmin

1  2.14%). Moreover that
calculation cannot yield any information about the co
hole screening charge and is unable to reproduce theA1
feature.

Another interesting comparison is with the valence-ba
structure of TiO2 performed by Hardmanet al. [19]. They
use anab initio atomic orbital-based method and find
converged3d orbital occupancy of 1.65 electrons for T
atoms. This result is quite at a variance both with o
calculations and FLAPW calculations. However the se
consistent procedure in Ref. [19] was carried out “on
to the extent that the energy of the Tid state was made
consistent with that in a neutral atom with the samed-
orbital occupancy.” The FLAPW method instead uses t
framework of the density functional theory, where the tot
energy of the system is minimized. Therefore it shou
provide more reliable results concerning the total char
density.

A further comparison can be done with the work o
Uozumi et al. [14]. By studying the pre-edge structure
of TiO2, these authors adopt a Ti11O6 cluster to describe
the system with a Hamiltonian of the impurity-Anderson
like form with Coulomb, crystal field and overlap integral
parameters estimated on the basis of band calculati
and HF terms suitably reduced. They come up with
estimatednd  0.8. In another study Okada and Kotan
[20] analyze the Ti2p x-ray photoemission and absorption
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spectra in TiO2 by means of a TiO6 model, using the same
type of Hamiltonian. From a comparison with experiment
they deduce a ground state consisting ofj3d0d, j3d1Ld,
and j3d2L2d states, in the respective proportion ofa0 
39.5%, a1  48.2%, and a2  12.3%, resulting in an
average3d occupation number of 0.73 electrons. There
a tendency in these calculations to overestimate the int
atomic correlations and one may notice that the calculat
nd increases with the size of the model cluster. In any ca
their values are not totally incompatible with our findings

Summarizing, we have tried to give convincing evidenc
that XANES spectra can be used to do an electron pop
lation analysis at least in those cases where the excitat
process can be reasonably well described in terms of o
electron moving in an effective optical potential of the
local-density type. Many interesting systems fall unde
this category. For example, the present procedure cou
be easily extended to the analysis of spin-up and sp
down charge densities in magnetic materials using dichro
spectra or to the study of the validity of the final state rul
by monitoring the charge relaxation around the core hol

We thank Ch. Brouder for fruitful discussions.
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