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Frustrated Kinetic Energy, the Optical Sum Rule, and the Mechanism of Superconductivity
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The basis of the interlayer tunneling theory of high-temperature superconductivity is that the elec-
tronic kinetic energy in a direction perpendicular to the copper-oxygen planes is a substantial fraction
of the condensation energy. This issue is critically examined, and it is argued from a rigorous conduc-
tivity sum rule that the consequences of this theory are consistent with recent optical and penetration
depth measurements. [S0031-9007(99)08674-3]
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The aim of this Letter is to partly resolve a number o
issues [1–9] related to a theory of high-temperature s
perconductivity known as the interlayer tunneling theo
(ILT) [10] and to propose the efficacy of a conductivit
sum rule [11]. Within a simple version of ILT, one re
lates the zero-temperaturec-axis penetration depthlc to
the superconducting condensation energy [1]. Here,
point out that the realization of ILT and the interpretatio
of recent measurements oflc [2,3] necessarily require
more careful analysis and that the two can be brought i
agreement. In addition, we argue that ILT accounts f
two features ofc-axis optical measurements: (i) the ob
servation that in general [optimally doped yttrium bariu
copper oxide (YBCO) is an exception] thec-axis (perpen-
dicular to the CuO planes) kinetic energy is substantia
reduced in the superconducting state [5], and (ii) the c
relation (“Basov correlation”) betweenlc and thec-axis
conductivity in the normal state [12].

For our purposes, the content of ILT is that a signifi
cant portion of the superconducting condensation ene
comes from the change in thec-axis kinetic energy as
the electrons enter the superconducting state. It is a p
nomenological fact that this kinetic energy is frustrated
the normal state, but that the frustration is relieved in t
superconducting state as the coherent tunneling of p
becomes possible, resulting in a sharp plasma edge in
reflectivity [13].

Recently, Anderson [1] conjectured that the full conde
sation energy is derived from thec-axis Josephson energy
which, in turn, determines the penetration depth. The
using estimates of the condensation energies, he predi
lc. On the basis of recent experiments [2,3], it has be
suggested that this prediction is strongly violated in bo
Tl 2201 and Hg 1201, although it appears to hold f
La22xSrxCuO41d (LSCO) for a large range of doping. The
single-layer superconductors containing one CuO plane
unit cell are emphasized because they pose the most s
gent test of ILT.

However, the situation is not so clear. (i) As show
earlier [7], the predictedlc should be a factor 2 larger
than that predicted in [1]. (ii) The measured values oflc

are in disagreement. Vortex imaging measurements
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give lc ­ 17 19 mm in Tl 2201, while it is12 mm in
the optical measurements [5], in a similar sample. F
Hg 1201, vortex measurements give8 mm [3], while the
optical measurements give6.2 mm, again in a similar
sample [14], and, disturbingly, magnetic measureme
yield 1.36 mm [15]. (iii) The normal state electronic
specific heat must be extrapolated toT ­ 0 from above
Tc to determine the condensation energy.

There is an even more fundamental difficulty. Th
condensation energy is well defined only within me
field theory. For those materials that deviate from me
field behavior, that is, those that do not have a sh
specific heat jump atTc, the condensation energy cann
be determined by a simple integration of the specific h
[1]. The electronic specific heat in Tl 2201 [16] and in H
1201 [17] shows large fluctuation effects; we shall sho
that, in these cases, agreement with experimentscan be
achieved if the fluctuation effects are subtracted out.

Sum rule.—We now discuss thec-axis conductivity
sum rule [7]. Consider the full HamiltonianH ­ Hrest 1

Hc; thec-axis kinetic energy is defined by

Hc ­ 2
X
ij,s

t'sij, ldcy
il,scjl11,s 1 H.c.; (1)

the remainder,Hrest, contains no interplane interactio
terms [18], but it is otherwise arbitrary and may conta
impurity interactions that couple to the charge densi
The hopping matrix elementt'sij, ld, where si, jd refer
to the sites of the two-dimensional lattice, andl to the
layer index, can be random in the presence of impurit
[19]. The electron operatorssc, cyd are also labeled by
a spin indexs. We denote the magnitude oft'sij, ld by
t'. It is easy to adapt a sum rule derived first by Kub
[20] to get a sum rule for thec-axis optical conductivity
scsv, T d, which isZ `

0
dv Re scsv, T d ­

pe2d2

2h̄2sAdd
k2Hcl . (2)

Here the average refers to the quantum statistical aver
A to the two-dimensional area, andd to the separation
between the CuO planes.
© 1999 The American Physical Society
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The HamiltonianHc is an effective Hamiltonian valid
for low-energy processes that do not involve interban
transitions. It can be derived by a downfolding proces
in which all of the higher energy bands are integrate
out [21]. Because interband processes involve larg
energy differences, a second order downfolding procedu
is sufficient. This is essentially how one derives th
effective mass contribution of higher energy bands.

Since Hc is a low-energy effective Hamiltonian, the
upper limit in Eq. (2) cannot exceed an interband cuto
vc, of order 2–3 eV. In the superconducting state
scssv, T d ­ DcsT ddsvd 1 scs

regsv, T d, where DcsT d is
the superfluid weight. From Eq. (2), it follows that

DcsT1d ­
Z vc

01

dvfRescnsv, T2d 2 Rescs
regsv, T1dg

1
pe2d2

2Adh̄2 fk2HcsT1dls 2 k2HcsT2dlng . (3)

Here, ifT2 , Tc, k2HcsT2dln is to be understood as taken
in the normal state extrapolated to belowTc, andscn is
the corresponding conductivity.

Lowering of the kinetic energy in the superconductin
state.—Basovet al. [5] have tested the sum rule, Eq. (3)
by settingT1 ø Tc and T2 ­ Tc. The result is that, up
to 0.15 eV, the integral over the conductivity is only hal
the left-hand side, so that the remaining half must then
the change in thec-axis kinetic energy of electrons. Since
we expect the normal state kinetic energy to become le
negative as the temperature is lowered [22], this measur
change of the kinetic energy is only a lower bound o
the difference in the kinetic energy atT ­ 0. In general,
these experiments support the fundamental statement
ILT that thec-axis kinetic energy is substantially lowered
in the superconducting state, in contrast to BCS;
this respect, optimally doped YBCO was found to b
anomalous [5].

The T ­ 0 superfluid weightDc and lc.—We relate
lc to the change inc-axis kinetic energy as follows: We
set T1 ­ T2 ­ 0 in Eq. (3). From the experiments of
Ando et al. [22], it is seen that thec-axis response in
the normal state obtained by destroying superconductiv
is insulating as T ! 0; it follows that scnsv, T ­
0d , v2, as v ! 0. The regular partscs

regsv, T ­
0d is also expected to vanish as a power law in
d-wave superconductor [23]. At high frequencies th
two conductivities must, however, approach each othe
Consequently, it is reasonable to hypothesize that t
conductivity integral on the right-hand side of Eq. (3) is
negligibly small. Therefore,

Dcs0d ­
c2

8l2
c

ø
pe2d2

2Adh̄2 fk2Hcls 2 k2Hclng , (4)

where we assumed local London electrodynamics. W
emphasize that the choice of the normal state in Eq. (
is not arbitrary because we have assumed that the integ
on the right-hand side of Eq. (3) is vanishingly small, an
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this would not be true for an arbitrary state. In any cas
the right-hand side should be a lower bound.

Condensation energy.—The attempt to extract the con-
densation energy from the specific heat data runs in
ambiguity, except within a mean field treatment. In th
presence of fluctuations, superconducting correlatio
which can primarily be of in-plane origin, contribute to
the energy and significantly to the specific heat of the no
mal state. We suggest that this is indeed the case
Tl 2201 (see below), for example. To resolve this am
biguity, instead of the conjecture made by Anderson [1
we propose to subtract the fluctuation effects and to u
the remainder as an effective specific heat from which
extract thec-axis contribution to the condensation energ
The rationale is that free energy can be decomposed i
a singular and a nonsingular part. The universal singu
part is more sensitive to collective long-wavelength flu
tuations, while the nonsingular part is dominated by sho
distance microscopic pairing correlations. This procedu
is well suited to ILT, because, in this theory, the effectiv
“mean field” condensation energy can be enhanced due
pair tunneling between layers [7]. Note that there is n
simple relation betweenTc and condensation energy, ex
cept in mean field theory.

The fit to the specific heat of Tl 2201 to 2D Gauss
ian fluctuation plus nonsingular terms [24,25] is show
in Fig. 1. We have usedCsT . Tcd ­ gT 1 g1yt
and CsT , Tcd ­ c0T s1 1 c1t 1 c2t2d 1 g2yt, where
t ­ j1 2 TyTcj (g ­ 0.59, g1 ­ 2.38, g2 ­ 0.74, c0 ­
1.44, c1 ­ 22.79, c2 ­ 2.07). The fit for 3D Gaussian
fluctuations is considerably worse, as is the fit to the sp
cific heat of the 3DXY model. This suggests that the in
plane contributions dominate. The data for Hg 1201 a
too imprecise to do the same, but clearly fluctuation e
fects are quite prominent and a proper subtraction sho
result in a larger prediction forlc. Optimally doped
LSCO does not exhibit fluctuation effects that are as pr
nounced. For underdoped LSCO, we were unable to u
the specific heat data [16] as they do not seem to fit a
simple form.

20 40 60 80 100 120 140
T(K)

20

40

60

80

100

120

140

C(mJ/g-at.K)

FIG. 1. The electronic specific heat data of Tl 2201 [16] fitte
to a combination of singular and analytic terms (solid line
Tc ­ 78.7 K. The straight line isgT , and the dashed line is
the analytic part of the specific heat belowTc.
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Condensation energies are obtained from an integrat
of the measured specific heat. In Table I we sho
both results with (DEsub) and without (DE0) subtracting
fluctuation effects. By using these values for the righ
hand side of Eq. (4) we extract the corresponding valu
of lc as shown along with the experimental values [27
The precision of the present Tl 2201 specific heat da
is not sufficient to make a precise subtraction of th
fluctuation contribution. The uncertainty is considerabl
a reasonable guess for the uncertainty inDEsub is 25 6

15. Nonetheless, it is clear that using the subtracted val
gives a much larger penetration depth.

The Basov correlation.—We manipulate the right-hand
side of Eq. (2) to draw further conclusions. We perform
canonical transformation such thatHc is eliminated from
the HamiltonianH. Thus,

H̃ ­ e2SHeS ­ Hrest 1
1
2

fHc, Sg 1 · · · , (5)

where the anti-Hermitian operatorS is defined byHc 1

fHrest, Sg ­ 0. The ground statej0̃l of the full Hamilton-
ian H can be determined perturbatively inS (or, equiva-
lently, t') to show that the ground state expectation valu
of theHc is given by

k0̃jHcj0̃l ­ 22
X
nfi0

jk0jHcjnlj2

En 2 E0
1 Ost4

'd , (6)

whereEn and jnl are the eigenvalues and eigenfunction
of Hrest. Of course, the same result could be obtaine
directly without making a canonical transformation. W
have taken this route to hint that the canonical transform
tion, if carried out in infinitesimal steps, could potentially
be a powerful method to obtain the effective low-energ
Hamiltonian [28].

For conserved parallel momentum, the expansion
the right-hand side of Eq. (5) does not converge in
Fermi liquid theory because of vanishing energy denom
nators; therefore the expansion would not be valid.
a gapped state, the expansion can be legitimate beca
of the absence of vanishing energy denominators.
a non-Fermi liquid state, the matrix elements shou
vanish for vanishing energy differences, and the sum
skewed to high energies. Thus, the energy denomina
can be approximated byW [29], and the sum can be
collapsed using the completeness condition tok0̃jHcj0̃l ø
2k0jH2

c j0lyW . The effective Hamiltonian2H2
c yW is

TABLE I. Condensation energies (in mJyg atom) and penetra-
tion depths (inmm). Precise error estimates are unavailable.

LSCO (15%) Tl 2201 Hg 1201

DE0 ,150 ,825 ,850
DEsub · · · ,25 · · ·
lc,0 ,6.5 ,1.7 ,2

lc,sub · · · ,10 · · ·
lc,exp 5.5 [26] 12–19 [2,5] 6–8 [3,12]
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identical to the Hamiltonian of previous realizations o
ILT [30,31].

Thus kHcl is of ordert2
'yW . Then, from Eq. (2), for

example, one can see that on dimensional grounds t
c-axis conductivity is

scsT d ­ a

√
e2dt2

'

AWh̄2

!
1

VsT d
, (7)

where a is a numerical constant weakly dependent o
the band structure. The inelastic scattering rate is pr
portional to the unknown functionVsT d. Combining the
result of the previous paragraph with Eqs. (4) and (7), w
find

c2

l2
c

­
4p

a
scsT dVsT d fus 2 ung , (8)

whereus,n is k0jsHcyt'd2j0ls,n. The average here is with
respect to the ground state ofHrest, j0l not j0̃l. The
productscsT dVsT d is independent ofT .

For underdoped to optimally doped materials, th
c-axis resistivity,rcsT d, can often be fitted to [32]

rcsT d ­ b1T2p 1 b0
2T . (9)

The logarithmic behavior [22] obtains in the limitp ! 0.
If we express Eq. (8) in terms of the temperatureTp at
which the resistivity takes its minimum value, then by
using Eqs. (7) and (9) we get

c2

l2
c

­ 4pscsTpdTp

(
b2sp 1 1d

p
fus 2 ung

)
, (10)

where b2 ­ b0
2sde2t2

'yh̄2AW d. The expression in the
curly brackets depends dominantly onb2, which describes
the high-temperature resistivity. The low-temperatur
behavior enters only through the exponentp. Thus,
provided the expression in curly brackets is a univers
constant, a plot of lnlc against lnfscsT pdTpg should be
a universal straight line, independent of material, with
slope of 21y2. Basov et al. [12] discovered a similar
correlation by plotting lnlc againstscsTcd, shown as (I)
of Fig. 2. The correlation discussed here, shown as (II
is excellent. The data for underdoped LSCO, howeve
are affected by both the structural transition and the (1y8)
anomaly. In Fig. 2, we have takenTp ø Tc for those
optimally doped materials that show simply a flattening o
rsT d close toTc. Thus, we see thatb2 is indeed inversely
proportional tosus 2 und, which, in ILT, is proportional
to theT ­ 0 superfluid density,nss0d. This can be tested
further in future experiments [34].

In conclusion, ILT accounts for a number of experi-
mental behaviors, in particular, the Basov correlation, an
it provides a recipe for determining thec-axis penetration
depth. In Tl 2201 and Hg 1201, there must be strong s
perconducting correlations in the normal state. The sour
of these must be both the fluctuation effects not containe
in the mean field treatment of ILT as well as substan
tial in-plane pairing correlations. Although ILT is not
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FIG. 2. The Basov plot: lnlc is plotted against lnscsTcd,
as in the original Basov plot (I), and against lnfT pscsTpdg
as discussed here (II). The legends in group (II) are th
same as those in group (I). Tl1: Ref. [2]; Tl2: Ref. [5]; Hg1:
Ref. [3]; Hg2: Ref. [14]; LSCO 1 (12%); LSCO 2 (15%);
Refs. [16,26,33].

the main driving mechanism for Tl 2201, it may be fo
LSCO, and in any case ILT remains an important mech
nism which can enhanceTc in both single layer and mul-
tilayer materials [7,10,30].
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