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Geometric Size Effects in the Melting of Sodium Clusters
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Melting of neutral and singly charged sodium clusters Nan and Na1n is investigated for several
sizess8 # n # 139d using both Monte Carlo and molecular dynamics simulations with an empirical
many-body potential. Up ton ­ 75, we find that the solid-liquid-like phase change is a multistage
process initiated by “premelting.” The equilibrium structure is found to play an important role in the
thermodynamics, in particular when such premelting features are induced by diffusion processes at th
surface. However, larger sizesn $ 93 exhibit preferentially a single process similar to bulk melting.
[S0031-9007(99)08675-5]

PACS numbers: 36.40.Ei, 36.40.Sx, 82.20.Wt
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The thermodynamics of finite systems is an importa
part of the clusters’ chemical physics. Understanding ho
phase changes occur far below the bulk limit has motivat
a lot of theoretical work on various species [1–10] a
well as experimental investigations [11–13]. Size affec
the thermal properties of nanoscale materials in seve
ways. A first-order phase transition, such as the sol
liquid transition, becomes “rounded,” spread over a fini
temperature range. As the size decreases from the bulk,
melting point and the latent heat of fusion also decrea
and the transition region itself widens. When the siz
gets low enough, it has been observed both in simulatio
[14] and in experiments [13] that the melting point coul
undergo strong, nonmonotonic variations with size, ev
if only a single atom is added or removed. In the ca
of argon clusters, these differences have been attribu
to the underlying geometrical “magic numbers” governin
the extra stability of icosahedral clusters [14]. In the ca
of metal clusters, electronic shell effects are also expec
to play a significant role [13].

The experimental approaches to phase changes in
clusters, as developed, e.g., in the group of Haberland [1
are macroscopic in that they try to access thermodynam
cal indicators such as the heat capacity or the melti
temperature. Theoretically, the most relevant numeric
approaches, although they can also provide the thermo
namic functions, generally attempt to relate the solidlik
or liquidlike character of a cluster to its microscopic dy
namics, especially to the details of its potential-energy s
face (PES) [4,10,15,16]. Solid and liquid phases cann
however, always be identified unambiguously with a sing
peak inCsT d. Indeed, for small clusters, the concept o
phases and phase changes is often related to isomeriza
phenomena, and many theoretical studies seem to show
intricate, multimodal behavior ofCsT d. Bumps inCsT d
may be due to preliminary isomerization processes [1
partial melting [17,18], orientational disorder in molecula
clusters [4], or to more complex features such as multip
funnels on a PES landscape [10]. In some cases, suc
ionic [16,19] or metallic [5,20,21] clusters, the solidlike
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liquidlike transition may involve intermediate phases fluc
tuating between several isomers. These phases canno
fully described with the macroscopic toolCsT d, and they
require other conventional microscopic indicators: the Li
demann parameterd, the diffusion constantD, the princi-
pal momenta of inertia, the Liapunov exponents, etc., n
all of them having the same level of significance. For in
stance, Liapunov exponents cannot make a clear disti
tion between the solid and liquid states in Lennard-Jon
(LJ) clusters smaller than 38 atoms [22], whereas they
able to detect premelting in small alkali-halide cluste
[16]. Even the Lindemann criterion, which states that ma
ter melts when the thermal fluctuations of the interatom
distance gets over 10%–15%, is not fulfilled in the sam
way, depending on the microscopic details of the mode

Another problem is structure. During a heating simul
tion, one may wish to follow the deformation of a cluste
This requires a fairly good knowledge of the global min
mum, as starting from a higher-energy isomer is likely
induce erroneous variations of the thermal properties, es
cially for pathological systems such as LJ38 [10]. Know-
ing the equilibrium structure even appears mandatory wh
studying size effects in the small sizes regime. Unfort
nately, performing a realistic global optimization search
exponentially difficult (“NP hard”) as size increases, so i
is still necessary to choose potential-energy functions th
can be efficiently computed while remaining meaningfu

In this Letter, we present a theoretical study of th
thermodynamical behavior of neutral and singly charg
sodium clusters in the size range8 # n # 139 atoms, em-
phasizing the microscopic changes underlying the mac
scopic phase transitions. In order to carry out extens
global optimizations and simulations, we have adopted
empirical many-body potential instead of time-consumin
quantal Hamiltonians. For the neutral clusters, the for
and parameters (´0 ­ 1.5955 eV, z0 ­ 0.29113 eV, p ­
10.13, q ­ 1.30, andr0 ­ 6.99 bohr) were those recently
given by Li et al. [23]. These authors have also use
this model for charged clusters, assuming a uniform p
tial charge on each nucleus, the charge interacting throu
© 1999 The American Physical Society
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Coulombic and polarization forces. However, this latte
model overestimates the repulsive contributions, especia
for small sizes, due to the use of a discrete charge dis
bution instead of the real continuous one. Because of th
the resulting ionic clusters are less bound than the ne
trals, which is contrary to the known experimental da
[24]. Therefore we have slightly modified the potentia
used for ions, settinǵ 1

0 ­ g´0 and z
1
0 snd ­ gz0s1 1

aynbd with a ­ 6.6, b ­ 1.27, and g ­ 1.0055. To
search for the lowest-energy structures, we have used
“basin-hopping” global optimization technique of Wale
and Doye [25]. This method has been one of the mo
successful (along with genetic algorithms) in finding th
global minima of clusters. In order to cover a variety o
situations (magic or nonmagic clusters either for neutra
or ions), we have chosen the set of sizesn ­ 8, 20, 40,
59, 75, 93, and 139. The smaller ones have been p
viously studied by several authors using different pote
tial surfaces [5,18,26,27]. The thermodynamical analys
was performed with standard isothermal Monte Car
(MC) simulations improved by theq-jumping method of
Andricioaei and Straub [28] to reduce nonergodicity pro
lems (with a Tsallis parameterq ­ 3y2 and a probability
to attempt a jump movePq ­ 0.1), and with the multiple
histogram method [2]. The Lindemann indexd was also
calculated from these MC simulations. Complementa
to this, we conducted some isoergic molecular dyna
ics (MD) simulations to investigate atomic mobility. As
shown by López and Jellinek [29], fragmentation may o
cur at high temperatures. To avoid extra spurious pea
in the heat capacity, we enclosed the clusters inside
spherical repulsive wall [2]. Finite-temperature simula
tions were carried out with 40 temperatures between
and 400 K, each trajectory involving5 3 105 MC cycles
whose2 3 105 first cycles were discarded for thermal
ization. The full range of energies obtained from the
MC runs was discretized into 1500 bins forming the hi
tograms. Such conditions were checked to ensure sta
caloric curves for all sizes.

The lowest-energy structures of all of the neutral an
charged clusters are found to be the same. They are
ported in Fig. 1 as well as the heat capacities per nucle
CsT dynkB. It must be noticed that, for Na8 and Na20, the
global minima in our model potential are close, but n
identical, to the structures found in more realistic tigh
binding [30] or density-functional theory [31] studies
Although we can never be sure that we have fully explor
the PES of the cluster, we are rather confident we have
missed any important structure, at least up to 59 atom
Binding energies of neutrals [V0sndyn ­ 0.59, 0.73, 0.82,
0.86, 0.88, 0.90, and 0.93 eV for increasingn] and adia-
batic ionization potentials calculated as IPsnd ­ V 1

0 snd 2

V0snd 1 IPsNad (4.01, 3.81, 3.70, 3.61, 3.54, 3.47
and 3.26 eV) are in reasonable agreement with expe
mental data [24]. Nevertheless, we are aware that el
tronic shell effects are not included in the present simp
model.
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Both Na8 and Na18 change from a rigid, solidlike form
to a disordered phase below 100 K, the heat capac
exhibiting a continuous sharp rise near 80 K for Na8,
near 100 K for Na18 . This jump can also be seen in th
results of Bulgac and Kusnezov [5], and is also present
recent time-dependent Thomas-Fermi models [27]. T
Lindemann index, not plotted here, strongly rises abo
15% at the onset of isomerization. Quenching along M
trajectories shows that, in each case (Na8 or Na1

8 ), only
one single isomer is involved in the disordered phase,
addition to the solid state. This isomer lies 0.04 eV abo
this state for Na8, 0.06 eV for Na18 . As the heat capacity
nearly reaches its maximal value, two isomers higher
energy (DE . 0.09 eV in both cases) can be found.

The equilibrium geometry of Na20 and Na120 is a double
icosahedron with a capped atom over the central penta
nal belt of atoms. Heating this structure up to about 80
makes two new isomers appear, the capped atom me
ing now into the meridian belt. The heat capacities f
both the neutral and charged clusters show a clear ju
near this temperature, and the Lindemann parameter a
rises sharply above 10%. There, the phase is similar
the fluctuating phase of Sawada and Sugano [20], and d
appears near 160 K as the number of accessible isom
increases. Between 140 and 200 K,d andC continuously
rise,C reaches its peak near 210 K, which corresponds
melting. The case of Na40 and Na140 is similar. These clus-
ters go through a fluctuating state made of a dozen isom

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 1. Canonical heat capacitiesCsTd from Monte Carlo
simulations; for Nan (solid lines) and Na1n (dashed lines).
The lowest-energy structures are also plotted. (a)n ­ 8;
(b) n ­ 20; (c) n ­ 40; (d) n ­ 75; (e) n ­ 93; (f ) n ­ 139.
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when the temperatures comes to 100 K.C exhibits a rather
narrow peak, althoughd only gets slightly over 7%–8%
Above 100 K, the increase ofd with T is stronger, but still
continuous. Finally, the heat capacity exhibits a larger a
broader peak near 180 K, whereas the Lindemann para
ter reaches 15%. The number of isomers visited on
PES is also very large.

We now come to the largest sizes studied here,n ­ 59,
75, 93, and 139. Then ­ 59 case is illustrated with
more details in Fig. 2. As for Na40, the heat capacity
in Fig. 2(a) is bimodal, with a preliminary peak smalle
than in the former case. In Fig. 2(b) we have plott
the spectrum of isomers obtained from periodic quench
along MC trajectories as a function of temperature. Ea
of the peaks inCsT d appears to be correlated with
sudden increase in the number of isomers, a signa
of an opening of the configuration space. The first pe
(near 100 K) leads to a fluctuating state made of about
topologically different structures, and the second and lar
peak (near 160 K) leads to a truly melted state. For b
Na59 and Na159, the Lindemann indexd (Fig. 3) displays
a continuous increase between 140 and 300 K, besid
common small rise atT ­ 100 K. With the present mode
potential, Na75 and Na175 are not found to be decahedra
but instead are made of a 71-atom compact structure o5
symmetry with four surface adatoms. These atoms exh
an enhanced mobility, responsible for the small peak
CsT d seen near 80 K in Fig. 1(d). We have investigat
this phenomenon by estimating in MD simulations the tim
evolution of the mean square nuclear displacement, wh
slope gives the diffusion constant. Figure 4 shows, at
kinetic temperatureT ­ 100 K, these functions for the 71
atom subcluster, for the four surface atoms, and for
whole cluster Na75. It is striking that the surface atom
have a much higher mobility than the inner part. N
such diffusive motion could be observed in the cluste
previously studied. In the range120 , T , 200 K, the
phase change again shows a bimodal character wit
shoulder inCsT d near 140 K.

The 93- and 139-atom clusters show quite a differe
thermodynamical behavior. The heat capacities are ma
unimodal, a small hump occurring near 100 K for Na93 and
Na1

93, and another one near 210 K for Na139 and Na1139. In
contrast to the smaller sizes,d abruptly increases when
C reaches its maximal value, near 180 K forn ­ 93 and

(a)

(b)

FIG. 2. (a) Heat capacity of Na59 and Na159. (b) Energetic
spectra of isomers obtained by regular quenching of N59
during MC simulations.
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near 230 K forn ­ 139. A small rise ind above 5% is
also seen forn ­ 93 at T ­ 100 K. The corresponding
fluctuating state is made of a larger number of isome
but this results from the complexity of the PES at th
size. Concerning Na139 and Na1139, the small preliminary
hump can be interpreted thanks to quenches in term
the enhanced mobility of the outer atoms. This mobil
is due to the eight missing atoms on the surface of the th
Mackay layer of the 147-atom icosahedron. However
remains that, for both sizes, the large peak of the h
capacity can be attributed to global melting.

The results described above show that, below the
proximate size of 75 atoms, it is not possible to defi
unambiguously a solid-liquid transition temperature. P
melting turns out to be a general phenomenon, not l
ited to the smallest sizes. The fluctuating state, previou
observed on transition metal [20] and ionic [9,16] clu
ters, is seen in all of our model sodium clusters as la
as 139 atoms. These effects involve a multistage, h
archical opening of the configuration space, although
Lindemann index does not necessarily rise suddenly at
time new isomers are visited on the PES. The occurre
of defects (missing or extra atoms) favors the existen
of premelting, as first noted by Jellinek and Garzón [2
Indeed, no premelting can be observed on Na19 or Na55.
The premelted state can be diffusive (such as in Na75)
or not (Na20 and Na120). Interestingly, the tight-binding
Hamiltonian of Poteauet al. [18] displays some common
features with the present many-body empirical potent
In particular, surface melting of the external atoms w
detected for Na20 in a range of temperature, with a shou
der in the heat capacity. Considering that most model
tentials exhibit various premelting characteristics for so
sizes [10,16–18,20,21,27], it is therefore quite possi
that similar behaviors may be found in more complicat
descriptions.

Clusters containing as much as typically a hundr
atoms undergo mainly a global melting similar to bu
melting. In this state, the solid-liquid phase transitio
is a well-defined process occurring with a narrow a
high peak in the heat capacity and a sharp jump in
Lindemann parameter above 15%. Because of premelt

FIG. 3. Lindemann parameterd for neutral (solid symbols)
and singly charged (open symbols) clusters, either forn ­ 59
(squares) or forn ­ 139 (triangles).
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FIG. 4. Mean square nuclear displacement from molecu
dynamics simulations of Na75 for various parts of the cluster, a
the kinetic temperatureT ­ 100 K.

it is not obvious to easily assign a value of the solid-liqu
transition temperature to each cluster. However, we ha
seen that the size effects in the thermodynamics of o
model sodium clusters were important. Direct quantit
tive comparison with the experimental results of Schm
et al. [12,13] should be taken cautiously, since the nume
cal parameters of the potential are indeed size depend
For the largest clusters,n ­ 93 and 139, the melting tem-
peratures are quite in agreement with the values given
[13]. However, the observed enhancement of the melt
temperature atn , 59 [32] is not reproduced here, per
haps also due to the neglect of explicit electronic shell
fects. Besides size effects, the thermodynamics of sodi
clusters also appears to be strongly correlated to the e
librium structure. The influence of the starting geomet
on the dynamical behavior of alkali clusters was recen
shown on the Li8 cluster, usingab initio MD simulations
[33]. In the larger clusters investigated here, these effe
account for, in large part, the geometric size effects
sponsible for the size variations in the melting temper
ture. A similar behavior was seen in LJ clusters such
LJ38 [10]. Hence a proper investigation at finite temper
ture requires a preliminary study atT ­ 0 that is a search
for the global minimum on the energy surface, especia
when unexpected geometries are foundsNa75d. As a matter
of fact, neutrals and ionic clusters have the same equi
rium structure in the present model, which results in ve
similar calorific curves, nearly identical forn $ 20.

The transition from a microscopic thermal behavio
toward a more macroscopic behavior is clearly seen in
results presented here. It would now be very interesti
to know if such a transition could be seen in cluste
modeled by a less crude potential. In particular, the fa
that premelting is a general phenomenon exhibited
realistic quantal models instead of only a simple man
body potential would definitely provide a clue for furthe
experimental studies on the thermodynamics of sodiu
clusters.
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