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Directed Percolation and Generalized Friendly Random Walkers
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We show that the problem of directed percolation on an arbitrary lattice is equivalent to the problem
of m directed random walkers with rather general attractive interactions, when suitably continued to
m ­ 0. In 1 1 1 dimensions, this is dual to a model of interacting steps on a vicinal surface. A
similar correspondence with interacting self-avoiding walks is constructed for isotropic percolation.
[S0031-9007(99)08735-9]
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The problem of directed percolation (DP), first intro
uced by Broadbent and Hammersley [1], continues to

ract interest even though it has so far defied all attempts
n exact solution, even in two dimensions. Although th
roblem was originally formulated statically on a lattic
ith a preferred direction, when the latter is interpreted

ime the universal behavior close to the percolation thres
ld is also believed to describe the transition from a nois

ess absorbing state to a noisy, active one, which occurs
wide class of stochastic processes [2]. It also maps o
eggeon field theory, which describes high-energy diffra

ion scattering in particle physics [3].
Some time ago, Arrowsmith, Mason, and Essam [

rgued that the pair connectedness probabilityGsr, r 0d for
irected bond percolation on a two-dimensional diagon
quare lattice can be related to the partition function f
he weighted paths ofm “friendly” walkers which all
egin at r and end atr 0, when suitably continued to

­ 0. These are directed random walks which ma
hare bonds of the lattice but do not cross each oth
see Fig. 1). In fact, Arrowsmithet al. [4] represented
hese configurations in other ways: either asvicious
alkers, which never intersect, by moving the friendl
alkers each one lattice spacing apart horizontally;
s integer flowson the directed lattice, to be defined
xplicitly below. Arrowsmith and Essam [5] showed tha
sr , r 0d is also related to a partition function for al-state

hiral Potts model on the dual lattice, on settingl ­ 1,
hus generalizing the well-known result of Fortuin an
asteleyn [6] for ordinary percolation.
In a more recent paper, Tsuchiya and Katori [7] hav

onsidered instead the order parameter of the DP proble
nd have shown that ind ­ 2 it is related to a certain
artition function of the samel ­ 1 chiral Potts model,
nd also that, for arbitraryl, the latter is equivalent to a
artition function form ­ sl 2 1dy2 friendly walkers.
It is the purpose of this Letter to describe a broad gen

lization of these results. We demonstrate, in particular
irect connection between a general connectedness fu

ion of DP and a corresponding partition function form
riendly walkers when continued tom ­ 0. We show that
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this holds on an arbitrary directed lattice in any number o
dimensions, and for all variant models of DP, whethe
bond, site, or correlated. Moreover, the weights for
given number of walkers passing along a given bond
through a given site may be chosen in a remarkably arb
trary fashion, still yielding the same result atm ­ 0.

We now describe the correspondence between the
two problems in detail. Adirected latticeis composed
of a set of points inRd with a privileged coordinate
t, which we may think of as time. Pairs of these
sites sri , rjd are connected by fixed bonds, oriented i
the direction of increasingt, to form a directed lattice.
In the directedbond problem, each bond is open with
a probability p and closed with a probability1 2 p,
and in the site problem it is the sites which have
this property. In principle, the probabilitiesp could be
inhomogeneous, and we could also consider site-bo
percolation and situations in which different bonds an
sites are correlated. Our general result applies to
these cases, but for clarity we shall restrict the argume
to independent homogeneous directed bond percolatio
The pair connectednessGsr, r 0d is the probability that

FIG. 1. Typical configuration ofm ­ 4 friendly walkers on
the diagonal square lattice.
© 1999 The American Physical Society
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the points r and r 0 (with t , t0) are connected by a
continuous path of bonds, always following the directio
of increasingt.

On the same lattice, let us define the correspondi
integer flow problem. Assign a non-negative integer
valued currentnsri , rjd to each bond, in such a way tha
it always flows in the direction of increasingt, and is
conserved at the vertices. At the pointr, there is a source
of strengthm $ 1, and atr 0 a sink of the same strength
There is no flow at times earlier than that ofr or later
than that ofr 0. Such a configuration may be thought o
as representing the worldlines ofm particles, or walkers,
where more than one walker may share the same bo
The configurations are labeled by distinct allowed valu
of the nsri , rjd, so that they are counted in the same wa
as are those of identical bosons. Alternatively, in1 1 1
dimensions, we may regard the walkers as distinct but w
worldlines which are not allowed to cross. In the partitio
sum, each bond is counted with a weightpfnsri , rjdg.
In the simplest case, we takeps0d ­ 1 and psnd ­ p
for n $ 1 (although we shall show later that this ma
be generalized). Sincep . pn for n . 1, there is an
effective attraction between the walkers, leading to t
description friendly. The partition function is then

Zsr; r 0; md ;
X

allowed configs

Y
sri ,rj d

pfnsri , rjdg .

This expression is a polynomial inm and so may be
evaluated atm ­ 0. The statement of the correspondenc
between DP and the integer flow problem for the case
the pair connectedness is then

Gsr; r 0d ­ Zsr; r 0; 0d .

Note that since the weightspsnd behave nonuniformly as
n ! 0, the continuation ofZsr; r 0; md to m ­ 0 is not
simply the result of taking zero walkers (which would b
Z ­ 1): rather it is the nontrivial answerG. Similar results
hold for more generalized connectivities. For example,
we have pointssr 0

1, r 0
2, . . . , r 0

ld all at the same timet0 . t,
we may consider the probabilityGsr; r 0

1, r 0
2, . . . , r 0

ld that all
these points, irrespective of any others, are connected tr.
The corresponding integer flow problem has a source
strengthm $ l at r, and sinks of arbitrary (but nonzero
strength at each pointr 0

j. In this case,

Gsr; r 0
1, r 0

2, . . . , r 0
ld ­ s21dl21Zsr; r 0

1, r 0
2, . . . , r 0

l ; m ­ 0d ,

where the partition function is defined with the sam
weights as before. Since the order parameter for DP m
be defined as the limit ast0 2 t ! ` of Pst0 2 td, the
probability thatany site at timet0 is connected tor, and
this may be written using an inclusion-exclusion argu
ment as

Pst0 2 td ­
X
r 0

Gsr; r 0d 2
X
r 0

1,r 0
2

Gsr; r 0
1, r 0

2d 1 . . .

(where the sums over ther 0
j are all restricted to the fixed

time t0), we see that it is in fact given by them ­ 0
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evaluation of the partition function forall configurations
of m walkers which begin atr and end at timet0. This
generalizes the result of Tsuchiya and Katori [7] to a
arbitrary lattice. Although this continuation tom ­ 0 is
reminiscent of the replica trick, it is in fact quite differen
Moreover, it is mathematically well defined, since, as w
argue below,Z is a finite sum of terms, each of which, with
the simple weights given above, is a polynomial inm.

We now give a summary of the proof, which is ele
mentary. The connectedness functionGsr; r 0

1, r 0
2, . . . , r 0

ld
is given [8] by the weighted sum of all graphsG which
have the property that each vertex may be connected ba
wards tor and forwards to at least one of ther 0

j . (Alterna-
tively, G is a union of directed paths fromr to one of the
r 0

j.) Each such graph is weighted by a factorp for each
bond ands21d for each closed loop. A simple example i
shown in Fig. 2. A given graph corresponds to summi
over all configurations in which the bonds inG are open,
irrespective of all other bonds in the lattice. The factors
s21d are needed to eliminate double counting. It is use
to decompose vertices inG with coordination number.3
by inserting permanently open bonds into them in such
way that the only vertices are those in which two direct
bonds merge to form one (2 ! 1), and vice versa. This
does not affect the connectedness properties. We m
then associate the factors ofs21d with each1 ! 2 vertex
in G , as long as we incorporate an overall factors21dl21

in G. With each graphG , we associate a restricted se
of integer flows, called proper flows, such thatn $ 1 for
each bond inG , andn ­ 0 on each bond not inG . Those
corresponding to the graphs in Fig. 2 are shown in Fig.
Note that the last graph corresponds tom 2 1 configura-
tions of integer flows, which gives precisely the require
factor of s21d when we setm ­ 0. In general, summing
over all allowed integer flows will generate the sum ov
all allowed G , with correct weightsp: The nontrivial
part is to show that we recover the correct factors ofs21d
when we setm ­ 0.

This follows from the following simple lemma:
If Asnd is a polynomial in n, and we define the
polynomial Bsmd ;

Pm21
n­1 Asnd, then Bs0d ­ 2As0d.

We give a proof which shows that the result ma
be generalized to other functions: WriteAsnd as a
Laplace transformAsnd ­

R
Csdsy2pidensÃssd. Then

Bsmd ­
R

Csdsy2pidfses 2 emsdys1 2 esdgÃssd, so that
Bs0d ­ 2

R
Csdsy2pidÃssd ­ 2As0d. An immediate

corollary is that if Asn1, n2, . . .d is a polynomial in

FIG. 2. Allowed graphsG corresponding toGssss0, 0d; s0, 2dddd.
The first two are counted with weightp2. The last is necessary
to avoid double counting, and comes with weight2p4.
2233
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FIG. 3. Sets of configurations ofm friendly walkers corre-
sponding to each of the graphs in Fig. 2. The last correspo
to m 2 1 configurations.

several variables, andBsmd ;
Pm21

n­1 Asn, m 2 n, . . .d,
then Bs0d ­ 2As0, 0, . . .d. We use this to proceed by
induction on the number of1 ! 2 vertices inG . Be-
ginning with the vertex which occurs at the earliest tim
the contribution toZ from the proper flow onG , when
evaluated atm ­ 0, is, apart from a factors21d, equal
to that for another graphG0 which will have one fewer
1 ! 2 vertex. However,G0 differs from the previously
allowed set of graphsG in that it may have more than
one vertex at which current may flow into the graph. F
this reason, we extend the definition of the allowed set
graphs to include those in which every vertex is connec
to at least one “input” pointsr1, r2, . . .d and at least one
“output” point sr 0

1, r 0
2, . . .d. In the corresponding integer

flow problem, currentssm1, m2, . . .d flow in at the inputs,
whereas the only restriction on the outputs is that nonz
current should flow out. The partition function is the
the weighted sum over all such allowed integer flow
Induction on the number of1 ! 2 vertices then shows
that this partition function, evaluated atmj ­ 0, gives
the corresponding DP graph correctly weighted. (T
induction starts from graphs with no1 ! 2 vertices which
involve no summations and for which the result is trivial

Since our main result relies only on the lemm
it follows also for rather general weightspsnd. The
only requirement is thatpsnd grow no faster than an
exponential at largen, and that, when continued ton ­ 0,
it give the valuep fi 1. In this case,Z will no longer be
a polynomial inm, but, since by the inductive argumen
above it is given by a sum of convolutions ofpsnd, its
continuation tom ­ 0 will be well defined through its
Laplace transform representation. For example, we co
takepsnd ­ p12n for n $ 1. This raises the possibility
of choosing some suitable set of weights for whic
the integer flow problem, at least in1 1 1 dimensions,
is integrable, for example, by Bethe ansatz metho
Unfortunately our results in this direction are, so fa
negative. In the case of bond percolation on a diago
square lattice, letZsx1, x2, . . . , xm; td be the partition
function under the constraint that the walkers arrive
hx1, x2, . . . , xmj at timet, the physical region beinghx1 #

x2 # · · · # xmj. Turning the master equation forZ in
an eigenvalue problem [9] and writing the eigenfunctio
cmsx1, x2, . . . xmd in the usual Bethe ansatz form, on
gets forc2sx1, x2d ­ A12eisx1k11x2k2d 1 A21eisx1k21x2k1d the
following condition on the amplitudes:
2234
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(the same as that which appears in the XXZ spin ch
[10]), where e ­ ps2dyps1d2 2 1. Requiring that the
m-particle scattering should factorize into a product
these two-bodyS matrices places constraints on th
weights psnd. In general these equations appear t
difficult to solve, except in the weak interaction lim
(e . 1y2), where we find

2n ­ 2qsnd 1

n21X
s­1

qsn 2 sdqssd f1 2 lssn 2 sdg

1 Osl2d ,

whereqssd ­ pssdyfps1dgs, l ­ 2e 2 1. This may be
solved for successiveqsnd, but it is easy to see by
applying the above lemma that, when continued ton ­
0, it will always yield the value1, rather thanp as
required. We conclude that them ­ 0 continuation of
this integrable case does not correspond to DP. It
nevertheless interesting that integrable models of s
interacting walkers can be formulated.

In 1 1 1 dimensions, our generalized friendly walke
model maps naturally onto a model of a step of to
heightm on a vicinal surface, by assigning integer heig
variableshsRd to the sitesR of the dual lattice, such
that h ­ 0 for x ! 2`, h ­ m for x ! 1`, and h
increases by unity every time the path of a walk
is crossed. The weights for neighboring dual sitesR
and R0 are pssshsR0d 2 hsRdddd. This is slightly different
from, and simpler than, the chiral Potts model studi
in [5,7].

A similar correspondence between percolation and
teracting random walks is valid also for the isotrop
case. The pair connectednessGsr, r 0d may be repre-
sented by a sum of graphsG , just as in DP [8]. Each
graph consists of a union of oriented paths fromr to
r 0. As before, each bond is counted with weightp and
each loop carries a factors21d. Note that graphs which
contain a closed loop of oriented bonds are exclud
Such contributions cannot occur in DP because of
time ordering. The correspondence with integer flow
or friendly walkers follows as before. The latter pic
ture is particularly simple. m walkers begin atr and
end atr 0. When two or more walkers occupy the sam
bond, they must flow parallel to each other. Since th
cannot form closed loops, they areself-avoiding. More-
over, walkers other than those which begin and end
r and r 0, which could also form closed loops, are no
allowed. Each occupied bond has weightpsnd as be-
fore, and the separate configurations are counted us
Bose statistics. Gsr, r 0d is then given by the continu-
ation to m ­ 0 of the partition function. We conclude
that ordinary percolation is equivalent to the contin
ation tom ­ 0 of a problem ofm oriented self-avoiding
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walks, with infinite repulsive interactions between antipa
allel segments on the same bond, but attractive para
interactions. In two dimensions, this is again dual to a
interesting height model, in which neighboring heigh
satisfyjhsR0d 2 hsRdj # m, but local maxima or minima
of hsRd are excluded. For example, the order parame
of percolation is given by the continuation tom ­ 0 of
the partition function for a screw dislocation of strengt
m in this model.

In summary, we have shown that the DP problem
simply related to the integer flow problem, or equivalent
that of m bosonic friendly walkers, when suitably contin
ued to m ­ 0. This holds on an arbitrary directed lat
tice in any number of dimensions, and with rather gene
weights. It is to be hoped that this correspondence mig
provide a new avenue of attack on the unsolved proble
of directed percolation.
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