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Lattice Constants of Solid Solution Microstructures: The Case of Nanocrystalline Pd-H
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We present an analysis of the effect of interface stress on strain in bulk in an open system with
a large interface-to-volume ratio, at equilibrium with the solute at a controlled chemical potential.
The results are relations for interface stress and for solute concentration in the bulk as a function of
measurable parameters: interfacial “stretch” and changes in the lattice constant. Stretch models a
change in the average normal component of the interatomic spacing at interfaces. X-ray diffraction
and dilatometry provide experimental data showing a significant variation of grain boundary stress and
stretch in nanocrystalline Pd-H with hydrogen chemical potential. [S0031-9007(98)08132-0]

PACS numbers: 81.05.Ys, 64.75.+g, 68.35.–p, 82.65.Dp
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In studies of hydrogen solubility in nanoscale mi
crostructures, such as clusters [1,2], thin films [3], mu
tilayers [4], or nanocrystalline bulk samples [5,6], it is
generally found that, in thermodynamic equilibrium at
given hydrogen chemical potentialm, the overall hydro-
gen concentration in the nanoscale microstructures diffe
from that in the coarse-grained material at the samem. In-
terfacial segregation isotherms [7], which rationalize suc
composition change in terms of enrichment or depletio
of hydrogen at interfaces, providelocal equilibrium equa-
tions where free energy densities in the bulk and at th
interfaces depend only on the local concentration. How
ever, at large interface-to-volume ratio, anonlocalinterac-
tion between interfaces and bulk may become significan
This interaction is due tointerface stress[8,9], S, that
entails stress and strain in the crystal lattice, thereby a
fecting the bulk concentration at equilibrium [10]. When
area is measured in coordinates of the undeformed ma
rial, S is then the derivative of an interfacial free energ
with respect to bulk strain tangential to the interface plan
[11,12]. Contrary to thescalar and positive-valued inter-
facial free energy,S is a tensorwith entries which may be
of either sign. These entries are independent material p
rameters that can be nonzero even when there is no stra
Because of its potential effect on hydrogen concentratio
in nanoscale microstructures, it is of interest to measu
S in a metal-hydrogen system. Also of relevance is th
effect of S on the lattice constanta, since the concen-
tration in nanoscale solid solutions is frequently inferre
from experimental data fora. Whena depends simultane-
ously on the concentration and onS, the effect ofS must
be taken into account in deriving the concentration. I
this paper, we explore the relation betweenS, a, and the
concentration in an open system at equilibrium. In com
bination with experimental data, the results of the analys
lead to the measurement of interface stress in nanocr
talline sn-d Pd-H as a function ofm. We also show that
varying m leads to interfacialstretch[12], V. In contin-
uum mechanics,V is a jump in the normal component of
the displacement at an interface that models a change
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the average normal component of the interatomic spac
at the interface. Experimental data for stretch provide
independent estimate for interface stress.

We consider an interstitial solid solution that exchang
solute, exclusively, at equilibrium with a reservoir a
chemical potentialm. As the composition variable in the
bulk we take the solute fractionc, the ratio of the solute
concentration (atoms per volume) over the concentrat
of sites (sits per volume) available to soluter0. Attention
is restricted to alloys where concentration changes indu
isotropic strain, so that, at equilibrium,c depends only
on the pressureP, not on shear stress [13]; thus, a
equilibrium outside the spinodal region of the phase d
gram, c  csm, Pd. The variable for elastic change in
volumeV is the volumetric straiń ; the trace of the strain
tensor is dV  Vd´. Material parameters relevant in
the discussion of equilibrium are a “solute susceptibility
x  r

21
0 ≠cy≠mjP , the concentration-strain coefficien

h  1
3 ≠´y≠cjp, the bulk modulus at constant compos

tion K  2≠Py≠´jc, and the open system bulk modulu
Kp  2≠Py≠´jm. Considering experiments on the Pd-H
a phase, we takeh and K as being independent ofc
[14,15]. The relation betweenK andKp [13],

Kp  Kys1 1 9Kxh2d , (1)

takes account of the fact that, in the open system, str
results in a combination of elastic strain and of strain d
to concentration change.

When external pressure is neglected, mechanical eq
librium then requires that the pressure in the bulk is r
lated to the scalar interface stressf  tracesSdy2 by [16]

3kPlV  2ak flA , (2)

where a  AyVG denotes the specific interface area,A
is the total area, andVG is the total volume of the
(undeformed) grains. The brackets denote the volume
and areal mean overVG and A, respectively [16], as
indicated by the subscripts.

Consider´ measured relative to a reference state
the microstructure atc  0 andf  0, where the lattice
constant is that of coarse-grained pure solvent. The to
© 1998 The American Physical Society 213
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strain in the bulk at chemical potentialm can then be
described as the result of two separate processes.
first is a concentration change atf  0, resulting in the
strain ´1  3hcsm, 0d. The second process is a chang
of interface stress, at constantm, to the actual value
of f at equilibrium; this leads to an additional strain
´2  2

RP
0 sKpd21dP, with P related to f by Eq. (2).

The total volumetric strain relative to the coarse-graine
pure solvent is thuś  ´1 1 ´2. Experimentally, it is
more convenient to measure the strain´0 relative to an
experimentalreference state where approximatelyc  0
in the bulk, and where the pressure has a finite val
P0, related to the interface stress in the experimen
reference statef0 by Eq. (2). It is readily seen that́0 
´ 1 P0yK . With Eq. (1) forKp, and for a microstructure
with uniform material constants, the total experiment
strain is then

k´0lV  3hcsm, 0d 2
2
3

a

√
k f 2 f0lAyK

1
Z k flA

0
9xh2dk f 0lA

!
.

(3)
In general, the argument of the integral in Eq. (3) de

pends on the concentration, hence, onP and, by Eq. (2),
on the integration variablek f 0lA. For the discussion of
our experiments on Pd-H, we used a regular solutio
equation of state [14] for the bulk,m  m1 1 m2c 1

RT lnfcys1 2 cdg 1 3Phyr0 with constantm1 and m2
that does not lead to a closed form expression for the
tegral in Eq. (3). To obtaink flA for given experimental
values of k´lV , k f0lA, and m, Eq. (3) was inverted nu-
merically (with better than six digit accuracy), with the
dependence ofc on m andP evaluated numerically from
the implicit equationc  cRsm, Pd intimated by the equa-
tion of state. Withk flA and, hence,kPlV known, the
solute enrichment ratior (the actual value ofc in the bulk
over the value ofc in the coarse-grained material at sam
m) was determined fromr  cRsm, kPlV dycRsm, 0d.

For the discussion of experimental data for strai
it is useful to derive a relation between strain in th
microstructure and stretch,V. Since V is equivalently
identified with a change in an interfacial excess volum
[11,12], changes in total volumeVM of the microstructure
are related to changes in total grain volumeVG by an
integral of stretch over the interfaces:DVM  DVG 1R

VdA. In terms of the corresponding volumetric strains
´M and´G, this implies

´M  k´GlV 1 asVlA . (4)
A simple qualitative model suggests thatf and V

should depend on the solute concentration at the int
face and, hence, onm. Let the interface be modeled by
a planar, uniform, and isotropic layer of material with
thicknesst, concentration-strain coefficienthL, site den-
sity rL, Young modulusYL, and Poisson numbernL. As
the composition variable for the layer we take the quanti
214
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N  fNg 2 cr0t, wherefNg is the specific layer content
[11] of solute (amount of solute in the layer per are
and wherec and r0 refer to the bulk phase.N is an
excess of solute, per area of layer, over a reference s
tem with uniform solute concentration throughout the bu
and the layer. If the layer was detached from the ab
ting crystals atN  0, and N then changed at constan
stress, the layer would undergo an isotropic expans
with a volumetric strain3NhLysrLtd. At constantN and
constant normal load, a tangential stressSL, isotropic in
the plane, would be required to bring the layer back
registry with the abutting crystals. The productSLt is a
force per unit length of the perimeter and, by the defin
tion in Ref. [8], is identified as the interface stress of th
layer. Straightforward continuum mechanics theory lea
to f  2NhLr

21
L YLs1 2 nLd21, that is, to a linear de-

pendence of interface stress onN.
In the layer model, the change in thickness of the lay

due to elastic strain is the equivalent to interfacial stretc
Adding the thickness changes due to the change inN at
constant stress and due to the application of the tangen
stressSL at constant normal load and constantN, one
finds

V  NhLr21
L s1 1 nLd s1 2 nLd21 (5)

and, in combination with the result forf,

V  2s1 1 nLdY 21
L f . (6)

We shall proceed to present experiments that lead to
independent determination off andV.

The experiment was performed on a bulk sample ofn-Pd
prepared by inert gas condensation, as described in [1
Warren-Averbach analysis (compare details in [18]) ind
cates a specific grain boundary areaa  0.32s5d nm21,
corresponding to a grain size of 10 nm.In situ measure-
ments of the macroscopic length changeDl in a dilatome-
ter and of the lattice constant changeDa in a diffractometer
were performed atT  40 ±C and with hydrogen charg-
ing from an Ar-H2 flow at atmospheric pressure. Hydro
gen partial pressurepH2 was adjusted by flow controllers
Deformation is specified relative to a reference state w
the sample in pure Ar, which was repeatedly reestablish
during measurement to verify reproducibility. Subseque
to changes inpH2 , signals were followed at constantpH2

until a constant asymptotic strain was reached. The
sults were found to be reversible and reproducible duri
a large number of loading/unloading cycles, except for
irreversible strain when the sample was first exposed
hydrogen that indicates hydrogen uptake in deep traps
grain boundaries [19]. All experiments presented here
restricted to the Pd-richa phase, avoiding hysteresis [20
at the phase transition. Material constants used in the a
ysis are [14]h  0.063, K  187 GPa,Y  121 GPa,
n  0.39, m1  7.08 kJymol,m2  245.62 kJymol, and
r0  67.95 nm23.
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The interface stress in the experimental reference sta
k f0lA  10.1s4d Nym, was determined by comparing
lattice constants of the material under pure Ar (afte
several loading/unloading cycles) in the as-prepar
nanocrystalline state and in the annealed coarse-grai
state. As suggested in Ref. [21], the lattice constants we
corrected for residual stress through a suitable choice
scattering geometry [22]. Residual stress in the nanocr
talline reference state was found to be compressive and
result in a pressure of about 10 MPa, which is negligib
compared to the pressure induced by interface stress u
hydriding.

Figure 1 displays the experimental values forDlyl
and Daya in n-Pd as a function ofpH2 , along with
reference data forDlyl in coarse-grained Pd. The chang
in lattice parameterDa is found to be considerably higher
than that in coarse-grained Pd,Da0; for the arbitrary
examplepH2  2 kPa, the ratio isDayDa0  2.6. The
dilatometer data evidence an even higher total stra
at pH2  2 kPa, the ratio isDlyDl0  6.6. The large
difference of the respective measures for strain indicat
that there are degrees of freedom for deformation that
not affect the lattice constant. In conjunction with Eq. (4
this result suggests measurement ofV: Since the material
is macroscopically isotropic, we takéM  3Dlyl and
´G  3Daya. It is emphasized thatDa indeed measures
´G , not´M : In polycrystals, the distribution of interatomic
spacings across high-angle grain boundaries does not g
rise to constructive interference in wide-angle scatterin
(compare [17] and references therein); therefore, stre
is of no consequence to the Bragg reflection positio
and, hence, toDa. The results forV obtained from
Eq. (4) (Fig. 2) indicate that most stretch occurs atpH2 ,

0.1 kPa, but thatV continues to increase at higherpH2 .

FIG. 1. Experimental strain relative to a reference state
pure Ar versus hydrogen partial pressurepH2 . (d) External
strain Dlyl of n-Pd, dilatometer. ssd Crystal lattice strain
Daya of n-Pd; diffractometer. s=d Dlyl for a coarse-grained
Pd foil reference sample. (Solid line) strain for coarse-graine
Pd (Ref. [14]).
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Figure 3(a) shows grain boundary stressf determined
by analyzing the experimental´G in terms of the equilib-
rium condition [Eq. (3)]. It is seen thatf is not a constant,
but varies withpH2 . The sign off is found to be nega-
tive, that is, grain boundary stress in Pd-Hexpandsthe
crystal lattice, in contrast to the effect of interface tensio
in fluids, which is alwayscompressive.At pH2  2 kPa,
we find f  21.7s4d Nym, corresponding by Eq. (2) to
kPly  20.36 GPa. The enrichment ratior, displayed in
Fig. 3(b), is seen to vary with partial pressure, with a valu
of r  1.3 at pH2  2 kPa. If the lattice strainDaya
was (incorrectly) attributed entirely to change in compo
sition, so thatDaya  hc, then the much higher value of
r  2.6 would be obtained. In fact, our results show tha
the majority of the strain is from the elastic reaction of th
lattice to the change of interface stress, not from the chan
of composition.

We shall now assess the experimental results and w
for the sake of a simplistic estimate, assume that the el
tic constantsYL and nL in the interfacial layer may be
approximated by the bulk values. Equation (6) with th
experimental value forV then yieldsf  21.7s2d Nym
at pH2  2 kPa, which is identical to the more rigorou
results obtained, independently, by evaluation of Eq. (3
The agreement supports the validity of our treatment
equilibrium.

To assess the result for the stretch, assume further
hL  h, and that the maximum excess of solute in th
layer corresponds to one atomic monolayer (ML), a val
that is typical for solute segregation to grain boundari
[7]. For Pd, a densely packed ML has an areal site dens
of N1  15.3 nm22. Equation (5) withN  N1 yields an
estimated stretch ofV  32 pm and implies that 0.6 ML
of H would be required for the measured value,V 
19s2d pm atpH2  2 kPa. Thus, the measured stretch ha
a realistic order of magnitude. Note also that, in additio
to the enrichment in the bulk, 0.6 ML of H at grain bound
aries would contribute by0.6N1ayr0  0.04sHyPdd to
the overall HyPd atom ratio in the material, roughly a fac
tor of 4 increase over the equilibrium value of0.011 HyPd
in bulk at P  0 and pH2  2 kPa. This is compatible
with previously reported values between0.03 HyPd and

FIG. 2. StretchV versus hydrogen partial pressurepH2 .
215
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FIG. 3. Scalar interface stressf (a) and solute enrichment
ratio in bulk r (b) versus hydrogen partial pressurepH2 .

0.10 HyPd for the solubility in nanocrystallinea-Pd-H
[5,19].

In conclusion, our analysis of simultaneous chemic
and mechanical equilibrium in an open system with larg
interface-to-volume ratio has led to an expression f
strain at equilibrium as a function of solute chemica
potential m and of interface stressf that allows the
values off and the solute fractionc in the bulk to be
determined from experimental lattice constant data. T
results testify to a strong dependency off on chemical
potential and, hence, on the hydrogen concentration
the grain boundaries. We find that reliable values fo
the solute fraction in the bulk can only be obtaine
from lattice constant data when the effect off is taken
into account. A qualitative microscopic model relatesf
to solute segregation and to an additional, measurab
degree of freedom for interfacial deformation, the stretc
V. The experimental results forf and V are consistent
with that model, supporting the validity of our analysis.

A previous analysis [1] of a similar problem, the sur
face effect on hydrogen solubility in Pd clusters, ignore
both the distinction between interface stress and interfa
free energy and the long-range stresses originating fro
solute excess at interfaces that causef to depend onm.
Measurements ofa in n-Pd-H have been reported before
but interface stress was neglected in the data analy
and the erroneously high solute fraction thus obtained w
discussed with relation to hydrogen enrichment at gra
boundaries [6]. While such enrichment is well supporte
by experiment, our analysis demonstrates that it isnot
measured by lattice constant data.
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