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Successful Test of a Seamless van der Waals Density Functional
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(Received 6 July 1998)

We report the first microscopic (RPA) calculation of the van der Waals interaction between two
consistent jellium metal slabs—from asymptotic separations down to full contact. We also prese
first test of a recently proposed seamless van der Waals density functional, which reproduces th
results satisfactorily at all separations. [S0031-9007(99)08626-3]

PACS numbers: 71.15.Mb, 34.20.–b, 71.45.Gm
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Dispersion or van der Waals (vdW) forces play a cruci
role in many situations. Examples occur in the “docking
of pharmaceutical or biological compounds, in colloida
systems, in noble-gas chemistry, and in soft matter gen
ally. These systems typically contain so many electro
that traditional quantum methods for predicting forces a
unworkable. Local and gradient density functional met
ods, usually employed for large systems, cannot reprodu
the asymptotic vdW interaction. New algorithms for e
ficient calculation of vdW forces have therefore been th
goal of many recent works [1–7]. While good numbe
have been obtained for the case of widely separated s
systems, a practical demonstration has not yet been gi
of a “seamless” density-based method which works at
separations. This must include the difficult case of lar
systems in the overlapped and intermediate regimes, wh
neither traditional local-density nor existing asymptoti
perturbative van der Waals approaches areà priori reli-
able, and where vdW forces are inextricably mixed wi
other types of force. This Letter addresses this proble
at the random-phase approximation (RPA) level, using
new, numerically exact calculation to validate a seamle
van der Waals density functional proposed recently [6,7
We treat a pair of parallel smooth self-consistent jelliu
slabs, and find that the correlation energies from these t
methods show rather good agreement at all slab sepa
tions, from complete overlap to the asymptotic van d
Waals regime.

We will first motivate the seamless functional used her
We will then describe our RPA slab calculation, which
novel in its use of smooth self-consistent density profiles
all separations. (Previous detailed nonasymptotic van
Waals calculations for the two-slab problem used artifici
hard walls. See, e.g., [8,9]. They were thus inapplicab
to overlapped regimes.) Finally, we will give the result
from our seamless functional, and compare them with t
exact numerical RPA results, and also with asympto
semianalytic results from electron hydrodynamics.

Motivation of seamless vdW functional.—The well-
known local density (LDA) [10] and generalized gradien
(GGA) [11] approaches fail to produce the vdW interac
tion at large separations because the relevant correlati
are very nonlocal functionals of the ground-state dens
0031-9007y99y82(10)y2123(4)$15.00
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ns$rd. Our broad philosophy for van der Waals function
als is to use exact, or asymptotically exact, correlation e
ergy expressions involving susceptibilities/polarizabilitie
Local approximations for the susceptibility [12] or polar
izability [13] then give the desired functionals. Used wit
Coulomb perturbation theory [14], this approach can yie
good vdW energies for nonoverlapping pairs of atoms [4
but only if a drastic cutoff is imposed [1,2].

Our nonperturbative, seamless vdW functional [6,
allows overlap and is only loosely related to that ju
described. It starts from the exact adiabatic connectio
fluctuation dissipation (ACFD) formula

Ec  2
h̄

2p

Z 1

0
dl

Z `

0
ds TrfVCoul p sxls 2 x0sdg

(1)

for the correlation energy of an inhomogeneous sy
tem [8,15,16]. Herexls ; xls$r , $r 0, v  isd is the
Kubo density-density response function of the who
system, with an additional external potential added
as to maintain the true (l  1) ground-state density
in the presence of a modified electron-electron intera
tion lVCoul ; le2yj$r 2 $r 0j. In (1), f f p gg s$r, $r 0d ;R

fs$r, $r 00dgs$r 00, $r 0d d $r 00 and Trf ;
R

fs$r , $rd $dr. A direct
local density approximation [12] forxls in (1) yields
the LDA [7] and thus misses the vdW interaction. Th
interacting dynamic responsexls can, however, be related
to the independent-particle (Kohn-Sham) inhomogeneo
dynamic responsex0s by the exact Dyson-like screening
equation [17]

xls  x0s 1 x0s p slVCoul 1 fxc,lsd p xls . (2)

Here fxc,ls ; fxcls$r , $r 0, v  isd is the exchange-
correlation kernel of the inhomogeneous system. Wh
fxc is not known, some information is available for th
uniform electron gas [17–19]. Our seamless function
[6,7] now follows from two distinct approximations.

(a) The Kohn-Sham independent-electron response
approximated as [7]

x0s ; x0s$r , $r 0, isd

ø $=r ? $=r 0ahom
0 sn0  n̄s$r , $r 0d, j$r 2 r 0j, v  isd .

(3)
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Here the inputs are the actual inhomogeneous ground-s
densityns$rd and the polarization responsea

hom
0 sn0, j$r 2

$r 0j, v  isd of a uniform gas of densityn0. Without such
an approximation one would need to calculate many on
electron wave functions to obtainx0s for the inhomoge-
neous system.

(b) The xc kernel is locally approximated also:

fxcls$r , $r 0, isd ø fhom
xcl fn0  n̄s$r , $r 0d, j$r 2 r 0j, v  isg ,

(4)

and here the frequency andl dependence could also be
simplified [6,7]. The average densitȳn used in (3) and
(4) is detailed below [7].

Despite the local nature of approximations (a) and (
above, the essential long-ranged, nonlocal aspect of
vdW interaction is retained because the nonlocality of t
real-space screening integral equation (2) is retained in f
Nevertheless, our method still has a local-density charac
and should not be expected to give significantly bett
results than the LDA in compact systems where lon
ranged correlations cannot occur. Gradient correctio
could be added for improvement in these cases.

The present work aims to investigate the efficacy
approximation (a) for the calculation of van der Waa
energies, and accordingly we simply setfxc  0. (We will
describe elsewhere the very minimal numerical chang
caused by inclusion of a static local xc kernel.) Thus w
work here at the RPA level, as indeed did most worke
in the early days of gradient functionals. An advantage
that we can compare our functional with our numerical
exact RPA solutions.

Ground state density calculation.—We carried out our
tests upon twin jellium withrs  2.07 a.u.. Our model
has two parallel uniform slabs of positive backgroun
each of thicknessL  5 a.u., with an adjustable spacing
D between their nearest edges. A neutralizing electr
gas is added, resulting in a smooth ground-state elect
density profile nszd and Kohn-Sham potentialVKSszd
which we solved in the self-consistent LDA [20]. We did
this for a variety of separationsD ranging from zero to
12 a.u. See Fig. 1, in which three cases are shown:D 
0 (complete contact forming a single slab of width10 a.u.,
unbroken line);D  6 a.u. (partial overlap, dashed line)
and D  12 a.u. (negligible overlap of electron clouds
dash-dotted line).

Numerically exact RPA calculation.—To find the
RPA correlation energy of this system we first calcu
lated, for each value ofD, the independent-particle
(“Kohn-Sham”) density-density response functionxos ;
xKSsqk, z, z0, v  isd for particles moving in the ground-
state potentialVKSszd. The coordinates used are appropr
ate to slab geometry:fs$r , $r 0, vd  s2pd22

R
d2qk exp3

sifqxsx 2 x0d 1 qys y 2 y0dgdfsqk, z, z0, vd with $qk 
qxx̂ 1 qyŷ. The method of calculation involved nu-
merical solution of 1D Schrödinger equations, and w
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FIG. 1. Electron density for separationD  0 (unbroken
line), D  6 a.u. (dashed line), andD  12 a.u. (dash-
dotted line).

essentially that described in Ref. [21]. We then solv
the screening equation (2) in which the convolutio
imply a separate linear 1D integral equation inz space,
for each value of interaction strengthl, of frequencyis,
and of surface-parallel wave vectorqk. This was treated
by real-space discretization, resulting in a set of line
equations (of dimension up to 250 for the largest sl
separationD  12 a.u.) which we solved by LU decom
position. Equation (1) was then computed by discretizi
the l, s, andqk integrations, and also thez and z0 inte-
grations implied by the convolution and trace. Typic
parameters used weredz  0.15 a.u., dqk  0.05 a.u.,
ds  0.1 a.u., dl  0.3. The D-dependent part of the
resulting RPA correlation energy per unit area is sho
by the open circles in Fig. 2. The RPA correlatio
energy of two isolated slabs has been subtracted to g
Ecross

c ; fEcsL 1 D 1 Ld 2 2EcsLdgyA. This RPA
quantity measures thecross-correlationenergy per unit
area, between the slabs. For comparison, the same
relation energy quantityEcross

c calculated in the ordinary
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FIG. 2. Cross-correlation energy per unit area. Circles: F
RPA. Asterisks: Seamless vdW functional. Unbroken lin
LDA using RPA uniform-gasec. Dashed lines: Hydrodynamic
approximations.
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LDA is shown as an unbroken line in Fig. 2 [22]. It is
clear that the LDA cross correlation disappears once t
ground-state densities no longer overlap, whereas in
the full RPAEcross

c decays much more slowly.
These full RPA vdW calculations were substantial, b

the screening part of the problem was made much mo
efficient by a rearrangement of Eq. (2) so that evaluati
of xKS was the time-limiting step. The cross-correlatio
energies plotted here are small differences of much larg
he
the

ut
re

on
n
er

total correlation energies. Nevertheless the calculatio
are reasonably converged, with a typical error bar, judg
from variation of the above parameters, of less than h
the size of the open circles as shown in Fig. 2.

Evaluation of seamless vdW functional.—Next we
evaluated our approximate vdW functional for the sam
system. The particular form of local approximation, ch
sen to implement approximation (a) above in slab coor
nates, was
xKSsz, z0, qk, isd ø xIGA
KS sz, z0, qk, isd  f $= ? $=0ahom

KS gqk,z ;

√
≠2

≠z≠z0
1 q2

k

!
ahom

KS fn̄IGAsz, z0d, jz 2 z0j, qk, v  isg ,

(5)

where the average ground-state density is

n̄IGAsz, z0d  exp

"
1

z0 2 z

Z z0

z
lnfnsz00dg dz00

#
. (6)

In (5), the dynamic polarization response of a homogeneous gas of independent electrons is

aKSsn, z, qk, isd 
1

2p

Z `

2`

dqz 3
1

q2
z 1 q2

k

xLindsn,
p

q2
z 1 q2

k , isd expsiqzzd , (7)
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wherexLindsn, q, v  isdis the Lindhard function evalu-
ated at imaginary frequency [23].

The choice of the particular local approximations (5)
(7) is not unique but has the following advantages: (i) Th
double-gradient form in (5) ensures charge conservat
[4]; and (ii) the “integral geometrical Ansatz” (6) ensure
[7] that no unphysical charge flow occurs across
vacuum region despite a long-ranged tail in the real-spa
Lindhard function. The use of (5)–(7), instead of th
numerically exact calculation ofxKS from wave functions
as in our RPA calculation, reduced the computation tim
by a large factor, especially for higherqk values.

Comparison of seamless functional with full RPA.—
Our local-density-RPA procedure [Eqs. (6), (5), (2), an
(1) in that order] provides an explicit path to the correla
tion energy, starting with the ground-state densitynszd as
the only system-specific input. We thus have a genui
and highly nonlocal density functional. It is quite succes
ful in reproducing the cross-correlation energy betwe
two jellium slabs at all separations, as seen from the s
symbols in Fig. 2 compared with the RPA (open circles
As discussed above for compact systems, the quality
the results in the fully overlapped regime is comparable
the LDA, though the error in the present case is in the o
posite direction. In the separated and weakly overlapp
cases, however, the present functional is dramatically b
ter than the LDA.

Comparison with hydrodynamic theory.—To aid the
understanding of our vdW results at large separation,
also used dispersionless (zero-pressure) electron-gas
drodynamics, with self-consistent Poisson’s equation. W
calculated plasmon dispersion relationsvjsqkd for cou-
–
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pled gases, and since the hydrodynamic response fu
tion has poles at these frequencies (with no cuts) o
can show from (1) that theT  0 K cross-correlation en-
ergy is the change in total zero-point energy

P
j,qk

h̄vjy2
of these modes, due to proximity of the slabs. In th
way one shows analytically thatEcross

c  20.005012h̄ 3p
2pNse2ym D25y2 for two 2D electron gases with sepa-

ration D, whereNs is the areal electron number density
of each gas. This is shown by the long-dashed curve
Fig. 2. Similarly by using electromagnetic boundary con
ditions at each jellium edge one shows for semi-infinit
slabs thatEcross

c  20.01105sh̄vPy2
p

2 dD22 (dot-dashed
curve) wherevPy

p
2 is the surface plasma frequency. Fo

jellium slabs of finite thicknessL, no analytic expression
emerges, but our simple numerical hydrodynamic calc
lations gave the dashed curve in Fig. 2 (withL  5 a.u.
to match our microscopic results). The nonhydrodynam
Ecross

c values (symbols), both from our new functional an
the RPA, are clearly similar to these hydrodynamic resul
at large separations. In this regime of very small resid
ual differences in a large total correlation energy, our nu
merics are subject to noise. In this well-separated regim
one would in practice want to use asymptotic results su
as the present (or more sophisticated) hydrodynamic on
However, it is important that we have demonstrated th
seamless quality of our functional: the same prescriptio
works at all separations. It is in the weakly to moderate
overlapped cases (here1 & D & 8) that our methods are
likely to be most useful.

Note that, in contrast to some asymptotic vdW func
tional calculations in use for small highly confined system
such as atoms [1,2],we have used no low-density cutoff in
2125
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our new functional. We believe this is not needed her
for two reasons. (A) At large separationsD, the coupled
plasmon motions which dominateEcross

c occur in thexy
directions where there is no confinement. Their dispe
sion can be shown to follow from Poisson’s equation an
a form of thef-sum rule for the independent-particle re
sponsexKS of each slab, which we find is approximatel
satisfied [24] by our ansatz (5). (B) Also, by using th
exact Lindhard responsexKS of the uniform gas we have
included pressure effects which can be seen [4] to be
sent in asymptotic vdW functionals [1,2]. These pressu
effects aid in the description of motions in thez (confine-
ment) direction which become more important at small
separationsD for the present problem.

Using a method suggested previously [6] we have no
also included a local static exchange-correlation kern
fxcin the screening equation (2), and found almost n
change in the cross-correlation energy plotted in Fig. 2.

Although our seamless method was worked out here
a large system, one can show analytically by the me
ods of Ref. [6] that it gives a cross-correlation energ
of the correct vdW form2C6R26 for two small sys-
tems separated by a large distanceR. Preliminary tests
suggest that the coefficientC6 is overestimated by the
present methods, however, so that a cutoff would be
quired, much as in previous nonseamless density-based
proaches [2,4]. We are now testing a modified seamle
method using both the ground-state density and the KS
tential. The modified method also uses a self-interactio
correcting exchange-correlation kernel such thatVCoul 1

fxcs,s0  VCoulg2HFs$r , s; $r 0, s0d whereg2HF is the ground-
state Hartree-Fock pair distribution [25,26]. Initial indica
tions are that these modifications make only small chang
in the present slab problem, but give a greatly improv
C6 coefficient for small systems, without use of a cutoff.

In summary, we have demonstrated in Fig. 2, at th
RPA level and for parallel jellium slabs, the success
our van der Waals density functional defined by Eqs. (6
(5), (2), and (1). It uses only the ground-state dens
as input, and is seamless in that it remains a reasona
approximation to the true RPA cross-correlation energy
all separations, from smooth overlap of electron clouds
complete separation. We also have preliminary indicatio
that a broadly similar approach can give rather goo
results for small systems with a low-density cutoff, or eve
without a cutoff after suitable modification. Our method
do not require any excited-state quantal calculations.
this connection we should also mention time-domain vd
procedures [5] which simultaneously obtain the bare a
screened response, but which still require computation
excited wave functions. Via all these means one can ho
to create a truly flexible array of tools for the efficien
description of dispersion forces in many-body systems.
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