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We study the hot electroweak phase transition by four-dimensional lattice simulations and give
phase diagram. A continuum extrapolation is done. We find that the phase transition is first o
for Higgs-boson massesmH , 66.5 6 1.4 GeV. Above this end point a rapid crossover occurs. Ou
result agrees with that of the dimensional reduction approach. It also indicates that the fermionic s
of the standard model (SM) may be included perturbatively. We obtain that the end point in the
is 72.4 6 1.7 GeV. Thus, the LEP Higgs-boson mass lower bound excludes any electroweak p
transition in the SM. [S0031-9007(98)08047-8]
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The observed baryon asymmetry is finally determine
at the electroweak phase transition (EWPT) [1]. Th
understanding of this asymmetry needs a quantitative d
scription of the phase transition. Unfortunately, the pe
turbative approach breaks down for the physically allowe
Higgs-boson masses (e.g.,mH . 70 GeV) [2]. In order to
understand this nonperturbative phenomenon a system
cally controllable technique is used, namely, lattice Mon
Carlo (MC) simulations. Since merely the bosonic sec
tor is responsible for the bad perturbative features (due
infrared problems) the simulations are done without th
inclusion of fermions. The first results dedicated to thes
questions were obtained on four-dimensional (4D) lattice
[3]. Soon after, simulations of the reduced model in thre
dimensions were initiated as another approach [4]. Th
technique contains two steps. The first is a perturbati
reduction of the original 4D model to a three-dimensiona
(3D) one by integrating out the heavy degrees of freedom
The second step is the nonperturbative analysis of the
model on the lattice, which is less CPU-time consumin
than the MC simulation in the 4D model. The compariso
of the results obtained by the two techniques is not only
useful cross-check on the perturbative reduction procedu
for heavy bosonic modes, but also could give an indic
tion that the fermions, which behave similarly to the heav
bosonic nodes, might be included perturbatively.

In the recent years exhaustive studies have been carr
out both in the 4D [5] and in the 3D [6] sectors of the
problem. These works determined several cosmologica
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important quantities such as the critical temperature (Tc),
interface tension (s), and latent heat (De).

Previous works show that the strength of the first o
der EWPT gets weaker as the mass of the Higgs-bo
increases. Actually the line of the first order phase tra
sitions separating the symmetric and Higgs phases on
mH-Tc plane has an end point,mH,c. There are several
direct and indirect evidences for that. In four dimensio
at mH ø 80 GeV the EWPT turned out to be extremel
weak, even consistent with the no phase transition s
nario on the1.5s level [7]. 3D results show that for
mH . 95 GeV no first order phase transition exists [8
and more specifically that the end point ismH,c ø 67 GeV
[9,10]. In this Letter we present the analysis of the e
point on 4D lattices. We study the thermodynamical lim
of the first Lee-Yang zeros of the partition function [9,10
In order to get rid of the finite lattice spacing effects a car
ful extrapolation to the continuum limit is performed. Th
end point value of the SU(2)-Higgs model is perturbative
transformed to the full standard model (SM).

We will study the 4D SU(2)-Higgs lattice model on
asymmetric lattices, i.e., lattices with different spacin
in temporal (at) and spatial (as) directions. Equal lattice
spacings are used in the three spatial directions (ai 
as, i  1, 2, 3) and another one in the temporal directio
(a4  at). The asymmetry of the lattice spacings is give
by the asymmetry factorj  asyat. The different lattice
spacings can be ensured by different coupling streng
in the action for timelike and spacelike directions. Th
action reads
SfU, wg  bs
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where Ux,m denotes the SU(2) gauge link variable,Usp

andUtp the path-ordered product of the fourUx,m around
a space-space or space-time plaquette, respectively;wx

stands for the Higgs field. It is useful to introduc
the hopping parameterk2  kskt andb2  bsbt. The
anisotropiesg2

b  btybs and g2
k  ktyks are functions

of the asymmetryj. These functions have been de
termined perturbatively [11] and nonperturbatively [12
demanding the restoration of the rotational symme
in different channels. In this paper we use the asy
metry parameterj  4.052, which gives gk  4 and
gb  3.919. The reason for choosingj . 1 is that while
at fixes the scale of the temperature,as determines the
number of lattice points for a given (necessarily large
our case) physical volume. The number of lattice poin
is constrained by computer resources. Thus, simulat
on asymmetric lattices is of principal importance for th
present investigation. Details of the simulation techniqu
can be found in [5].

We have performed our simulations on finer and fin
lattices, moving along the lines of constant physics (LCP
In our case there are three bare parameters (k, b, l). The
bare parameters are chosen in a way that the zero t
perature renormalized gauge couplinggR is held con-
stant and the mass ratio for the Higgs- and W-boso
RHW  mHymW corresponds to the Higgs mass at th
end point of first order phase transitions:RHW,c. These
two conditions determine a LCP as a one-dimension
subspace in the original space of bare parameters. The
sition on the LCP gives the lattice spacinga. As the lat-
tice spacing decreases,RHW,c ! RHW,cont. A schematic
illustration is shown in Fig. 1. The LCP (solid line) de
fined by the end point represents the above idea. T

FIG. 1. Schematic view of the phase diagram. The so
line represents the LCP defined by the end point conditio
The numbers on the line correspond to the temporal extens
for which the end point is realized (the dashed lines sho
their projection to thek-l plane). The dotted lines running
into these points correspond to first order phase transitions
g2

R  const but differentRHW 0s. A LCP defined by a constant
RHW value is shown by the long dashed line.
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short dashed lines give the projections to thel-k plane.
The increasing numbers on the LCP show the tempor
extensions of the lattice, thus corresponding to small
and smaller lattice spacings. The dotted lines represe
phase transition points of theories with fixed renormalize
g2 and Lt but different RHW values. Along the dotted
lines one can observe first order phase transitions up to t
LCP defined by the end point condition. Note, howeve
that this end point LCP is not the same as the LCP d
fined by the constantRHW  RHW,cont value (long dashed
line). They merge for decreasing lattice spacings, but
larger a the difference is the result of the “poor realiza-
tion” of Wilson’s renormalization group transformations
with only three terms and parameters in the action.
is worth mentioning that the SU(2)-Higgs model is triv-
ial for small gauge couplings, therefore, thea ! 0 limit
cannot be performed. Even the points on the end poi
LCP do not define continuum theories. The second ord
phase transitions on it merely reflect a finite temperatu
phenomenon; the corresponding zero temperature SU(
Higgs theory is still trivial.

The technical implementation of the above LCP ide
has been done as follows. By fixingb  8.0 in the
simulations, we have observed thatgR is essentially
constant within our errors. For the small differences i
gR we have performed perturbative corrections. We hav
carried outT fi 0 simulations onLt  2, 3, 4, 5 lattices
(for the finite temperature case one usesLt ø Lx , Ly , Lz)
and tunedk to the transition point. This condition fixes
the lattice spacings:at  asyj  1ysTcLtd in terms of
the transition temperatureTc in physical units. The third
parameterl, finally specifying the physical Higgs mass in
lattice units, has been chosen in a way that the transiti
corresponds to the end point of the first order phas
transition subspace.

In this paperV  LtL3
s type 4D lattices are used. For

eachLt we had eight different lattices, each of them ha
approximately twice as large a lattice volume as the pr
vious one. The smallest lattice wasV  2 3 53 and the
largest one wasV  5 3 503. We collected quite a large
statistics and the Ferrenberg-Swendsen reweighting [1
was used to obtain information in the vicinity of a simula
tion point.

The determination of the end point of the finite temper
ature EWPT is done by the use of the Lee-Yang zeros
the partition functionZ [14]. Near the first order phase
transition point the partition function reads

Z  Zs 1 Zb ~ exps2Vfsd 1 exps2Vfbd , (2)

where the indicesssbd refer to the symmetric (Higgs)
phase andf stands for the free-energy densities. Nea
the phase transition point we also have

fb  fs 1 ask 2 kcd , (3)

since the free-energy density is continuous. One gets th

Z  2 expf2V sfs 1 fbdy2g coshf2Vask 2 kcdg , (4)
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which shows that for complexkZ vanishes at

Imskd  psn 2 1y2dyVa (5)

for integer n. In case a first order phase transition i
present, these Lee-Yang zeros move to the real axis
the volume goes to infinity. In case a phase transiti
is absent, the Lee-Yang zeros stay away from the reak

axis. Thus, the way the Lee-Yang zeros move in this lim
is a good indicator for the presence or absence of a fi
order phase transition [14]. Denotingk0 as the lowest
zero of Z , i.e., the position of the zero closest to th
real axis, one expects in the vicinity of the end point th
scaling law Imsk0d  c1sLt , ldV n 1 c2sLt , ld. In order
to pin down the end point we are looking for al value for
which c2 vanishes. In practice we analytically continueZ
to complex values ofk by reweighting the available data
Also small changes inl have been done by reweighting
As an example, the dependence ofc2 on l for Lt  3 is
shown in Fig. 2. To determine the critical value ofl, i.e.,
the largest value, wherec2  0, we have performed fits
linear inl to the non-negativec2 values.

Having determined the end pointlcritsLtd for eachLt

we calculate theT  0 quantities (RHW , g2
R) on V 

s32Ltd s8Ltd s6Ltd2 lattices, where32Lt belongs to the
temporal extension and extrapolates to the continuu
limit. All the T  0 simulations were performed atl 
0.000 178 and an extrapolation to thelcritsLtd has been
made. The parameters and results of the simulations
collected in Table I, while Table II shows theRHW values
extrapolated to thelcritsLtd. Having established the corre-
spondence betweenlcritsLtd andRHW , theLt dependence
of the criticalRHW is easily obtained. Figure 3 shows th
dependence of the end pointRHW values on1yL2

t . For
our bosonic theory a linear extrapolation in1yL2

t yields
the continuum limit value of the end pointRHW . We ob-
tain 66.5 6 1.4 GeV, which is our final result.

FIG. 2. Dependence ofc2 on l for Lt  3.
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TABLE I. Summary of simulation parameters and results o
RHW andg2

R at T  0.

Lt lsim ksim RHW g2
R

2 0.000 178 0.107 733 0.934(10) 0.569(4)
3 0.000 178 0.106 988 0.913(12) 0.575(3)
4 0.000 178 0.106 620 0.905(8) 0.585(5)
5 0.000 178 0.106 497 4 0.867(36) 0.566(30)

Comparing previous 4D and 3D results [10,15–17] i
was believed that there is a discrepancy between the e
point obtained in 3D [9,10] and the higher value indicate
by the Lt  2 4D simulations [7,18]. Indeed increasing
Lt results in a decrease of the end point mass valu
(cf. Fig. 3). However, our continuum result presente
in this Letter completely agrees with that of the 3D
analysis of [10]. Since the error bars on the end poin
determinations are on the few percent level, the uncertain
of the dimensional reduction procedure is also in this rang
This indicates, although does not prove, that the analogo
perturbative inclusion of the fermionic sector results als
in few percent error on the end pointMH .

Based on our published data [5,12] and the results of th
paper we are now able to draw the precise phase diagram
the SU(2)-Higgs model in the (TcymH -RHW ) plane. This
is shown in Fig. 4. The continuous line—representin
the phase boundary—is a quadratic fit to the data poin
TheTcymH extrapolation to the continuum limit is done as
described in [5], formH ø 35 GeV, cf. Fig. 10 of [5] as
an example. (Note thatTcymH increases in the continuum
extrapolation; however, it decreases for smallLt ’s in the
asymmetric lattice case.)

Finally, we determine what is the end point value in
the full SM. Our nonperturbative analysis shows tha
the perturbative integration of the heavy modes is corre
within our error bars. Therefore we use perturbatio
theory [19] to transform the SU(2)-Higgs model end poin
value to the full SM. We obtain72.4 6 1.7 GeV, where
the error includes the measured error ofRHW,cont, g2

R
and the estimated uncertainty [15] due to the differen
definitions of the gauge couplings between this paper a
[19]. Although it is a matter of principle to use the
same definition ofg2

R both in the lattice simulation and in
the perturbative calculation, however, a conservative err
estimate [15] shows that the resulting error is small. Th

TABLE II. Critical l corresponding to the end point of phase
transition as a function ofLt and the corresponding value
of RHW .

Lt lcrit kcrit RHW,c

2 0.000 177 3(14) 0.107 729 2(2) 0.932(11)
3 0.000 166 4(27) 0.106 958 1(2) 0.884(12)
4 0.000 159 0(44) 0.106 631 6(3) 0.841(26)
5 0.000 166 4(20) 0.106 494 8(6) 0.833(36)
23
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FIG. 3. Dependence ofRHW,c, i.e., RHW corresponding to
the end point of first order phase transitions on1yL2

t and
extrapolation to the infinite volume limit.

dominant error comes from the uncertainty on the positi
of the end point.

In conclusion, we have determined the end point of t
hot EWPT with the technique of Lee-Yang zeros fro
simulations in 4D SU(2)-Higgs model. The phase diagra
has been also presented. The phase transition is first o
for Higgs masses less than66.5 6 1.4 GeV, while for
larger Higgs masses only a rapid crossover is expect
One of the most important results of the present Let
is that integrating out the heavy modes perturbatively
precise as shown by a comparison to our nonperturba

FIG. 4. Phase diagram of the SU(2)-Higgs model in th
TcymH -RHW plane. The continuous line—representing th
phase boundary—is a quadratic fit to the data points.
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results. Thus the above66.5 6 1.4 GeV value can be
perturbatively transformed to the full SM. We obtai
72.4 6 1.7 GeV for the end point Higgs mass. As pointe
out above the perturbative inclusion of the fermionic sect
of the SM is expected to be correct to a few percent.

The present experimental lower limit of the SM Higgs
boson mass is 89.8 GeV [20]. Taking into account a
errors our end point value excludes the possibility
any EWPT in the SM. This also means that the S
baryogenesis in the early Universe is ruled out.
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