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Reentrant Melting in Polydispersed Hard Spheres
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The effect of polydispersity on the freezing transition of hard spheres is examined within a moment
description. At low polydispersities a single fluid-to-crystal transition is recovered. With increasing
polydispersity we find a density above which the crystal melts back into an amorphous phase. The range
of densities over which the crystalline phase is stable shrinks with increasing polydispersity until, at a
certain level of polydispersity, the crystal disappears completely from the equilibrium phase diagram.
The two transitions converge to a single point which we identify as the polydisperse analog of a point
of equal concentration. At this point, the freezing transition is continuous in a thermodynamic sense.
[S0031-9007(99)08638-X]
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Freezing and melting are probably the most commomnakes two further distinctive predictions. First, the Lan-
and striking physical changes observed in everyday lifedau point must lie at the intersection of, at least, three first-
All experiments, to date, demonstrate that the crystallizaerder lines of transitions [2] which separate the liquid from
tion of a simple liquid is a first-order transition, in three two conjugate crystalline phases, andC—, with identi-
dimensions. So for instance, the sharp Bragg peaks afal symmetry but which differ in the sign &p(r). Sec-
the crystal, which reflect the long-range spatial modula-ond, in three dimensions, symmetry considerations should
tion of the densityp(r) and which distinguish a crystal uniquely favor a bcc structure [3].
from a liquid, disappeaabruptly as a crystal melts [1]. In spite of these interesting predictions it is not clear
This sharp microstructural change is also mirrored by disif, in a liquid-solid system, the point at which the cubic
continuities in the first derivative of the free energy so thatcoefficientu; vanishes is experimentally accessible. On
experimentally, melting is accompanied by a finite densitythe face of it, one of the most promising candidates is a
and entropy change. system of polydisperse hard spheres where the constituent

Although the experimental situation is clear, in an earlyparticles have different sizes. The freezing of polydis-
analysis Landau [2] argued that, under certain conditionsperse hard spheres has been studied extensively in recent
a crystal can transformontinuouslyinto a liquid. In a years [5—14] motivated, in part, because it is a realis-
simple Landau-Alexander-McTague theory [3] the excessic model of a colloidal suspension [15]. These studies
free energy of the crystal (relative to the isotropic liquid) have focused mainly on the effect of size polydispersity

has the following form: o, defined as the ratio of the standard deviation to the
5 mean of the diameter distribution, upon the fluid-solid

fa = r(T,P)Y Ingl transition. Calculations have been made using a variety
G of theoretical and computational techniques, for various

— us(T, P) NG NG NG 8G, +Gy 1G0T - .- size distributions, and in both two and three dimensions.

Gl,gzz,(;} e Yet the picture that has emerged is remarkably similar.

1) on increasingo, from zero the density discontinuity at
where the order parameterg are the Fourier components the transitionAp = p, — p; decreases, vanishing alto-
of the crystal densityp,(r) = p; + Sp(r), at the recip- gether at a “terminal” polydispersity [16§ = o, above
rocal lattice vectolG (p; is the uniform crystal density) which no liquid-solid transition is found. A number of
and the coefficients of the expansion are analytic functionkey questions have, however, been left unanswered. First,
of the temperaturd and pressuré@. Equation (1) con- why do the densities of the coexisting phases converge
tains cubic terms because the order parameter{gagls aso — o,? If the liquid-solid transition is continuous,
and{—n¢} describe physically distinct crystals with dif- then the singularity at-, must correspond to a Landau
ferent energies. As a consequence, the freezing transitiggoint. The phase diagram should therefore conteio
is generally first order. However, sinbethT andP can  crystal phases, in contradiction with the theoretical work
be independently varied the possibility exists thaindu;  to date. Furthermore, while th@; crystal has the normal
can be made to vanish at a single point in Thé plane. bcc structure with spheres at the cube corners and cen-
At the resulting Landau point the liquid-solid transition is ter, theC_ crystal has particles at interstitial sites. The
continuous in a mean-field description [4]. Landau theoryunfavorably low packing of th&_ crystal (@,, ~ 0.20)
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makes it unlikely that this phase could be important in atwo species in the binary mixture, for which the chemical
dense system. If the vanishing density discontinuitgat potentials are known, the remaining two unknown coef-
is not critical in origin, then what is its true nature? And ficients (\; and A,) in the general expression fa*(R)
finally, why is the polydisperse phase behavior apparenthare determined. The resulting predictions for the poly-
universal? In this Letter we reexamine the freezing ofdisperse crystal have been compared with simulation data
polydisperse hard spheres using simple mean-field mogreviously [12]. Agreement is good.
els for the polydisperse crystal and liquid phase3ur For the polydisperse fluid accurate expression for
results suggest that the polydisperse solid-liquid transi-u®*(R) is available. We use the approximate BMCSL
tion at o, is not critical. We show that the vanishing of [19] equation of state which for a Schultz distribution has
the density discontinuity at the terminal polydispersity isthe closed form
a consequence of geentrantsolid-liquid transition in a - . £ 32
polydisperse system. — BPsR? = 5 S+ B -¢)E. ()

Our model consists oV hard sphere particles in a 6 1+o 1+eo
volume V, at an overall density ofp = N/V. Each where & = (H—ltﬂ)%. The excess free energy per
particle has a diameteR drawn from a distribution particle is found by integrating Eq. (3). Differentiation
p(R) so thatp = [dRp(R). The distributionp(R) is  then yields an expression for the particle potenii&i(R)
conveniently characterized by the set of generalized mowhich is of the form of Eq. (2).
mentsm; = [ dRp(R)w;(R) where the weight function The total polydisperse free energy(with f = F/V)
w;(R) = (R/R — 1). The zeroth moment is simply the consists of ideal and excess terrfis= fi4 + £, which
total number density. The “shape” of the diameter distri- depend in a very different manner on the distribution
bution,5(R) = p(R)/p, is taken here for simplicity, asthe p(R). The excess free energf™ = [dRp(R)u™*(R),
Schultz distribution, 5(R) = y*R* 'exp(—yR)/T(a) is a function only of the four moments variables
with @ = 1/0% andy = a/R. The (excess) chemical my,...,ms3. The ideal termBf'd = [dRp(R)In[p(R)],
potential u**(R) in a polydisperse system is in general aby contrast, depends upon the detailed shape of the
complex and unknown function of the particle size. Butfunction p(R) so formally, at least, the total free energy
with the assumption that there is no critical poinvatthe  resides in an infinite dimensional space. Sollich, Cates,
excess chemical potential must, first of all, be an analytiand Warren [20] have shown that the full polydisperse
function of R. Formally, u*(R) may be calculated from phase diagram can be approximated by replacing the ideal

the probability, W (R), for insertion [17] of a test sphere of free energy by a projected terfid ({m;}) which includes

1 1 1 ex H . . ..
diameterR. AtlargeR, the leading term i (R) is the o1y those contributions that depend ofirte set of mo-
PV work required to generate a cavity sufficiently large ment variables. The remaining contributions to the ideal
to accommodate the test sphere. This contribution variegee energy, from those degrees of freedorp () which
asR’. Motivated by this we assume that in a hard-sphergan pe varied without affecting the selected moments,

crystal or fluidu(R) has the simple analytic form are chosen to minimize the free energy. The power of
this approach is that by including more moment variables
u(R) = —kgTInW(R) the calculated phase diagram approaches, with increasing

~ do + MR + LR2 + R, ) precision, the actual phase diagram. The position of equi-

librium is fixed by the equality of the “moment” chemical
potentials, u; = df/dm; and the pressur® among all

phases witly the projected free energy. For polydisperse
hard spheres the excess moment chemical potentials
are simply combinations of the (known) coefficients

where consistency demands that the coefficiaptiepend
only on the four moments, ..., m3 of the polydisperse
distribution [12]. Two of the four unknown coefficients
may be determined from the known small and laRe

limits of W(R). ThisfixesBAy = —In(1 — ¢)andA; = 1A} in u™(R) [Eq. (2)] since u(R) = 6f/6p(R) =

Z P with ¢ the volume fraction an@ = 1/kzT. 2idf/ompwi(R) = 3; wiw;(R). The first two ideal
Having specified the general form expected #6¥(R), = moment potentials are [20], ignoring unimportant factors,

we now outline the calculation of the size-dependentul! =Inp — aInR andul® = —aR.

chemical potential in the crystal. From Eq. (2) the proba- In order to understand the qualitative features of the
bility to insert an arbitrary-sized test particle into any two polydisperse transition, we consider first the simplest de-
hard-sphere systems will be equal if the two distributionsscription in which only the lowest momentzf) is re-

have the same first four moments [12]. In this sense th&ained in the projected free energy. In this limit, there is
two systems may be termed “equivalent.” Since a binaryno size fractionation so the normalized diameter distribu-
mixture can always be chosen so as to match any four mdion, 5(R), is fixed and equal in all phases. The location
ments we look at the “equivalent” binary substitutionally of the fluid-solid transition is determined by equatifg

disordered crystal, for which simulation data is availableand u(, the chemical potential of the mean-sized particle,
[18]. By looking at test particles with sizes equal to thein each of the crystal and fluid phases. In this way we
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obtain the phase diagram of Fig. 1. At low densitiestically and as is evident from Fig. 2 reduces the density
we find, in qualitative agreement with previous work jump at the transition. At the terminal polydispersity the
[5-10,12-14], that the density discontinuity at freezingsolid just touches the fluid curve so the tangent is horizon-
Ap reduces with increasing polydispersity and eventutal andAp = 0. In a system of hard spheres (where the
ally vanishes at the pointr; = 0.0833 and p, = 1.111. internal energy is constant) the conditidp = 0 neces-
However, at high polydispersity, the calculated diagransarily requires the entropy change at this point to also van-
contains a novel feature. FOr07 = o = 0.083 we find ish. Clearly while the underlying microscopic transition
a further transition from the crystal back to a disorderedremains first order the first derivatives of the thermody-
phase [21]. The location of this polydispersity-induced-namic potential are continuous@t. A conventional clas-
melting transition varies sharply with polydispersity. The sification of this transition, following the ideas of Ehrenfest
range of densities for which a crystal is found shrinks with[23], is clearly inappropriate.
increasing polydispersity until at, the crystal of den- Retaining more moments in the projected free energy
sity p, disappears completely from the phase diagram. Atllows the possibility of different-sized particles to be
the point( p,, o;) the line of fluid-to-crystal transitions in- partitioned between phases. To establish the effect of
tersects an upper line of crystal-to-amorphous transitiongractionation we have recalculated the phase equilibria
At all points in the(p, o) plane the freezing transition re- with two moment variables. The phase diagram, now
mains first order so the singularity @i;, o;) is equivalent  given by equating? and the moment potentialg, and
to thepoint of equal concentratiof2] seen in molecular w«; in all phases, is unchanged in topology from Fig. 1.
mixtures and is not a critical point—so providing an an-The point of equal concentration is retained although
swer to the second of our questions. shifted slightly to( p;, o;) = (1.115,0.0831). Hence our
We now turn to the vanishing density discontinuity in prediction of a reentrant freezing transition seems to be
the vicinity of the point of equal concentration. The Gibbsrobust. The extent of fractionation is generally small,
free energy differencé\g = g, — g; (with ¢ = G/N)  although increasing as — o, with the larger particles
between the solid and liquid phases as a function of pregreferentially found in the crystal phase. Details of our
sure for three fixed values ef is shown in Fig. 2. The calculations are given elsewhere [24].
reentrant nature of the freezing transition is very evident The appearance of an equilibrium amorphous phase
with a stable crystal appearing only in an intermediatemay be understood simply from maximum packing ar-
range of pressures bounded by the two transitions whemguments. For uniform-sized spheres the maximum den-
Ag = 0. The density changap at the liquid-solid tran-  sity of a randomly packed Bernal glasg.{, = 1.22) is
sition is given by the slope of the free energy curve atsignificantly smaller than the geometric limit of a close-
the pointAg = 0sincedAg/dp = (1/ps) — (1/p;). In-  packed hexagonal of fcc crystah(, = +/2). The greater
creasing the polydispersity raises the free energy of thpacking efficiency of the crystal ensures that at high
solid relative to the fluid, displacing thag curve ver- densities, particles have more freedom and so a higher
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FIG. 1. Phase diagram of a polydisperse system of hardFlG. 2. The Gibbs free energy difference (per particied
spheres showing the reentrant freezing transition. The densityetween crystal and fluid phases as a function of the pressure,
discontinuity Ap = p, — p, vanishes at thepoint of equal for different polydispersities. The circles are the first-order

concentration marked by the filled circle. The inset shows fluid/solid transitions. The filled circle marks the point of equal
the phase boundaries near this point in greater detail. concentration.

1981



VOLUME 82, NUMBER 9 PHYSICAL REVIEW LETTERS 1 MRcH 1999

entropy than those in the fluid phase [25]. The stable  account. The liquid-solid critical point is eliminated and
high density phase of uniform hard spheres is there- replaced by aveaklyfirst-order transition [see, e.g., S. A.
fore crystalline. Polydispersity affects crystalline and  Brazovskii, Zh. Eksp. Teor. Fiz68, 175 (1975) [Sov.
disordered phases in different ways. In an amorphous _ Phys. JETRAL, 85 (1975)]. _
phase, small particles pack in the cavities between large®] E.ZSIQCI((:II.nQSSOSr; and R. Parker, J. Phys. (Paris), L&,
particles andpr, increases withy while the constrained o 7 57 270 4 3 b Hansen, J. Phys. (Padig) 1547
environment of a fixed repeating unit cell causes the maxi- (1986)
mum density of a crystalp., to decrease witho. 7] P.N. p'usey, J. Phys. (Pari48, 709 (1987).
Computer simulations [11,26] indicate that the limiting [g] R. McRae and A.D.J. Haymet, J. Chem. Phgg, 1114
densities of amorphous and crystalline structures become = (1988).
equal ato = 0.05. For higher polydispersities disor- [9] I. Moriguchi, K. Kawasaki, and T. Kawakatsu, J. Phys. II
dered structures fill space more efficiently than ordered 3, 1179 (1993)5, 143 (1995).
ones. Consequently, the appearance of an equilibriuii0] W. Vermohlen and N. Ito, Phys. Rev.H, 4325 (1995);
amorphous phase and the ensuing reentrant freezing tran- N. Ito, Int. J. Mod. Phys. @, 275 (1996).
sition should be a universal feature of all polydispersdll] P-G. Bolhuis and D.A. Kofke, Phys. Rev. &4, 634
systems—so answering the last of our questions. (1996).

In conclusion, we have presented a simple mean—fielﬁz] P. Bartlett, J. Chem. Phy$07, 188 (1997).

. . 3] M.R. Sadr-Lahijany, P. Ray, and H. E. Stanley, Phys. Rev.
model of polydisperse hard spheres which suggests th Lett. 79, 3206 (1997).

the equilibrium state at high polydispersities and densitie{sl4] S.E. Phan, W.B. Russel, J. Zhu, and P.M. Chaikin,
is amorphous. An equilibrium crystal is found only at J. Chem. Phys108 9789 (1998).

intermediate densities. The gI‘OWing Stab”lty of the fluid [15] P.N. Pusey, inLiquidS' Freezing and Glass Transition,
phase with polydispersity causes a singularity in the  edited by J.P. Hansen, D. Levesque, and J. Zinn-
density-polydispersity phase diagram which we identify Justin (North-Holland, Amsterdam, 1991), Chap. 10,
as a point of equal concentration. Finally, although we pp. 763-942.

use mean-field theory, our results should be robust withl6] In the literatures, is commonly called the “critical” poly-
respect to fluctuation effects since the transition we find ~ dispersity. This choice is unfortunate because the singu-
is not critical and the thermodynamic functions are not[17 'Ba”\t,)\’/_gt‘f = o, is unconnected with critical phenomena.
singular at this point. 1 B. Widom, J. Chem. Phys8, 2808 (1963).

It is a pleasure to thank Mike Cates, Peter Sollich, an&lB] Y\llggl;— Kranendonk and D. Frenkel, Mol. Phyk2, 679
Richard Sear_ for h_elpful Qiscussions. The wor_k was mad?lg] T BoleIik, J. Chem. Phys53 471 (1970); G.A.
possible by financial assistance from the Engineering and * pmansoori, N.F. Carnahan, K.E. Starling, and T.W.
Physical Sciences Research Council. Leland, J. Chem. Phy$§4, 1523 (1971).
[20] P. Sollich and M.E. Cates, Phys. Rev. LeB0, 1365
(1998); P.B. Warren, Phys. Rev. LeB0, 1369 (1998).
[21] The disordered phase lies on a high density continuation

[1] P.M. Chaikin and T.C. Lubensky,Principles of of the fluid branch. At these densities, the most likely
Condensed Matter Physiq€ambridge University Press, structure is that of an amorphous glass (see, e.g., Ref. [9]).
Cambridge, 1995). [22] L.D. Landau and E.M. Lifshitz, Statistical Physics

[2] L.D. Landau, Phys. Z. Sowjetuniohl, 26 (1937) The (Pergamon, Oxford, 1980), 3rd ed.

Collected Papers of L.D. Landaedited by D. ter Haar [23] H.E. Stanley, Introduction to Phase Transitions and

(Gordon and Breach, New York, 1965), pp. 193-216]. Critical Phenomena(Oxford University Press, Oxford,
[3] S. Alexander and J. McTague, Phys. Rev. Ldit, 702 1971).

(1978). [24] P. Bartlett (to be published).

[4] The phase diagram is modified in an important way[25] M. Baus and J.L. Colot, Mol. Phy&5, 653 (1985).
when fluctuations in the order parameters are taken int¢g26] W. Schaertl and H. Sillescu, J. Stat. Phyg,. 1007 (1994).

1982



