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In high-resolution NMR in liquids, for “large” nuclear spin magnetization (e.g., water at equilibrium
in high field, optically polarized®Xe, etc.), the interplay of spatial inhomogeneities in the dipolar
field with corresponding inhomogeneities in magnetization has unexpected dynamical effects. Starting
from equilibrium, the response to a small pulse no longer directly reflects the weak inhomogeneities
of external field (“spectral clustering”), and the instabilities which develop after large pulses lead to
macroscopically turbulent spin motion. These effects are discussed using various models, and by
reference to experimental results of Nacher and co-workers. [S0031-9007(99)08561-0]

PACS numbers: 76.60.Jx, 75.10.Hk, 76.20.+q

In the standard presentation of high-resolution liquid*He at lattice temperatures of the order of 0.2 K. The
NMR, the observed spectrum is the superposition of thesample was contained in a capillary tube in the shape of
line spectra of the individual molecules, the intermolecu-a U, with the constant external magnetic field parallel to
lar interactions are ignored except as a mechanism cotthe straight arms of the. With this geometry, the “equi-
tributing to relaxation (and to a small associated line shift) Jibrium” dipolar field varies continuously from-2B, in
and field inhomogeneities just contribute to the observedhe vertical arms to-B, at the bottom of theJ; hence,
linewidth. The present paper shows that, for samples witlone would naively expect an absorption spectrum (i.e.,
“large” spin magnetization, the dynamical interplay of in- the Fourier transform of the response to a small pulse of
homogeneities in external field, dipolar field, and spin magiransverse magnetic field) with the corresponding continu-
netization can lead to spectral and dynamical behavior vergus shape, resembling a powder pattern in solids. What
different from traditional expectations. is actually observed is a set of very sharp and well sepa-

The pioneering work of Devillet al. [1,2] showed that rated lines in a pattern for which the naive expectation
the large equilibrium spin magnetization in solid or lig- looks like an envelope. As shown by Nacletral., this
uid *He generates a classical dipolar field (also called “deset of sharp lines is predicted whenever one takes into
magnetizing field”) large enough to cause the appearanaccount the dipolar couplings between slices along the
of strong multiple spin echoes in experiments in whichcapillary. Semiquantitative agreement with experiments
the traditional theory predicts a single echo. Over thds even obtained with such simplistic models as a regu-
last decade, similar effects have been seen in conventionkr necklace of 48 equal classical spins, in the shape of a
high-resolution NMR on liquid samples containing a highU or a circle, with dipolar couplings between first neigh-
concentration of protons, such as water [3,4]. At roombors or between all spins. The first aim of the present
temperature and at a proton NMR frequency of 600 MHz paper is to indicate that a similar mechanism of spectral
the equilibrium dipolar field in water (depending upon theclustering (for small pulses) is also operative in standard
shape of the sample) typically shifts the proton NMR fre-high-resolution NMR in liquids, whenever the maximum
quency by about 1 Hz and linewidths can be less tharequilibrium dipolar field is comparable to, or larger than,
0.1 Hz, making the effect very conspicuous. Tipping andhe external field inhomogeneity over the sample: The
precession motion of the spins causes similar motion of thebserved spectrum of the concentrated spins no longer sim-
dipolar field. In pulse pair experiments, this mechanisnply reflects the distribution of external field and dipolar
which causes repeated echoes also generates a wealthfietd. This effect will be illustrated here on a simple dis-
additional peaks in 2D spectra, which are very similar tocrete model involving eight equal classical spins at the cor-
the usual “signature” of multiple quantum coherences. Amners of a cube. Of course, actual observation of these
first, the interpretation of these new features caused sonpolar field effects requires that they are not swamped
controversy [5,6] which has now been settled by recognizby relaxation or by radiation damping [13—15]. Spectral
ing that predictions in agreement with experiments can belustering is very different from other surprising dynami-
obtained by using the notion of an average classical dipolatal effects of the dipolar field which have been studied by
field acting on the spins [7—9] (the same predictions caesvaux and Goldman [16] on two-line spectra in homo-
be obtained by alternative techniques). geneous situations.

Recently, other unexpected manifestations of the dipo- In the course of their experiments, Nacher and Stoltz
lar field have been observed by Nackgral. [10—12] in  [17] also noticed that the response to large pulses (tipping
their study of dilute solutions of hyperpolarizééie in  angle of 0.5 rad or more) died out much more rapidly than
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for “small” pulses (tipping angle of 0.2 rad or less). Thethe corners of a cube, with dipolar coupling between first
second aim of the present paper is to indicate that this is aeighbors only.

manifestation of a general instability generated by the dipo- For this last model, neglecting relaxation, flow, and
lar field after large pulses, in which the spin magnetizatioratomic diffusion, the equation of motion for the magnetic
evolves differently at close-by spatial locations, somewhamomentM; of the classical spiri is

like in turbulence. Two models will be used here to exam-

ine this instability in the context of standard high resolution d
NMR in liquids: one involving eight equal classical spins dt
at the corners of a cube, and one dealing with a continuous
distribution of spin magnetization in a sphere. Both mod-whereBiy,; ; is the (small) deviation of the external mag-
els predict instability for tipping angles above a thresholdnetic field at positiory from the average valuB,, and the

of the order ofw /4, and rates of growth of the order of dipolar field Bgi, ;(¢) at position; is given by

the angular velocity of the spins in the typical dipolar field

created by the equilibrium magnetization. Again, observa-, =/, _ Mo a1

tion of these effects in a standard liquid NMR experimenth‘p’J(t) ggj 4ar(ry;)? BIM, () - FejJfej = M (1)),

will require long relaxation times and efficient control of (2)
radiation damping.

In this first round of discussion of spectral clustering andwhere f.n. stands for “first neighborsr;; is the vector
instabilities, it will be convenient to examine situations in pointing from g to j, and a caret indicates a unit vector.
which a uniform spin magnetization in the sample (andFor |Bgip ;(r)| and|Bin, ;| very small compared tdBo|,
zero outside) remains uniform, provided that all externalt is convenient to use a frame of reference rotating
fields are also uniform. This requires the dipolar field to beat the angular velocity-y B, [time derivatives denoted
zero at all points in the sample for a uniform magnetization(d/dt),,], and terms which are not secular with respect
Examples of such situations are provided by a sphericab this rotation can be ignored to a good approximation,
sample and by the model of eight equal classical spinT deading to the equations of motion

M;(t) = M;(t) X y[By + Binnj + Buaip,j(1)], (1)

d
(E) M;(t) = M;(t) X <Y(Binh,j)z + fz'k[l = 3(Fe)) H{M (1) — 3[Mg(t)]z2}), 3)
rot gt.n.j
where thez axis points in the direction oBy, andk = | lar models involving up to 32 spins to mimic a sample

v mo/8ma’, wherea is the side of the cube. Because of with a weak field gradient, the number of strong absorption
the presence of the dipolar field, Egs. (1) and (3) are sefines progressively decreases to one or two for increasing
of nonlineardifferential equations for the components of dipolar coupling. For increasing tipping angle, numerical
the magnetic moment®, (). In “thermal equilibrium,”  simulations indicate that spectral clustering persists until
all magnetic moments have the same valdg which is  instability sets in.
parallel toBy. The linear stability analysis of the above model of eight
For small deviations from thermal equilibrium, Eq. (3) classical spins is easily performed after a pulse of arbi-
can be linearized (to a first approximation), and the 24 cortrary tipping angled applied to the thermal equilibrium
responding eigenvectors and eigenvalues can be obtainsthate, provided that the external field is perfectly homoge-
numerically. Thez projection of the total magnetic mo- neous. Indeed, in this case, the magnetic moments of the
ment is an exact invariant of the motion (in all cases);eight spins remain fixed in the rotating frame if they are
hence, the eight eigenvectors which describe deviations @l equal and parallel to each other. The results indicate
thez projection of each individual spin have eigenfrequen-that the expected synchronous free precession of all spins
cies of zero. The other eigenvectors describe componenis dynamically stable for small tipping angleshetweer
of the total magnetization which rotate in the plane and(7/2 — 6magic) and betweerir /2 + Oyaeic) and ]
at eight (different) angular velocities, with two complex and unstable for large tipping angles petween(7 /2 —
conjugate eigenvectors and eigenvalues for each anguléh,gic) and(7/2 + Omagic)], Where cos Oimagic = % For
velocity to satisfy the reality condition for eacH;(r).  large tipping angles, numerical solutions with very small
The intensity of the absorption line at each angular ve{random) initial deviations of the directions of the individ-
locity is proportional to the square of the modulus of theual spin magnetic moments from homogeneity show the
scalar product of the projection of the total spin magnetic expected exponential increase of the rms deviations (at the
moment with the corresponding normalized eigenvectortate predicted by the linear stability analysis) followed by
Figure 1 shows the typical result of such a calculation perturbulent motion and a strong decrease in the total precess-
formed as a function of the “magnitudgM, of the dipolar  ing magnetization when the deviations have become large.
field, for one particular set of randomly chosen deviationdNumerical solutions also show the absence of instability
Bi,n j of the external field at each spin froBy. In simi-  for small tipping angles, and indicate that the pattern of
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NMR experiments performed on real liquid samples. More
satisfactory models would describe the spin situation in
terms of the (average) magnetizatidfi(r, r) at position

r and timer (i.e., average magnetic moment per unit
volume). Ignoring again relaxation and flow, the equation
of motion analogous to Eq. (1) is

<980730$142249>

M, 1) = M(r.1) X y{By + Bun(r) + Baip(r.0)]

+ DV’M(r,1), (4)

where D is the coefficient of atomic diffusion, and the

dipolar field By, (r, ) at positionr depends upon the
& distribution of the magnetizatioM (', r) over the whole
-§3 sample. A simple case for this dependence is that of

S an infinite sample with a spatially periodic distribution

of magnetizationM,(r) = mg expiq - r), whereq is a
(real) wave vector aner, = (m-,)* to satisfy the real-
ity condition for M(r). This distribution of magnetiza-

tion M,(r) generates a dipolar field given by the simple
FIG. 1. The model consists in eight classical spins at theexpression [1,2],

corners of a cube, in a large external magnetic field (parallel

to 1,4) with small inhomogeneities. Starting from thermal 1

equilibrium, a small pulse is applied. The Fourier transform of Byip 4(r) = ,uo{— M,(r) — [My(r) - q]q}, (5)

the response is a set of eight sharp lines, the intensities of 3

which are shown as the vertical coordinate, as a function

of the frequency (“angular velocity”) and of the magnitude in which the collective origin of the dipolar field is not
of the dipolar coupling between first neighbor spins (d'pOIarepricit any more, although it is still present, of course.

field”). The spin(s) contributing to each line are shown for : . .
zero dipolar coupling (one line for each spin), and for theGreat care must be taken in using Eq. (5) in the context

two strong lines which dominate the spectrum for large dipolarof & §amp|e_ of finit_e size because of the long range of
couplings. The frequency separation between these two lineie dipolar Interaction. For large vectogs for whic
couplings. The f ion b he linethe dipolar interaction. For | togs for which
is the difference between the average frequencies of spinghe spatial wavelengt@/|g| is much shorter than the
1,5,6,7 and 2,3,4,8 at zero dipolar field. The unexpected featurgj,q of the sample, Eq. (5) remains a good approximation
of spectral clustering is the transformation of an elght-hnef th iti " ide th le at dist f
spectrum without dipolar coupling into an essentially two-line or the positionsr InNSIce the Ssample at distances from
spectrum for large coupling. the surface (much) Igrger t_hén_r/lql._ However, thg use
of Eq. (5) precludes investigation of inhomogeneities over
the length scale of the sample, and poses a problem with
the components ag = 0 describing the total magnetic
foment [2,18]. Inthe present discussion, this effect of the
- . . . total magnetization will be ignored by assuming a spherical
A.‘ preh_rmr;ary e><<jplloratf|on Ofl tr&e Ilssu_e ?f S'Fab'".ty oIn sample, and reference will be given to the model with eight
various similar models of coupled classical spins (invo Vclassical spins (discussed previously) for the behavior of

ing up to 96 spins) indicated that instabilities do not Showinhomogeneities of the same length scale as the sample.

up Wheneyer'all spins lie in a plane, and always appear (at With these restrictions and precautions in mind, the
least for tipping angles close to/2) when they do not. magnetization can be expressed as a spatial Fourier series

Ftor Ilnit;m(;ﬁ, |nb5|mula3c_>nstoll;_th_e experllcringnts of I\(Ijache perhaps with periodic boundary conditions over a cube
et al. [17], the observed instabilities could be reproduce urrounding the sphere)

with a model in the shape of a necklace with “pearls” con-
sisting of small cubes with equal classical spins at the cor-

w line intensity

1
angular velogirsy 0

-0.5
26 71 8543

stability and instability just described withstands the pres
ence of inhomogeneities in the external field of the orde
of the dipolar coupling between spins.

ners, not with pearls consisting in a single classical spin. M(r,t) = M, (t) + Z my(t)e'l”, (6)
Spectral clustering, on the other hand, seems to happen in q7#0
all cases.

The models using a small set of equal classical spins anehereM,,(¢) is the average magnetization of the sample,
obviously very rough caricatures of the actual situation|inand the analogous of Eq. (3), f8,,(r) = 0, is

<%>mIM(r,I) = ;[(M(r,t) X yuoll — 3(§ - 2)2]eiq-r{%[mq(t) - 2]% — %mq(t)b _ qumq(t)] @)
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As a first step in the discussion of linear stability single factor exfiq - r) in the summation oveg in the
after a pulse applied to the uniform situation at thermaleft-hand side, and a similar single factor éxg - r) in the
equilibrium, Eq. (6) is substituted into Eq. (7), and only summation oveg’ in the right-hand side of the expression;
the terms of first order in the small quantities,(r) are  hence, a single equality results for each separate wave
retained. The only position dependences left are theP @ectoryq,

<%> tmq(t) = Mo (1) X yuo((1 — 3(§ - 2)°1{alm, (1) - 218 — tmy(1)}) — Dg*my (1), ®8)

whereM,, is immobile with respect to the rotating framt'e. All of this indicates that spectral clustering for small
Note that this immobility lasts only as long as the inho-tipping angles and dynamical instability for large tipping
mogeneities remain very small. For each wave vegtor angles (the usual situation in most experiments) is a very
Eq. (8) has three eigenvectong (1) and eigenvalues, ;,  general feature of magnetic resonance of concentrated spin
such thatmg (1) = mg ((0) explvgst). Figure 2 shows systems in liquids. Presumably, instability and clustering
the dependence of the real part of these eigenvalues upavill show up in standard high resolution NMR experiments
the tipping angle from equilibrium and the coefficient of as soon as the spectrometers will be provided with efficient
atomic diffusion. FoD = 0, positive eigenvalues, hence, means of suppressing strong radiation damping. Let us
instabilities, appear in the same range of large tippingstress that the effects discussed here are macroscopic clas-
angles as for the model with eight classical spins discussesical phenomena related to spatial inhomogeneities, which
above. Increasingg? decreases this range down to zerodo not require a detailed quantum description for their
width. interpretation.
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