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Finite Temperature Drude Weight of the One-Dimensional Spin-1yyy2 Heisenberg Model
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Using the Bethe ansatz method, the zero frequency contribution (Drude weight) to the spin current
correlations is analyzed for the easy plane antiferromagnetic Heisenberg model. The Drude weight is a
monotonically decreasing function of temperature for all0 # D # 1; it approaches the zero temperature
value with a power law and appears to vanish for all finite temperatures at the isotropicD ­ 1 point.
[S0031-9007(99)08507-5]
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The low frequency dynamics in one-dimensional sp
chains is a long standing problem. It has recently attrac
renewed interest, due partly to the fabrication of excell
quasi-one-dimensional, spin-1y2 magnetic materials a
Sr2CuO3 and CuGeO3. Detailed NMR experiments [1
revealed an unusually high value of the spin diffusi
constant and nearly ballistic behavior.

The first issue on the question of spin diffusion
the zero frequency contribution (or Drude weight) to t
dynamic spin current correlations at finite temperatur
If the Drude weight turns out to be finite, the curre
correlations do not decay to zero at long times, implyi
ideal conducting behavior. If they decay to zero, t
question still remains open whether they decay f
enough so that transport coefficients can be defin
Several numerical studies have been devoted to
analysis of the diffusive behavior in the Heisenberg mo
[2–5] with suggestive, but not conclusive, results.

In relation to this problem, it has been proposed t
the integrability of the spin-1y2 Heisenberg model implie
pathological spin dynamics and presumably the abse
of spin diffusion [2,6]. A straightforward demonstratio
on the way in which conservation laws, characteriz
integrable systems, might affect the long time dynam
was pointed out in Ref. [7]. There it was shown that
several quantum integrable models the uniform curr
correlations do not decay to zero at long times due
the overlap of the currents to conserved quantities.
fortunately, this simple idea turned out to be insufficie
for deciding on the decay of spin currents in the spin-1y2
Heisenberg model at zero magnetic field.

On the other hand, a new method was propo
recently by Fujimoto and Kawakami [8] that allow
the direct analytical evaluation of the Drude weig
at finite temperatures. This procedure is based on
calculation of finite size corrections of the energy eige
values obtained by the Bethe ansatz method [9]. T
analysis starts from a convenient expression for the
nite temperature Drude weight as the thermal averag
curvatures of energy levels in a Hamiltonian subject
a fictitious flux coupled to the hopping or spin-flippin
term [10,11]. Note that the anisotropic Heisenberg mo
is equivalent to the model of spinless fermions intera
1764 0031-9007y99y82(8)y1764(4)$15.00
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ing with nearest neighbor interaction using the Jord
Wigner transformation [12]. The direct analogy betwe
charge and spin current correlations also suggests
use of the name “Drude weight” in the context of sp
correlations.

In this Letter, we calculate the Drude weight for th
antiferromagnetic Heisenberg model using the proced
proposed in Refs. [8] and [9]. The formulation an
notation of the thermodynamic Bethe ansatz equations
Takahashi and Suzuki [13] will be closely followed. Th
construction is based on the string assumption for
excitations, and it is particularly complex for arbitra
values of the anisotropy parameterD. The allowed
type of strings are constrained by the normalizability
the wave functions [14]. Therefore, for simplicity an
without loss of generality, the analysis will be limited
D ­ cosspynd, n ­ integer, where only a finite numbe
of string excitations is allowed.

The results presented here are in good agreem
with numerical results obtained by exact diagonaliz
tion of the Hamiltonian matrix on finite size lattice
[4]. They lend support to both the string constru
tion and the novel procedure for calculating the Dru
weight from finite size corrections to the Bethe ans
eigenvalues.

The XXZ anisotropic Heisenberg Hamiltonian for
chain of N sites with periodic boundary condition
Sa

N11 ­ Sa
1 is given by

H ­ J
NX

i­1

sSx
i Sx

i11 1 S
y
i S

y
i11 1 DSz

i Sz
i11d , (1)

where Sa
i ­ 1

2 s
a
i , s

a
i are the Pauli spin operators wit

componentsa ­ x, y, z at sitei. The region0 # D # 1
is parametrized byD ­ cosu, u ­ pyn, n ­ integer.
The pseudomomentaka and phase shiftsfab character-
izing the Bethe ansatz wave functions are expresse
terms of the rapiditiesxa

cot

µ
ka

2

∂
­ cot

µ
u

2

∂
tanh

µ
uxa

2

∂
,

cot

µ
fab

2

∂
­ cot

µ
u

2

∂
tanh

µ
usxa 2 xbd

2

∂
.

(2)
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For M down spins andN-M up spins, the energyE and
momentumK are given by

E ­ J
MX

a­1

scoska 2 Dd, K ­
MX

a­1

ka . (3)

Coupling the spin flipping term to a fictitious fluxf,
the Hamiltonian becomes

H ­ J
NX

i­1

µ
1
2

eifs1
i s2

i11 1 h.c.

∂
1 DSz

i Sz
i11 . (4)

The finite temperature Drude weightD can then be
calculated by [11]

D ­
1
N

X
n

pn
1
2

≠2Ensfd
≠f2

Ç
f!0

, (5)

whereEn are the eigenvalues of the Hamiltonian andpn

are the corresponding Boltzmann weights. By impos
periodic boundary conditions on the Bethe ansatz w
functions, the following relations are obtained:(

sinh 1
2 usxa 1 id

sinh 1
2 usxa 2 id

)N

­ 2eifN
MY

b­1

(
sinh 1

2 usxa 2 xb 1 2id

sinh 1
2 usxa 2 xb 2 2id

)
,

a ­ 1,2, . . . , M . (6)

In the thermodynamic limit, the solutions of Eqs. (
are grouped into strings of ordernj , j ­ 1, . . . , n and
parity yj ­ 1 or 2. For u ­ pyn the allowed strings
are of ordernj ­ j, j ­ 1, . . . , n 2 1 and parityyj ­ 1

of the form

x
n,k
a,1 ­ xn

a 1 sn 1 1 2 2kdi 1 Ose2dNd,

k ­ 1, 2, . . . , n ,
(7)

and strings of ordernn ­ 1 and parityyn ­ 2 of the
form

xa,2 ­ xa 1 in 1 Ose2dNd, d . 0 . (8)

By multiplying the terms in Eq. (6) corresponding
different members of a string and taking the logarith
we obtain

Ntjsxj
ad ­ 2pIj

a 1
X̀
k­1

MkX
b­1

Qjksxj
a 2 xk

bd 1 njfN,

a ­ 1, 2, . . . , Mj .
(9)

I
j
a are integers (or half-integers) andMk is the number of

strings of typek,

tjsxd ­ fsx; nj , yjd ,

Qjksxd ­ fsx; jnj 2 nkj, yjykd 1 fsx; nj 1 nk , yjykd

1 2
minsnj ,nk d21X

i­1

fsx; jnj 2 nkj 1 2i, yjykd ,

fsx; n, yd ­ 2y tan21hfcotsnpy2ndgy tanhspxy2ndj .

Following Ref. [9], the finite size corrections to th
energy eigenvalues for a system of sizeN are calculated
g
e

,

by introducing the functiong1j, g2j:

x
j
N ­ x

j
` 1

g1j

N
1

g2j

N2 , (10)

where x
j
N sxj

`d are the rapidities for a system of siz
Ns`d. Next, we expand Eq. (9) to orders of1yN and,
in the thermodynamic limit, introduce the densities
excitationsrj and hole densitiesrh

j . The sums over the
pseudomomenta are replaced by integrals over excita
densities plus boundary terms using the Euler-Maclau
formula.

To Os1d we recover the integral equations for th
excitation densities in the thermodynamic limit [13]:

aj ­ ljsrj 1 rh
j d 1

X
k

Tjk ± rk . (11)

± denotes the convolutiona ± bsxd ­
R

1`

2` asx 2

ydbs yddy, Tjksxd ­ s1y2pddQjksxdydx, and ajsxd ­
s1y2pddtjsxdydx. The sum overk is constrained to the
allowed strings, given in our case by Eqs. (7) and (8) a
lj ­ 1, j ­ 1, . . . , n 2 1, andln ­ 21.

To Os1yNd,

ljg1jsrj 1 rh
j d ­ 2

X
k

Tjk ± sg1krkd 1
njf

2p
. (12)

To Os1yN2d,

ljg2jsrj1rh
j d 1

X
k

Tjk ± sg2krkd ­
1
2

d
dx

3

(
ljg2

1jsrj 1 rh
j d 1

X
k

Tjk ± sg2
1krkd

)
1 boundary terms. (13)

Minimizing the free energy we obtain the standa
Bethe ansatz equations for the equilibrium densitieshj ­
r

h
j yrj at temperatureT sb ­ 1ykBT d:

ln hj ­ 22n sinspyndJajb 1
X

k

lkTjk ± lns1 1 h21
k d .

(14)

These relations define the temperature dependent effe
dispersionsej ­ s1ybd lnsrh

j yrjd. In the string represen
tation the energy is given by

E ­ N
X̀
j­1

Z 1`

2`

dx

∑
22n sin

µ
p

n

∂
Jajsxd

∏
rjsxd . (15)

Expanding this expression for the energy we find t
the first order correction in1yN vanishes. Therefore, th
second derivative with respect tof of the second orde
correction gives us the final expression for the Dru
weight:

D ­
1
2

X
j

Z 1`

2`

dx

"
srj 1 rh

j d
≠g1j

≠f

#2
d
dx

√
21

1 1 ebej

!

3

√
1

rj 1 r
h
j

dej

dx

!
. (16)
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This expression is formally similar to the one obtain
in Ref. [8] for the Drude weight in the Hubbard mode
It has an elegant interpretation by comparing it to
analogous expression for independent fermions. Tak
the second derivative of the free energy with respec
the fluxf, we find

≠2F
≠f2 ­

X
m

knml
≠2em

≠f2 2 b
X
m

knml s1 2 knmld
µ

≠em

≠f

∂2

,

(17)

where knml is the Fermi-Dirac distribution for particle
with dispersionem. Considering that the left-hand sid
(the persistent current susceptibility) vanishes in
thermodynamic limit for any finite temperature and th
the first term in the right-hand side is equal to2ND, we
find that

D .
b

2N

X
m

knml s1 2 knmld
µ

≠em

≠f

∂2 Ç
f!0

. (18)

Rewriting Eq. (16), we arrive at a similar expression:

D ­
1
2

b
X

j

Z 1`

2`

dxsrj 1 rh
j d knjl s1 2 knjld

3

µ
≠ej

≠x

≠g1j

≠f

∂2

(19)

with knjl ­ 1ys1 1 ebej d. Therefore, the Bethe ansa
expression for the Drude weight resembles that of in
pendent fermionlike excitations.

To obtain the distributionsrj , r
h
j and

≠g1j

≠f , the coupled
integral equations (11), (12), and (14) are numerica
solved by iteration.

In Fig. 1, D is shown as a function ofD for 2 # n #

16 (0 # D , 0.98) and different characteristic temper
tures. The main result is that the Drude weightD is
a monotonically decreasing function ofD and tempera-
ture. At T ­ 0, D ­

p

8
sinspynd
p

n
sp2

p

n
d [15]. Most interest-

ingly, D seems to vanish at all temperatures forD ­ 1.
This result excludes an ideal conducting behavior for
isotropic Heisenberg model. Still, an anomalously sl
long time decay of the current correlation functions co
lead to pathological low frequency dynamics and non
fusive behavior. Furthermore, the vanishing of the Dru
weight at the isotropic point suggests that it remains z
at all temperatures in the regionD . 1, the easy axis cas
(or insulating state in the fermionic model). This conc
sion is in accord with the numerical results of Ref. [
We should note that numerical investigation close to
isotropic point is somewhat difficult since the number
equations to solve diverges.

In the high temperature limit (b ! 0), D is propor-
tional to b. The constant of proportionalityCjj , equal to
the long time asymptotic value of the current correlatio
[7], is compared with the results obtained in Ref. [4]
exact diagonalization of the Hamiltonian on finite size l
tices extrapolated to the infinite size limit. The quanti
tive agreement obtained lends support to the assump
1766
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FIG. 1. DsDd evaluated at the pointsn ­ 3, . . . , 16 and vari-
ous temperatures. The continuous line is the high tempera
proportionality constantCjj ­ Dyb. The diamondss¶d indi-
cate exact diagonalization results from Ref. [4].

involved in the whole Bethe ansatz procedure for calcul
ing thermodynamic properties and finite size correction

The next observation is that the Drude weight a
proaches the zero temperature value with a power law
the form

DsT d ­ DsT ­ 0d 2 const3 Ta , a ­
2

n 2 1
.

(20)

To indicate this point, in Fig. 2,DsT ­ 0d 2 DsT d is
shown forn ­ 3, . . . , 6 in a logarithmic plot along with
lines of slopea. Note that the exponenta is half that
for the low temperature spin susceptibility as obtained
Abelian bosonization [16]. It is also consistent with th
valuea ­ 2 for free fermions (n ­ 2).

The results presented above concern only the z
frequency contribution to the spin current correlations.

FIG. 2. DsT ­ 0d 2 DsTd at different temperatures (¶’s) in
a logarithmic scale. The lines indicate slopesa ­ 2ysn 2 1d.



VOLUME 82, NUMBER 8 P H Y S I C A L R E V I E W L E T T E R S 22 FEBRUARY 1999

n
in

wi
th

nd

a,

th
o

B

,
hool

tt.
reliable method for studying thelow frequencybehavior in
integrable quantum many body systems (and the influe
of nonintegrable perturbations) remains a challeng
problem.

We thank F. Naef, P. Prelovšek, and M. Long for
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