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Helium trimer bound states are calculated with a variational method described in terms of pair
atom coordinates and distributed Gaussian functions by assuming zero total angular momentum. With
the two-body interaction potential used, a weakly bound state for the dimer and only two bound
states for the trimer are found. Although strictly speaking the first excited trimer state is not an
Efimov state, we show that this state presents several characteristics of the Efimov behavior which
are extensively discussed in the present work. Special emphasis is placed on the main geometrical
configurations contributing to the two bound trimer states, and suggestions are made on the possible
ways of experimentally detecting the Efimov-type state. [S0031-9007(99)08513-0]

PACS numbers: 36.40.—c, 03.65.Ge, 21.45.+v, 21.60.Gx

Small “He clusters (in particular, dimers and trimers) tonian is obtained
present a series of unusual quantum properties of funda- 2
mental interest. These properties can play a role not only H = Z‘— [—2 + ti:| + V(R))
in connection with the statistical behavior of collective =il m L oR;
modes of‘He gas at low temperatures [1], but also withwith V being the 2B-interaction potential (which corre-
the Bose-Einstein condensation [2,3] as well as with thgponds in this work to that of Ref. [9]), and where the
appearance of the so-called Efimov states in three body ireffective kinetic energy operatorsare expressed as
teractions [4]. A lot of theoretical work concerning these 1 9 | R> + R? — R?
special states has been done in order either to confirm = — / :

. @

Y
or to disprove their existence [5—8]. However, much of Ri ORi  4R; 2R Ry
the controversy about their existence is chiefly due to un- a2 1 9 1 9 1
- . . - X|l——m - — — — — — 4 ,
certainties on the two-body (2B) interaction potential and dR;OR,  2R; Ry 2Ry dR;  4R;R;
only in part to the different dynamical methods applied. )

In this Letter, our purpose is twofold. First, to apply
a variational method based on pair coordinates Ieadinﬁg'th i #j # k. As can be clearly seen from Eq. (1),
to a more suitable way to discuss configurations andn€Ser; operators reflect the deviations |n.the total Hgmll-
symmetrization of the ground and excited states of thdonian from that formed by the sum of pair Hamiltonians.
trimer; and, second, to discuss whether or not Efimov_The eigenfunctions of the total Hamiltonian given by
states can be observed. Concerning the first point, #£d- (1) are expanded in terms of basis functions as
is obvious that even using the same 2B interaction, the %)
theoretical model applied to solve the trimer discrete Dr(Ry, Ry, R3) = Z“j #;(R1, Ry, R3), 3)
spectrum can be crucial for bound states very near to the /
three-body threshold, as is the case for the Efimov statesthere j denotes a collective index, = (I = m = n).
Moreover, using this kind of coordinate the weight of The ¢; functions, in turn, are built up as symmetrized
the different geometrical configurations can be estimateg@roducts of pair functions given by
allowing one to know which of them would dominantly 1
contribute to those special states. As far as we know, ¢ ;(R1,R2,R3) = Ny, Z Ploi(R)@m(R2) @, (R3)],
this is the first “exact” variational calculation including PES;
the proper symmetry of the problem. Finally, from our (4)
knowledge of the pair distribution function and of the where the coefficients
main geometrical configurations, it becomes possible to
determine the average size of this floppy system, and
therefore to envisage different ways to observe them. + SpnSty + 281mSinSmn) (5)

Considering a zero total angular momentum state, usin
atom-atom pair coordinateR{, R», R3) and including a
scale factolR,R,R5)"/? to attain the standard normaliza-
tion in the total wave function, a totally symmetric Hamil- Spg = (ep | @q)- (6)

— 2 2
Nlmn - 6(sllsmmsnn + SUSmn + SmmS [,

Hefine a normalization factor expressed in terms of the
overlap integrals written as
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The one-dimensional functiong, are chosen here to as the square value of the diatomic wave function (dot-
be distributed Gaussian functions (DGF) [10] centered atlashed line). As can be seen, for the ground state, the pair

R(,) positions distribution function is mainly located in the region lim-
A ited by the 2B interaction potential and presents an average
o,(R;) = 4/ P [=Ay(Ri=R(;)’] (7) distance of 7.88 A and standard deviation of 3.72 A. The
relative magnitude of the spread of this pair distribution
In order to fulfill the triangular requirement function about the mean value is therefore 47% indicating
IRi — R,] =R; =R, + R,, (8) that the fluctuation is quite important. Two maxima are

the producty; ¢,, ¢, is taken into the basis set as long as.also foqnd, the first one more pronounced .tha.n the second
the corresponding DGF centers verify that in a ratio of about 2_to 1. This bimodal distribution can
be interpreted as being due to the presence of quasilinear
Ry = Ray + Rim) - ) configurations, as will be discussed below. Concerning
Because of the fact that our method provides the totaihe pair distribution function for the excited state, the av-
wave function, averages and fluctuations of triangulairage distance is 50 A with a standard deviation of 28 A.
magnitudes are closely related to the nature of the propadere the fluctuation is even larger, of the order of 60%.
bound states. In Table I, some statistical quantities extracted from the

The basis set given by Eqg. (4) is not orthonormaltotal wave functions for the ground and first excited trimer
but the pseudoeigenvalue problem can be transformestates are collected. Furthermore, the percentage of the
to a standard eigenvalue problem by using the methogair distribution function in the excited state inside the 2B
developed originally by Lowdin [11]. Starting with potential well is about 3% when taking an effective radius
39 Gaussian functiong,, 17 of them equally spaced in of the 2B-interaction potential of, = 7.35 A and a scat-
the region of the 2B potential well (say, between 3—11 A)tering length ofa = 100.13 A. Compared to the square
and the rest ranging up to 139 A with increasingly largermodulus of the 2B wave function, both behaviors are quite
spacings, a number of about 3000 symmetridgdfunc-  similar at very large distances where the interaction poten-
tions is included. This is equivalent to considering a basisial is now negligible. Therefore, this excited state could
set of approximately 18000 nonsymmetrized functionsbe considered as a good candidate for an Efimov state.
The quality of the numerical calculations is controlled According to the 2B interaction potential which we
via the moments of the radial and angular distributionshave employed [9], the dimer presents, through the DGF
Moreover, this method has been also successfully applieghethod, a weakly bound state at0.8 X 1073 cm™!
to the trimer systems Arand Neg [12]. versus—0.91 X 1073 cm™! obtained from a direct nu-

In Fig. 1 we present the 2B interaction potential (dashednerical integration of the Schrédinger equation. The
line, and expressed in cm) together with the two-pair dis-  bound energy values found for the trimer ar6.15 cm™!
tribution functions corresponding to the ground=¢ 0)  (ground state) and—1.24 X 1073 cm™! (first excited
and first ¢ = 1) excited trimer states (solid lines) as well state). These energy values are quite close to those re-
ported in the literature (see, for example, Ref. [8] which
utilizes the same 2B-interaction potential but an approxi-
mate adiabatic method). Recently, quantum Monte Carlo
(DMC) methods have been also applied to the trimer
ground state [13,14]. Very similar results have been ob-
tained for the ground state by using slightly different
2B interactions. As it is well known, the DMC method
does not yield excited states. However, some discrepan-
cies have been found about the main geometrical configu-
rations contributing to the ground state. Moreover, after
the formula to estimate the number of Efimov states

Pair Distributions (f/A)

008 x0.01 cih | TABLE |. Average (x);) and root mean squaréx%),lcﬂ) of
' several magnitudes;, obtained from the groundk(= 0) and
Efimov-type & = 1) trimer states. The cog is any of the

0 20 40 60 o 80 100 120 140 three cosines of a triangle.
R (A]

. 1/2 1/2
FIG. 1. Pair distribution functions (in A) for the ground Magnitude §) o o ld @
(k =0) and first ¢ = 1) excited trimer states (solid lines) Distance (A) 7.9 8.7 50 57.3
together with the square modulus of the dimer wave functioncgs g 0.396 0.82 0.398 0.789
(dot-dashed line) and the two-body interaction potential (dashed\ a4 %) 15 26 684 994
line) multiplied by a factor of 0.01 and expressed in¢m R Diameter (A) 6.7 7.4 44.7 50.3

(in A) stands for any of the three-pair distances.
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(N={/m)In|a/ro|), weobtaininourcas®¥y =~ 0.8. A are slightly different from those estimated in Ref. [8].
Therefore, as the number of Efimov states is very sensitivelowever, the ratio\p,1,/ A2 = 0.92 is quite close in both
to the 2B binding energy [15], the usual way to charactermethods and should be independent on the shape of the
ize such states is to carry out an analysis of the discretpairwise potential (in nuclear physics this ratio is instead
spectrum by varying the strength of the 2B interaction po-of ~0.8, probably due to the different nature of nuclear
tential through a factoA. In Fig. 2, the bound states (in and molecular interactions). It should be stressed at this
cm™!) for the dimer (solid line) and trimefdashed lines; point that in region (iii) only one Efimov-type state appears
He3(0) fork = 0 and He3(1) fork = 1) are plotted as a (according to the estimat¥ =~ 0.8) but no more. The
function of A covering the rang@0.8,1.15]. Several re- striking resultin our case is that this region includes: 1,
gions inA can be considered: (i) Betwean,;, = 0.8942 i.e., the case for which we consider the 2B interaction to
and A, = 0.9755, where only a trimer bound state ex- be the actual physical interaction. This fact implies that
ists but not a dimer state; this type of trimer bound stateshe Efimov states must be quite elusive because very small
are usually called halo states; (ii) betweksy = 0.9755  fluctuations or uncertainties in the 2B interaction potential
and Agrmov = 0.9849, where the first excited state for the can lead to different conclusions about their existence.
trimer begins to appear; this state could be characterized In the coordinates used here the kinetic energy oper-
as a virtual state since it becomes a bound state as tladors of the total Hamiltonian, Eqg. (2)lo not presenga
interaction increases; (iii) betweentimoy = 0.9849 and  clear behavior of an effective attractive long-range inter-
Aghost = 1.0256, where the Efimov-type state is below action of thel/R? type, with R being one of the given
the 2B continuum threshold and finally is overrun by thiscoordinates. It would be instead the balance among all
threshold; and (iVighosr > 1.0256 where the first excited the terms involved in these kinetic operators which should
state for the trimer is above the 2B continuum thresholde responsible for the long-range interaction, at least for
and is generally called a ghost state. distances larger thar.

In the inset of Fig. 2 an enhancement of the critigal An additional advantage of the coordinates used in this
region is shown. The limiting values of the parameterwork is that they permit us to make a quantitative analysis
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FIG. 2. Evolution of the bound states for the dimer and trimer (in gnas a function of the factor strength The solid line
corresponds to the two-body bound state and the dashed lines to the two-trimer bound states. In each regibresf(see text)

the character of the bound states [He3(0), ground state and, He3(1), first excited state] is marked: halo, Efimov-type, and ghost
states. The inset shows an enhancement of the critical region.
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of the different geometrical configurations contributing properties of liquid helium. In this last case, a complete
to each triatomic bound state. Thus, averages and roalifferent dynamics could be developed by considering
mean squares of the area and cosine of any of ththat the He dimer interaction potential is affected by
three angles for both trimer states can be easily obtainetthe surroundings in many ways similar to what we have
from the total wave function via the Heron formula simulated by varying thel value and, therefore, dimers
and the cosine theorem, respectively (see Table I). Thand trimers could play a very important role when one
following considerations can be made from the presenanalyzes the well known properties of liquid He.

analysis: the ground state is formed by about 30% of This work has been supported in part by DGICYT
guasilinear configurations and a negligible contribution(Spain) under Contract No. PB95-0071, by the Spanish-
from equilateral triangles. Moreover, if these quasilinearCuban Project between CSIC and Agencia de Ciencia y
configurations are not taken into account in the total wav&ecnologia Cubana, by an E. C. Research Network with
function the ground level disappears. According to theContract NO. FMRX-CT96-0088, and by a COST Chem-
ground pair distribution function plotted in Fig. 1, the istry Project. We would like to thank W. Schollkopf,
two peaks placed at 4.53 and 8.81 A can be understooldl. Lewerenz, and J. P. Toennies for many interesting and
as quasilinear configurations presenting two sides of abodituitful discussions.
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