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Stochastic Resonance in Coupled Oscillator Systems with Time Delay
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We investigate stochastic resonance in a globally coupled oscillator system with time delay. The
system shows multistability of a desynchronized state and two synchronized states with different
collective frequencies, which may be interpreted as multistable perception of ambiguous or reversible
figures. Under the influence of a weak periodic external signal, the system exhibits a maximum in the
signal-to-noise ratio at an optimum noise level—the characteristic signature of stochastic resonance.
We also show stochastic resonance between two limit-cycles in the system. [S0031-9007(99)08392-1]

PACS numbers: 05.40.—a, 07.05.Mh, 42.66.Si, 87.10.+e

Synchronization of oscillators has been the topic ofcan achieve the maximum improvement. SR in low di-
much recent investigation [1-3]. Recent experiments [4mensional dynamical systems with attractors is by now a
showed the synchronized oscillations of neuronal activityfamiliar phenomenon, but SR in spatially distributed sys-
in the visual cortex of the cat suggesting that informationtems or the systems with limit cycles remains the focus of
processing is a cooperative process of neurons. A couplezlirrent research.
oscillator model was suggested to understand the temporal In this Letter, we investigate SR in the globally coupled
and spatial coherence of the oscillations of neuronal aosscillator system with time delay. We choose the parame-
tivity [2]. The inclusion of time delay into the system is ter values with which the system shows multistability of
natural in the realistic consideration of finite transmissiona desynchronized state and two synchronized states with
of interaction. Recently, it was shown that the coupleddifferent collective frequencies. We apply a weak periodic
oscillator system with time delay exhibits multistability of external signal to the system, and measure SNR as a
synchronized and desynchronized states [5]. In the syrfunction of the input noise strength showing a peak at
chronized state, the system has also two limit-cycles witlan optimum noise strength: the characteristic signature of
different collective frequencies; one is larger than the in-SR. We also investigate SR in the system with time-
trinsic frequency and the other is smaller than the intrin-delayed self-interaction which shows the bistability of
sic frequency. This multistability was interpreted as thelimit cycles.
perception of ambiguous or reversible figures. Perception A system ofN globally coupled oscillators under study
of the ambiguous or reversible figures is characterized bis described by the equation of motion
noisy multistable dynamics, that is, the different interpre-
tations of the figures are switched with a stochastic time de:(t)

= — bsing;(1)]

course [6]. Recently, there have been studies on the noisy dt

multistable dynamics in connection with the development N

of dynamical models of brain function during such switch- _ K ZS"{(M!) — ¢t — 7], @
ings in perception [7]. N S !

There has also been a growing interest in stochastic reso-
nance (SR) associated with noisy nonlinear dynamical syswvhere¢;, i = 1, 2,..., N, is the phase of théh oscil-
tems [8]. SR is characterized by the optimization of thelator. o is an intrinsic frequency that is uniformly given
response of the system to an input signal as a function db each oscillator. The sum in Eqg. (1) runs over all os-
the input noise strength. The response of the system i§llators describing the time-delayed interaction which de-
measured by a signal-to-noise ratio (SNR) which shows @ends on the phase difference of two oscillators with delay
peak as a function of the input noise strength. This imtime 7. The second term on the right-hand side of Eq. (1)
plies that noise may enhance the transmission of inforrepresents the pinning force introduced to mimic the dy-
mation. SR has been demonstrated in numerous physicahmics of limit-cycle oscillators or excitable elements
experiments such as electronic trigger circuits [9], two-[13-15]. Here, we choose the parameter values of the sys-
mode ring lasers [10], and mammalian neuronal networktem asw = 1, b = 0.5, K = 1, and 7 = 3 with which
[11]. The possible importance of SR for the processinghe system shows the multistability of a desynchronized
of information in neural systems seems evident at all levstate and two synchronized states with different collective
els of information processing. Indeed, it has long beerrequencies [5].
recognized that noise can improve the performance of cer- To investigate SR in the system we apply the weak
tain neural networks [12], and that an optimum noise leveperiodic signal to the system in the presence of additive
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noises obtaining the stochastic differential equation by 7 exhibiting bistability of limit cycles with different
di(1) _ frequencies where = D = 0. In Fig. 1(a), we show
—g @~ bsinéi(0)] way (1), average of% over time intervalAs = 0.1 at

time ¢, for the limit cycles obtained from different initial

K < conditions. Figure 1(a) exhibits bistability of fast and slow
N ZSWUM(I) — ¢t = 7)] moving states with frequencies; = 1.748 and w, =
_"71 0.235, respectively. InFig. 1(b), we showy,,(7), average
+ esin(Qr) + &), (2 of 22 over time intervalAs = 10, for the oscillator with

where e and Q) are the amplitude and frequency of the ) = 0.01 at D = 0.08. Figure 1(b) exhibits coherent
signal, respectively. In Eq. (2§;(z)'s are independent transitions between the limit cycles to the signal applied
Gaussian white noises characterized by to the oscillator with a missing transition at~ 2700.
E() =0 Here, we introduce the state function of the oscillator as
i{r)) =0,

(EE () = 2D8,8( — 1) G0 = blonn) = ).
e Y ’ which characterizes whether the oscillator is in the fast

where(---) means an ensemble average og§dr)'s. D moving state withw,, > o or the slow moving state
measures intensity of the additive noige&)’s. Here, we with w,, < w presenting 1 and 0, respectively. In the
consider the signal witlk = 0.2, which does not induce state functionG(z), the modulation of the response due
the transition among the multistable states in the absende the input signal modulation is removed. To measure
of noise, for various values @d. output signal intensity we calculate the power spectrum of
When N = 1, the stochastic equation (2) describesG(r). Figure 2 shows the power spectrum for the oscillator
the motion of an oscillator with self-interaction delayedwith = 0.01 at D = 0.1 exhibiting peaks at the signal
frequency() and the multiples of the signal frequerz$)
o and3().
To observe SR in the system we calculate SNR from the
usual formula,

W

Wav

in dB, whereS is the output signal strength given by the

\M area under the fundamental peak in the power spectral den-
0 ‘ ' - sity andN(Q) is the noise level at the fundamental fre-

0 20 40 60 80 quency. The results for the oscillator with three different
t signal frequencies are shown in Fig. 3 exhibiting a peak at
@) an optimum noise level; the characteristic signature of SR.

To investigate SR in th&y globally coupled oscillator
system we characterize the state of the system calculating
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FIG. 1. Plot of time evolutions of,, = (%) averaged over 16-6 ‘ ‘ ‘ ‘ ‘ ‘
time interval (a) At = 0.1 for the system withN = 1 and 0 0.01 0.02 0.03
€ =D = 0and (b)Ar = 10 for the system withV = 1, e = frequency

0.2, Q = 0.01, andD = 0.08. Solid and dashed lines in (a)

represent two stable limit-cycles with frequencies = 0.235 FIG. 2. Plot of power spectrum of the time series of the state
andw, = 1.748, respectively. Dashed line in (b) indicates the function G(z) for the system withv = 1, e = 0.2, Q = 0.01,
signal and solid line in (b) represents the response to the signadndD = 0.1.
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15 -— synchronized state, and desynchronized state, respectively.
The states are characterized by the following conditions.

Frw,y>w and C,y ~ 1;

12}
S:wyy <w o and C,y ~ 1;
U:w,y ~w and C,y ~ 0.

Figure 4 also shows transitions among the three states
correlated with the signal applied to the system.

To remove the modulation of the response due to the
input signal modulation we introduce the state function of
the system as

Oo 04 08 12 18 2 Gn(t) = sgn(w,y (1) — 0)8(Cyy(t) — 0.4),
D which presents 0, 1, and-1 for U, F, and S states,

FIG. 3. Plot of SNR as a function ab for the system with '€SPectively. The power spectrum@j, (z) for the system
N=1,e=02 andQ = 001 (), 0.05 (A), and 0.1 ). WithN = 10,€e = 0.2,and) = 0.1 atD = 0.1 is shown

Lines are merely guides to the eyes. in Fig. 5 exhibiting peaks at the signal frequeridyand
the multiples of the signal frequen@() and3(). The
the correlation functior€(¢) defined by broad peak at() comes from the existence of the transient
) U state inserted in the transition betwegmnd F states.
- Figure 6 shows SNR as a function @ for various
C(t) = ————= > cos¢;(t) — ¢;(1)), . : o
® NN — 1) Z S$¢ilt) = ;1) system sizes witle = 0.2 and () = 0.1 exhibiting peaks

w at optimum noise levels; characteristic signature of SR.
where the summation is over all pairs of oscillators.ag  increases, the width of the peak in SNR decreases
C(t) presents 1 for the perfectly synchronized state an(&pproaching a finite value in the limit &f — oo.

0 for the perfectly desynchronized state. |nd Fig. 4, we ' Figure 6 also shows the fast increase of SNR at small
show Coy (1) and w,, (1), averages ofC(r) and %2 over  and the slow decrease of SNR at lat@ge While the fast

time intervalAr = 10, for the system withV = 10, e =  increase of SNR at smalb results from the interplay of

0.2, andQ) = 0.01 at D = 0.08. Figure 4 exhibits three the noise and the input signal, the slow decrease of SNR at
states of the system denoted By S, and U which  |argeD comes from the pure stochastic switchings among
represent the fast moving synchronized state, slow movinghe multistable statest, S, and U by the noise. The
pure stochastic switchings are present even in the absence
of the input signal at largeb. As the noise intensity
increases, the pure stochastic switching frequency also

increases, leading to the slow decrease of SNR at [Brge
& As N increases the pure noise effect decreases due to self-
averaging, i.e., the cooperation of independent noises at the
o : : : : ’ 1e-3
F
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FIG. 4. Plot of time evolutions ofC,, and w,, averaged 0 0.1 0.2 0.3
over time interval Ar = 10 for the system withN = 10, frequency

e = 0.2,Q = 0.01,andD = 0.08. Dashed line represents the

signal applied to the systemF, S, and U indicate the fast FIG. 5. Plot of power spectrum of the time series of the state
moving synchronized state, slow moving synchronized statefunctionGy(z) for the system withv = 10, € = 0.2, Q = 0.1,

and desynchronized state, respectively. andD = 0.1.
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