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Exact Solution of the Reversible Diffusion-Influenced Reaction
for an Isolated Pair in Three Dimensions
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An exact Green’s function of the reversible diffusion-influenced reaction for an isolated pair in thr
dimensions with spherical symmetry for the “backreaction” boundary condition is presented. From
function, the survival probability and the rate coefficient are derived exactly in the time domain for t
initially unbound pair. [S0031-9007(99)08485-9]
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Since the seminal work of Smoluchowski [1], many
physicochemical processes have been studied with
diffusion-reaction theories [2]. An isolated pair recombi
nation reaction is the simplest system and has been wid
studied. If one finds the Green’s function for the system
the solution for any initial distribution is also obtained an
other interesting quantities can be easily derived. Exa
Green’s functions may sometimes be obtained in the
reversible case in the presence of a potential, e.g., line
or parabolic potentials in one dimension (1D) [3] and th
Coulomb potential in three dimensions (3D) [4]. In the re
versible case, the exact Green’s function is known for th
potential-free case only in 1D as explained below [5].

Recently, considerable interest has focused on t
reversible reaction of the typeA 1 B $ C for both the
isolated pair and the pseudo-first-order cases [5–12]. F
the reversible case the “backreaction” boundary conditio
(BC) [5,13], which is a generalization of the well-known
“radiation” BC for the irreversible case, is usually adopte
and the exact Green’s function for an isolated pair wa
obtained only in 1D [5]. An efficient Brownian dynamics
simulation algorithm was developed for the reversibl
pseudo-first-order systems adopting the exact solution
an isolated pair in 1D [9,12]. Although the solution in 3D
is more demanding than other dimensions, no result h
been reported for the backreaction BC to our knowledge

In this Letter we present an exact Green’s function fo
the reversible diffusion-influenced reaction for an isolate
pair in 3D with spherical symmetry for the backreactio
BC. Using this function, the important quantities such a
the survival probability and the rate coefficient are als
derived.

Consider two spherical particles diffusing under the in
fluence of an interaction potentialUsrd. The recombina-
tion reaction occurs instantaneously when they approa
within the reaction distances with the intrinsic reaction
rate kr . The back reaction can occur to the dissociatio
distances with the reaction ratekd . Let psr, tjr0d be
the probability that the interparticle distance isr at time
t given that it wasr0 at t  0. Then the time evolution of
psr , tjr0d in 3D with spherical symmetry can be given by
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the following diffusion equation [2]:

≠

≠t
psr, tjr0d 

√
≠

≠r
1

2
r

!
Dsrd

3

√
≠

≠r
1

1
kBT

≠Usrd
≠r

!
psr , tjr0d ,

r $ s , (1)

wherekB is the Boltzmann constant,T the temperature,
andDsrd denotes the relative diffusion coefficient. In thi
work we approximate, for simplicity,Dsrd as a constantD
and also ignore the interaction potentialfUsrd  0g. The
initial and the BC’s are given by

4pr2
0 psr, 0jr0d  dsr 2 r0d , (2)

lim
r!`

psr , tjr0d  0 , (3)

4ps2D
≠

≠r
psr , tjr0djrs  krpss, tjr0d

2 kdf1 2 Sstjr0dg , (4)

where dsrd is the Dirac delta function andSstjr0d is
the survival probability that a pair of particles initially
separated byr0 survives and does not recombine by tim
t given by

Sstjr0d  1 2
Z t

0
dt0 4ps2D

≠psr , t0jr0d
≠r

Ç
rs

. (5)

The solution psr , tjr0d is known as Green’s function.
If one finds this Green’s function, the solution for a
arbitrary initial distribution p0srd is also found by its
integral [5]

psr , tjp0d 
Z `

s

psr, tjr0dp0sr0d dr0 . (6)

Now we seek a solution of the type

psr, tjr0d  fsr , tjr0d 1 gsr , td , (7)
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wherefsr , tjr0d is the solution for the reflecting BCskr  kd  0d given by [3]
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whereWsa, bd ; exps2ab 1 b2d erfcsa 1 bd and erfcsxd
denotes the complementary error function.

The reactive part ofpsr , tjr0d is represented bygsr , td
which is the solution for the backreaction BC given b
Eq. (4). Sincefsr , tjr0d accounts for the whole initial dis-
tribution, gsr , t  0d  0. If we use the Laplace trans-
form, ĝsr, sd 

R
`

0 gsr , td exps2std dt, ĝsr , sd can be
readily obtained as

rĝsr, sd  Assd expf2sr 2 sd
p

syD g . (9)

In order to determine the coefficientAssd, we first trans-
form Eq. (4) with the help of Eq. (7) to obtain
d

e

y

4ps2D
≠

≠r
ĝsr, sdjrs  kr f f̂ss, sjr0d 1 ĝss, sdg

2
kd

s
4ps2D

≠

≠r
ĝsr , sdjrs .

(10)

We used the fact that≠f̂sr , sdy≠rjrs  0 to obtain the
above equation. Substitution of Eq. (9) into Eq. (10
leads to

Assd  2
sf̂ss, sjr0d

1 1 s1 1 s
p

syD d s1 1 kdysdkDykr
, (11)

wherekD ; 4psD. Therefore, combining Eqs. (8), (9)
and (11), we get
p̂sr, sjr0d4pr0r
p

D  hexpf2jr 2 r0j
p

syD g 1 expf2sr 1 r0 2 2sd
p

syD gjy2
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syD g . (12)

Finally, Green’s function,psr , tjr0d, is obtained as follows by the inverse Laplace transformation:

psr, tjr0d4prr0

p
D 

1
p

4pt

(
exp

"
2

sr 2 r0d2

4Dt

#
1 exp

"
2

sr 1 r0 2 2sd2

4Dt

#)

1
asg 1 ad sa 1 bd
sg 2 ad sa 2 bd

W

√
r 1 r0 2 2s

p
4Dt

, a
p

t

!

1
bsa 1 bd sb 1 gd
sa 2 bd sb 2 gd

W

√
r 1 r0 2 2s

p
4Dt

, b
p

t

!

1
gsb 1 gd sg 1 ad
sb 2 gd sg 2 ad

W

√
r 1 r0 2 2s

p
4Dt

, g
p

t

!
. (13)
ast
An
in-

th

ily

n’s
The denominator of the third term on the right-hand si
(rhs) of Eq. (12) can be regarded as a cubic equation in

p
s

and its three roots (2a, 2b, and2g) satisfy the following
relations:

a 1 b 1 g  s1 1 krykDd
p

Dys , (14)

ab 1 bg 1 ga  kd , (15)

abg  kd

p
Dys . (16)

These roots may be complex numbers. Then the comp
exponential function and the complex complementary
e

lex
r-

ror function should be used. However, the sum of the l
three terms on the rhs in Eq. (13) is a real number.
alternative derivation of Eq. (13) can be done by comb
ing fsr , tjr0d given by Eq. (8) withgsr, td which can be
obtained by invertinĝgsr , sd. The explicit expression of
ĝsr, sd, in turn, can be derived from Eqs. (9) and (11) wi
the Laplace transformed expression of Eq. (8).

When the backreaction is turned offskd  0d, the ir-
reversible roots satisfying Eqs. (14)–(16) can be read
found: airr  s1 1 krykDd

p
Dys and birr  girr  0.

Therefore, Eq. (13) reduces to the well-known Gree
function of the irreversible reaction [3]:
pirr sr , tjr0d4prr0
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The subscript irr denotes the irreversible case.
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Once the Green’s function is found, other quantities of interest can be easily obtained utilizing the known rel
The survival probability can be obtained by the direct integral of Green’s function as
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which becomes unity at long timesst ! `d. This means that the ultimate fate of an isolated pair for the revers
reaction is always dissociation [5]. Equation (18) can be reduced, whenkd  0, to the well-known irreversible survival
probability [2]:
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Agmon and Szabo obtained earlier the expression
Ŝssjr0d in terms of the irreversible survival probabilit
and the irreversible rate coefficient for the absorbi
BC [8].

If we define the deviation function from the equilib
rium as jstjr0d ; Ss`jr0d 2 Sstjr0d, its long-time be-
havior showst23y2 power law in the leading term a
follows:

lim
t!`

jstjr0d ,
Keq

s4pDtd3y2 , (20)

where Keq  krykd and this expression is exact. Fo
the irreversible reaction the deviation function shows t
well-known t21y2 long-time behavior,

lim
t!`

jirr stjr0d ,
s

r0

krkD

skr 1 kDd2

s

spDtd1y2 . (21)

Notice that, comparing with the irreversible result, th
distance dependence (s or r0) disappears in the reversibl
case due to the backreaction.

The reversible reaction rate coefficient can be defin
in analogy to the irreversible case, askstd ; 4ps2D≠S 3
1580
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stjr0dy≠r0jr0s [8], and the calculation gives
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where Vsad ; expsa2d erfcsad. Equation (22) can be
reduced in the irreversible limit to the well-known
expression [2]:

kirr std 
kr

kr 1 kD
fkD 1 krVsairr

p
t dg . (23)

The expression of̂kssd in terms ofk̂irrssd andŜirrssjr0d was
also obtained earlier by Agmon and Szabo [8].

Let Sstjpd be the survival probability of a pair which is
initially bound. We use the asterisk to denote the bou
state. Similarly,psr , tjpd and psp, tjr0d are defined as
Green’s functions for the initial and final bound state
respectively. Note that1 2 psp, tjr0d  Sstjr0d. Then
the detailed balance condition becomeskrpsr, tjpd 
kdpsp, tjrd. Therefore, one can easily obtain that
fact
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The direct integration of the above equation gives

Sstjpd  1 2
asb 1 gd

sg 2 ad sa 2 bd
Vsa

p
t d 2

bsg 1 ad
sa 2 bd sb 2 gd

Vsb
p

t d 2
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p
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which vanishes in the irreversible limit. This expression was obtained earlier by Agmon and Weiss [14] using the
that the survival probability can be expressed by Green’s function for the reflecting boundary condition.
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Another interesting quantity is the average lifetim
of the bound particle defined ast ;

R`

0 dt f1 2 Sstjpdg
which can be calculated from Eq. (25):

t21 
kdkD

kr 1 kD
, (26)

which is in agreement with the previous works [6–8] o
Agmonet al. Note that Eq. (26) is the exact result for the
case ofUsrd  0.

The long-time behavior of the deviation function for the
initially bound pair is

lim
t!`

jstjpd ,
Keq

s4pDtd3y2 , (27)

which is again in agreement with Eq. (23) of Ref. [7]. An
interesting relation can be found from Eqs. (20) and (27
that

lim
t!`

jstjr0d , lim
t!`

jstjpd , (28)

which shows that the effect of the difference in the initia
separation distances fades away at long times.

More complex systems, for instance, the pseud
first-order system, can be studied by the present resu
Especially, the efficient Brownian dynamics simulatio
algorithm [9] which adopts the exact solution for an iso
lated pair can now be applied to the 3D system with sphe
cal symmetry. The results will be reported elsewhere.

In summary, we have presented an exact Green’s fun
tion for the reversible diffusion-influenced reaction for a
isolated pair in 3D with spherical symmetry for the back
reaction BC. From this function, the survival probability
and the rate coefficient are derived exactly in the time d
main for the initially unbound pair.
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