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Creation of High-Energy Phonons from Low-Energy Phonons in Liquid Helium
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We present a theory for the remarkable observation that high-energy phonons are created fro
moving cloud of low-energy phonons in liquid4He. This phenomenon depends on the loss of high-
energyshd phonons from a moving phonon cloud. Theh phonons are created from the low-energysld
phonons by four-phonon processes and escape from the back of thel-phonon cloud because they have
a lower velocity than thel phonons. This theory accounts for the high efficiency of the conversion
process; a major part of the energy of the low-energy phonons can be converted to high-energy phon
in a time of order10 ms. [S0031-9007(99)08478-1]

PACS numbers: 67.40.–w, 67.90.+z
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It is a remarkable fact that high-energy phonons ca
be created in liquid4He from low-energy phonons [1,2].
Moreover, the process is very effective as a major pa
of the energy originally in the low-energy phonons (l
phonons) can be converted to high-energy phononsh
phonons) in a time,10 ms. Consider a thin film heater
and a bolometer detector separated by,15 mm and im-
mersed in liquid4He atT  60 mK and zero pressure. A
single short pulse (1027 s, 10 mWymm2) into the heater
gives rise to two phonon pulses at the detector, as sho
in Fig. 1a. The faster pulse is due tol phonons,́ ø 1 K
s´  h̄vykd and the slower one is due toh phonons,
´ $ 10 K. These phonons have different group veloc
ties (238 and#190 mys respectively), and as they propa
gate ballistically (thel phonons are quasiballistic [3]) they
have different times of flight. The phonons separate in
two groups because there is a critical phonon energy´c

s10 Kd above which theh phonons are very stable and
below which thel phonons thermalize to energies aroun
1 K. This follows from the various scattering processe
that are allowed by the anomalous shape of the dispers
curve [4] shown in Fig. 1b.

We know from the fact that theh phonons quantum
evaporate (QE)4He atoms from the free surface of
liquid 4He that these phonons have energy´ , 10 K
[5,6]. This energy agrees with values of the critica
energy for the four-phonon process (4pp),´c, derived
from the dispersion curve [7] and directly measured usin
superconducting tunnel junction detectors [8]. The fir
evidence thath phonons are produced in the liquid, up
to 4 mm in front of the heater, came from times of fligh
in QE studies which were faster than expected for anh
phonon propagating all the way from the heater to the fr
liquid surface [6,9,10]. The difference in time could b
explained by assuming that the phonon signal propaga
for up to ,4 mm at the higherl phonon velocity and
thereafter with theh phonon velocity. This strongly
suggested that thel phonons were creating theh phonons
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[1,2]. The latest study [11], which varied the length of th
path in the liquid, showed that theh phonons are created
in the liquid in front of the heater with a probability that
decreases with distance from the heater.

It was realized that to create a phonon with 10 K energ
from phonons with energy around 2 K required sever
3pp scatterings to take the energy to near 8 K, but as 3
cannot take the energy above´c, the final step has to be
a 4pp [1,2]. However, thel phonons interact so quickly
that they are always in thermal equilibrium so there is

FIG. 1. (a) The measured phonon signal in liquid4He show-
ing the l and h phonons produced by a single heate
pulse: pulse duration 1027 s, heater power 10 mWymm2,
propagation length 15.7 mm, Tamb  60 mK, pressure 0.
(b) The dispersion curve for liquid4He at zero pressure. The
two tangents show the different group velocities for low-energ
(dashed line) and 10 K (dotted line) phonons.
© 1999 The American Physical Society
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thermal population of phonons right up to´c. This means
that we do not have to be concerned with the deta
of the 3pp up-scattering processes. However, we m
consider how some of these phonons are scattered by
to ´ . ´c. Also we shall see that theseh phonons have
a very long lifetime against decay tó, ´c, even within
the l phonon cloud, which is a consequence of all thel
phonons having almost the same direction. This leads
a nonthermal distribution ofh phonons, the consequence
of which will be discussed in another place [12]. Finally
we see that theh phonons are left trailing behind thel
phonons as they travel at different velocities.

We treat the low- and high-energy phonons as tw
nearly separate systems. This is possible because the
persion curve imposes quite different relaxation times
the two groups. Phonons with0 , ´ , ´3c s8.5 Kd
interact via 3pp because of the anomalous dispersi
Phonons with́ . ´c s10 Kd can interact only via 4pp
because the normal dispersion in this energy range p
vents any 3pp. Foŕ 3c , ´ , ´c multiphonon interac-
tions are allowed. The 3pp scattering ratest21

3 d [13] is
approximately 2 orders of magnitude faster than that
4pp [14,15], so the low-energy phonons can be taken to
in thermal equilibrium within their group, at a tempera
ture T . We include the phonons with́3c , ´ , ´c in
this group. Although there is no detailed theory of the
scattering time it is expected that their relaxation tim
are more than an order of magnitude smaller than the c
responding times for 4pp [13]. The liquid4He in which
they propagate is taken to be at zero temperature.

The two groups of phonons are shown schematically
Fig. 2a. The arrows indicate creation ofh phonons froml
phonons, and the decay ofh phonons tol phonons. Also
there is loss ofh phonons from the interacting cloud o
phonons becauseh phonons have a lower group velocit
thanl phonons, i.e., we use the wordscreationanddecay
for h phonons within the cloud ofl phonons, andlossfor
transmission ofh phonons out of the cloud ofl phonons.

The sequence of events is shown schematically
Fig. 2b. After the heater has injected a pulse of ener
in the liquid the l phonon cloud rapidly equilibriates
to a Bose-Einstein (B-E) distribution of phonons, a
temperatureT , in a time t3 which is much shorter than
the pulse durationtp . These phonons occupy a fairly
narrow cone, typically 10± half angle [2], in momentum
space because thel phonon velocities are approximatel
in the same direction; see Fig. 3a. The cloud of leng
L  ctp is composed almost entirely ofl phonons as
any h phonons that were initially in the cloud are rapidl
lost by dispersion in a time,5tp. So the cloud is not in
equilibrium as the Bose-Einstein distribution has lost
tail for ´ $ ´c. As the system attempts to equilibriate
the l phonons give their energy to theh phonons on a
time scalet

s0d
4u sT d; see Fig. 2a.

At time t1 the cloud has moved a distancect1 and has
created someh phonons, a fraction of which are trailing be
hind the cloud with velocitych. We call this theh cloud.
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FIG. 2. (a) A schematic representation of the low- and hig
energy groups of phonons. The arrows indicate the transitio
that create, decay,and lose high-energy phonons. (b) A
schematic diagram of the low- and high-energy phonon clou
at different times in their propagation from the heater to th
detector.

This loss ofh phonons maintains a deficiency ofh phonons
in the l cloud which again causes moreh phonons to be
created by 4pp. Att2 theh cloud has lengthened becaus
of the continued creation ofh phonons and their subse
quent loss from thel phonon cloud. As thel phonon cloud
losesh phonons it cools, which causes the creation rate oh
phonons to drop. Att3 the two clouds appear to be separa
because at some time betweent2 andt3 thel phonon cloud
has cooled so much that it has essentially stopped p
ducingh phonons. The two clouds are now independe
and move with velocitiesch andc to the detector.

The kinetic equation for the number density,nh, of h
phonons in the frame moving with thel phonons is

≠nh

≠t
1 uh ? =nh 

n
s0d
h

t
s0d
4u

2
nh

t4d
, (1)

where n
s0d
h sT d is the equilibrium number density ofh

phonons at temperatureT , these are the phonons in th
high-energy tail of theB-E distribution (see Fig. 3b),
uh  ch 2 c, t

s0d
4u is the 4pp scattering time for the

creation of h phonons in equilibrium withl phonons
at temperatureT , and t4d is the decay time forh
phonons within the cloud. We shall see thatt4d may be
substantially different fromt

s0d
4u in a phonon cloud with a

narrow momentum cone.
Multiplying Eq. (1) by´ and integrating over the phase

space occupied by theh phonons, we get the equation fo
the energy density,Eh, of theh phonons:

≠Eh

≠t
1 uc

≠Eh

≠z


E
s0d
h

t
s0d
4u

2
Eh

t4d
, (2)

where we make a one-dimensional approximation with t
z axis chosen to be antiparallel to the propagation directio
1483
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FIG. 3. (a) The solid angle,Vp , in momentum space occupied
by the low-energy phonons. (b) The energy spectrum
phonons in the low-energy phonon cloud. The energy of t
high-energy phonons is shown 30 times the equilibrium phon
energy density. (c) The momenta of the phonons in a typic
4pp. The incoming 8 K and 3 K phonons are from thel
phonon cloud. Note the large angle that the created low-ene
phonon makes with the created high-energy phonon.

and the average values,uc sø 50 mysd andt
s0d
4u , are taken

to be the relative velocity and the 4pp creation time
´  ´c because of the exponential factor in the distributio
function. AlsoE

s0d
h  Vpk4T´3

ce2´cyT ys2p h̄cd3, where
Vp is the occupied solid angle in momentum space, s
Fig. 3a. Also we approximate to a linear dispersion, a
terms of next order inTy´c ø 1 have been neglected.

Now t
s0d
4u is found to bet

s0d21

4u  f´2
cT5 [15], where

f  4.4 3 106 K27 s21 at the saturated vapor pressure.
The energy going to the creation ofh phonons comes

from the l phonons, so from Eq. (2) we get the rate o
change of the energy density of thel phonons:

≠E
s0d
l

≠t
 2

E
s0d
h

t
s0d
4u

1
Eh

t4d
, (3)
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where E
s0d
l  Vppk4T4y120h̄3c3, again assuming a

linear dispersion.
From Eq. (3) we obtain an equation for the cooling of

the l phonon cloud,
≠T
≠t

 2
T

4E
s0d
l

√
E

s0d
h

t
s0d
4u

2
Eh

t4d

!
. (4)

The set of Eqs. (2) to (4) must be completed by the initia
and boundary conditions. The cloud occupies the spac
0 , z , L and ash phonons move from the pointz  0,
the front of the l cloud, towardsz  L, the back of
the l cloud, soh phonons are absent atz  0. Hence
Ehsz  0, td  0. We take the initial conditions to be
T st  0d ; T0  const;Ehsz, t  0d  0.

Now t4d ¿ t
s0d
4u because once theh phonon has been

created in a 4pp it is very unlikely to relax. We can
see this with reference to Fig. 3c, where we have draw
the momenta for a typical 4pp, with energy and momen
tum conservation,8 K 1 3 K ! 10 K 1 1 K. The small
phonon, created at the same time as theh phonons (1 K
and 10 K, respectively, in this example), can make a larg
angle to theh phonon; indeed it can be up to 180±. For
the decay process which is the time reversal of the cre
ation process, theh phonon must scatter from anl phonon
with a similarly large angle. But in thel phonon cloud
with a narrow momentum cone there are no such phonon
Sot4d for this process is initiallỳ . As the creation ofh
phonons proceeds, the number ofl phonons, at the correct
angles to causeh phonon decay, will build up, and sot4d

will decrease. However, we estimate it is always more
than an order of magnitude larger thant

s0d
4u .

As long as the population ofh phonons is well below
the maximum number given by dynamic equilibrium
without loss, we can neglect the termEhyt4d in Eq. (7).
This is true if the pulse lengthL is short enough, i.e.,
L ø uct4d so that all the createdh phonons are lost from
the l cloud. Substituting expressions forE

s0d
h , t

s0d
4u , and

E
s0d
l into Eq. (4), and integrating we find an expression for

the time dependence of the temperature of thel phonons:
Te2´cyT  T0e2´cyT0 s1 1 tyteffd21, (5)

where the effective time,

teff 
4E

s0d
l sT0dT0t

s0d
4u sT0d

E
s0d
h sT0d´c

(6)

has a straightforward physical meaning. At the timet 
teff the l phonon cloud has already transformed a majo
part of its energy intoh phonons. We seeteff ¿ t

s0d
4u ,

e.g., if T  0.8 K then teffyt
s0d
4u , 102.

So the l phonons cool as they propagate and creat
the trailing cloud ofh phonons. As energy is conserved
between theh andl phonons, the fraction of energy in theh
phonons is given by

Dstd 
E

s0d
l sT0d 2 E

s0d
l fT stdg

E
s0d
l sT0d


1

E
s0d
l sT0d

Z t

0

E
s0d
h fT stdg

t
s0d
4u

dt . (7)
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This is an upper limit as we have ignored the termEhyt4d

in Eq. (3). The integrand in Eq. (7) is the creation ra
of the energy density of theh phonons and using the
expressions forE

s0d
h andE

s0d
l we find

E
s0d
h

t
s0d
4u


fVpk4´5

cT6e2´cyT

s2p h̄cd3 . (8)

So we see that asT drops, the creation rate falls and
becomes negligible atT , 0.6 K. At this temperature the
h andl phonon clouds separate as indicated in Fig. 2b
some time betweent2 andt3.

The fraction of energy in theh phonons for three
typical starting temperatures is shown in Fig. 4a. It can
seen that a significant part of the energy in thel phonons
is rapidly transformed intoh phonons. This very effective
up-scattering mechanism is due to theh phonons being
lost out of the trailing end of thel cloud where they just
accumulate without decay.

The pulse shape of theh phonons is proportional
to E

s0d
l dDydt, which we can get by takingT std from

Eq. (5) and using Eq. (8). It is also necessary to inclu
dispersion as there will be a spectrum ofh phonons, we
do this by giving them aB-E spectrum at the temperatur

FIG. 4. (a) The fraction of energy,D, in the h phonons
relative to the total energy, is shown as a function of time f
three initial temperatures, which are typical for the experimen
conditions. (b) The pulse shape of theh phonons according to
the model and including dispersion (solid line). This is to b
compared with the measurements in Fig. 1a, shown here a
dotted line.
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of thel phonons at the point they are lost from thel cloud.
This spectrum then propagates with the correspond
group velocities to the detector. This is shown in Fig. 4
for a starting temperature of 0.8 K. The time of the pe
and the width of the signal are in reasonable agreem
with the measured pulse shape shown in Fig. 1a.

In conclusion, we have presented a theory for the c
ation of high-energy phonons from a moving cloud of low
energy phonons which has been observed experiment
The high-energy phonons are created from the low-ene
phonons by 4pp as the system tries to reach equilibriu
They are then lost from the back of thel phonon cloud
because theh phonons have a lower velocity than thel
phonons. For a short pulse theh phonons are lost from
the l cloud as soon as they are created, and once t
are lost they do not decay but just propagate ballistica
This theory accounts for the high efficiency of the co
version process and the main characteristics of the m
sured phonon signals. This phenomenon is an unus
example of energy going from low-energy phonons
high-energy ones.
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