
VOLUME 82, NUMBER 6 P H Y S I C A L R E V I E W L E T T E R S 8 FEBRUARY 1999

120

rance

1136
Quantum Lévy Processes and Fractional Kinetics
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Exotic stochastic processes are shown to emerge in the quantum evolution of complex systems.
Using influence function techniques, we consider the dynamics of a system coupled to a chaotic
subsystem described through random matrix theory. We find that the reduced density matrix can
display dynamics given by Lévy stable laws. The classical limit of these dynamics can be related
to fractional kinetic equations. In particular, we derive a fractional extension of Kramers equation.
[S0031-9007(99)08391-X]
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Whether one studies deterministic Hamiltonian or di
sipative systems, one finds that transport in chaotic s
tems often resembles some type of stochastic process.
dynamics of such systems leads to a rich spectrum
behaviors, from enhanced diffusion such as tracer dif
sion in flows and turbulent diffusion in the atmosphere,
dispersive diffusion [1]. Much effort has been spent
recent years to understand such classical stochastic
cesses in chaotic systems, leading to the developmen
approaches ranging from fractional kinetic equations [2
4] and Lévy flights [5], to random walks in random en
vironments [5,6] and stochastic webs [7]. One of th
common features to all of these is the use of Lévy sta
laws [8]. It was shown by Lévy [9], in studies of exten
sions of the central limit theorem, that a continuous cla
of non-Gaussian processes satisfy the same fundame
equation that gives rise to the theory of Gaussian proces
namely, the Chapman-Kolmogorov equation for the co
ditional probabilityPsq, q0, td:

Psq, q0; td 
Z

dq00 Psq, q00, t 2 t00dPsq00, q0, t00d . (1)

The standard solution,Psq, q0, td  expf2sq 2 q0d2y
4Dtgys4pDtd3y2, gives rise to the Gaussian process
and the usual form of the Fokker-Planck equation. T
general solutions of Lévy provide a way to generaliz
Brownian motion.

The non-Gaussian processes which satisfy (1)
known as Lévy stable laws, and have the form

Psq, td  L A
a sqd 

1
2p

Z
exphikq 2 Ajkjaj dk , (2)

where 0 , a # 2 and A ~ t. The casea  2 corre-
sponds to Gaussian processes. The Lévy distributio
L A

a sqd satisfy the scaling relation

L A
a sqd  A21yaL 1

a sqA21yad , (3)

where for A  1 we drop the superscript:L 1
a sxd 

Lasxd. For a , 2, these distributions are characterize
by infinite second moments, as one can easily infer fro
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the asymptotic behavior forq ! 6` [5],

L A
a sqd ø Gsad sin

pa

2
aA

jqja11 . (4)

These non-Gaussian processes can be related to ano
lous transport in a variety of (classical) physical system
[6], as well as to classically chaotic systems. We have r
cently shown that turbulent diffusion can also arise in th
time evolution of complex quantum systems [10]. Her
we find that a general form of quantum chaotic back
grounds can give rise to quantum evolution characteriz
by Lévy distributions. Further, we can connect, in th
semiclassical limit, such processes to fractional kinet
theory, which was initially introduced as a phenomeno
logical approach to classical anomalous diffusion.

We study the problem of a particle coupled to a chaot
environment, quantum mechanically. It has been realiz
in recent years that the quantum counterpart of chaos
random matrix theory. For systems with time-reversa
symmetry, the random matrices are real symmetric.
this Letter we will examine the class of quantum dynam
processes, which can be realized through the interacti
of a particle with a random matrix background. In
contrast to the Caldeira-Leggett approach [11], we assum
from the outset that the background is chaotic, an
not necessarily thermal. We denote the coordinates
the background bysx, pd and that of the test particle
by sX, Pd. The Hamiltonian for the background plus
interaction is taken to have the following form:

Hb  h0sx, pd 1 h1sX, x, pd . (5)

In the basis of (many-body) eigenstates ofh0, h0jnl 
´njnl sn  1, . . . , Nd, we define the matrix ofHb as

fHbgij  ´idij 1 fh1sXdgij . (6)

It is convenient for calculations to choose an average lev
density asrs´d  r0 expsb´d. For a background with
constant average level density,b  0, while for a general
many-body system,b . 0. The chaotic properties of the
© 1999 The American Physical Society
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interaction of the background with the particle are inco
porated into the correlation function (second cumulant)

kkkkfh1sXdgijfh1sYdgklllll  GijsX 2 Y dDijkl . (7)

Here Dijkl  fdikdjl 1 dildjkg, and all other cumulants
vanish. In our analysis, the integration over the chao
part, given by h1sXd, is defined through a Gaussia
measure for parametric random matrices [12],

Pfh1sXdg ~ exp

(
2

1
2

Z
dX dY

3 Trfh1sXdG21sX 2 Y dh1sYdg

)
. (8)

The character of the interaction of the background w
the test particle is incorporated into the correlation fun
tion GsX 2 Y d, for which we use the form [13–15]

GijsXd 
G#

2p
q

rs´idrs´jd
exp

"
2

s´i 2 ´jd2

2k
2
0

#
G

√
X
X0

!
.

(9)

This describes a parametric, banded, random matrix wh
the strength of matrix elements decreases with incre
ing level density. HereGsxd  Gs2xd  Gpsxd # 1,
Gs0d  1, and the spreading widthG#, k0 [linked with
the effective band widthN0 ø k0rs´d], and the correla-
tion lengthX0 are characteristics of the background.
r-
:

tic
n

ith
c-

ere
as-

In order for the measure (8) to be positive definiteG
must not decorrelate faster than a Gaussian [12]:

Gsxd . 1 2 jxja 1 . . . , a [ s0, 2g . (10)

As the positionX of the slow particle changes, the instan
taneous energy levelsEnsXd of fHbsXdgij change. Using
the above measure, the average fluctuations are

kfEnsXd 2 EnsY dg2l  DajX 2 Y ja . (11)

The energy-spacing fluctuations have a behavior tha
similar to a Lévy process characterized by the diffusi
constantDa . The character of these fluctuations in th
eigenvaluesEnsXd, indicated bya, will be seen to be
related to Lévy distributions, which describe the tim
evolution of the density matrix for a particle evolving i
this chaotic bath.

To develop the dynamical evolution of a free partic
evolving in the presence of a chaotic background, we ta
the Hamiltonian of the form

HijsX, Pd  dij

"
P2

2M
1 UsXd

#
1 Hb,ijsXd . (12)

The correlated, random-matrix bath can be integra
out in an influence functional formalism [14]. For ou
purposes, theosbd action is sufficient, as well as a wea
coupling of the particle to the bath. In this case th
effective equation for the density matrix of the test partic
has the form
ih̄≠trsX, Y , td 

(
P2

X

2M
2

P2
Y

2M
1 UsXd 2 UsY d 2

bG#h̄
4X0M

G0

√
X 2 Y

X0

!
sPX 2 PY d

1 iG#

"
G

√
X 2 Y

X0

!
2 1

#)
rsX, Y , td , (13)
where in weak couplingGsxd  1 2 jxja and G0sxd
above represents2a sgnsxd jxja21.

Consider first a test particle in the absence of
external field and interacting with a background wit
constant average level density [UsXd  0 and b  0].
This evolution equation can be solved by passing
the coordinatesr  sX 1 X 0dy2, s  X 2 X 0. In these
variables, the density matrix has the form

rsr , s, td 
Z

dr 0
Z dk

2p h̄
r0

√
r 0, s 2

kt
m

!

3 exp

(
iksr 2 r 0d

h̄
1

G#M
h̄k

Z s

s2ktyM
ds0

3

"
G

√
s0

X0

!
2 1

#)
. (14)

An initial wave packet, c0sXd  exps2X2y4s2dy
s2ps2d1y4, provides an initial density matrix
r0sr , s0d  s1y

p
2ps2 d expf2s4r2 1 s2dy8s2g.

For the diffusive dynamics of the test particle, we a
interested in the diagonal component of the density mat
rsX, X, td  rsr, s  0, td,
an
h

to

re
rix

rsr, 0, td 
Z Z dr 0dk

2p h̄
r0sr 0, 2kTyMd

3 exp

"
iksr 2 r 0d

h̄
2

Z 0

2ktyM
ds0

3
MG#

kh̄

É
s0

X0

Éa#
(15)


Z dk

2p h̄
exp

(
2k2

"
s2

2h̄2 1
t2

8Ms2

#

2
G#ta11

sa 1 1dh̄sMX0da
jkja

1 ik
r
h̄

)
. (16)

rsX, X, td is nothing more than the spatial probability
distributionPsX, td for the process. We can now express
it in terms of a convolution of Lévy distributions,

rsX, X, td 
Z

dX 0 L astd
a sX 0dL bstd

2 sX 2 X 0d , (17)
1137
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where

astd 
G#

sa 1 1dh̄

√
h̄

MX0

!a

ta11, (18)

bstd 
s2

2
1

h̄2

8M2s2 t2. (19)

As both functions in the integrand of Eq. (17) are pos
tive definite, the spatial probabilityPsX, td is also posi-
tive definite. Notice that the restriction of0 , a # 2,
which came from the short-distance statistical correlatio
in (11) and the requirement of a positive definite statistic
measure, is also the necessary requirement on the L
distribution to keep the resulting time evolution positiv
definite. Hence the character of theshort-distancefluctua-
tions is directly responsible for thelong-timebehavior of
the quantum system.

Consider now the short-time and long-time behavi
of the dynamics. For1 , a , 2, in the limit of long
times, we expect theta11 term to dominate overt2 in
(16), so that the density asymptotically approaches a Lé
distribution,

rsX, X, td ! astd21yaLafastd21yaXg , (20)

while for very short times, the Gaussian process is t
dominant behavior,

rsX, X, td !

p
2

s
L2

√p
2

s
X

!
. (21)

Specifically, in Eq. (16) thejkja term in the exponent
dominates in the long-time limit only for momentak ,

kc, where

kc 

"
astd
bstd

#1ys22ad

~ tsa21dys22ad. (22)

For the special case ofa  2, the result is Gaussian
but the dynamics can be anomalous, as one can h
turbulentlike diffusion of the typekX2l , t3 [10]. When
the level density of the background is not constan
b . 0 and a  2, one can recover Brownian diffusion
[15]. For generala and b . 0, however, the results
are not yet known. For the range0 , a , 1, the long-
time behavior approaches a Gaussian process. At s
times, the dynamics is influenced byLa, and there is
a crossover from short time Lévy dynamics to norm
Gaussian expansion of the wave packet. In both cas
however,1 , a , 2 and0 , a , 1, the second spatial
moments are strictly speaking divergent. One should a
note that neitherastd nor bstd are linear in time; even
though the dynamics has the character of a Lévy proce
it is not a Lévy stable law.

Efforts to understand unusual stochastic behaviors
dynamical systems has led to the development of ext
1138
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sions of the Fokker-Planck (FP) equation [2–4]. The
are phenomenological fractional kinetic equations (r
stricted to one dimension) in which certain derivatives a
replaced by derivatives of “fractional” order [16]. Suc
approaches have also found applications in a wide ran
of problems from turbulence to diffusion in porous or vis
coelastic media [17]. We can now explore the type
stochastic process, which emerges in the classical limit
our quantum Lévy processes, and the connection to mu
dimensional fractional kinetic theory.

Typically, the phenomenological fractional FP equatio
has the form

≠dPsQ, td
≠tb


≠m

≠s2Qdm
fAsQdPsQ, tdg

1
1
2

≠2n

≠s2Qd2n
fBsQdPsQ, tdg , (23)

where m  n  1 in Ref. [4], m  n in Ref. [3], and
d  n  1 in Ref. [2]. Here the symbol≠my≠xm repre-
sents the Riemann-Liouville fractional derivative [16], ex
cept for Ref. [2], where it represents the Fourier transfo
of 2km. This equation, while formally constructed, is phe
nomenological. It is defined to reproduce anomalous d
fusion through scaling formulas such asQ2 , tg , whereg

is a function ofd, m, andn. A few points should be made
here. Generally, the coefficientsA and B are defined as
limits whose existence is postulated but not known. Fu
ther, either the form of the fractional derivatives is taken
provide this scaling law, or power law noise is chose
to obtain them [2,6]. Such dynamics can then be rela
to Lévy processes [1]. Finally, the extension of these eq
tions to phase space become tenuous, since it is not c
how to include momentum. Note only is it unclear if on
should take fractional derivatives with respect to coord
nates, momenta, or both, but the existence of the cor
sponding coefficientsA, B, . . . is unknown. Through our
transport equation, we can provide a microscopic interp
tation of these coefficients as well as a systematic man
to construct a fractional kinetic equation is phase spa
whose quantum limit results in Lévy processes.

To obtain a classical transport equation, we constru
the Wigner transformfsQ, P, td of the density matrix
rsX, Y , td as

f 
Z dR

2p h̄
exp

√
2

iPR
h̄

!
r

√
Q 1

R
2

, Q 2
R
2

, t

!
.

(24)

Applying this to our evolution equation, taking the leadin
order terms inh̄, we find
≠f
≠t


Z dR

2ip h̄2 exp

√
2

iPR
h̄

! (
2

h̄2

2M
≠Q≠R 1 U

√
Q 1

R
2

!
2 U

√
Q 2

R
2

!
2 iG#

É
R
X0

Éa
1 igh̄X0a sgnsRd

É
R
X0

Éa21

≠R

)
r

√
Q 1

R
2

, Q 2
R
2

, t

!
. (25)
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This leads naturally to the Reisz fractional integro
differential operator. This operator, applied to a functio
fsPd, is defined as [16]

s2DPday2f  F 21jXjaF f , (26)
where DP is the Laplacian (in our case with respect t
the momentumP), andF represents a Fourier transform
(This operator is distinct from that proposed in [2] which
o

t
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s

a

a
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.

did not have the absolute value, and from [3], which us
the Riemann-Liouville form of this operator. The Reis
operator is defined as a fractional integral for Rea , 0
and as a fractional derivative for Rea . 0 through ana-
lytic continuation.) It is convenient to define the oper
tor Da

P  s2iyh̄das2DPday2, sinceD2
Pf fg  ≠2fy≠P2.

Then the classical limit of our quantum Lévy process giv
rise to a fractional extension of Kramers equation:
≠fsQ, P, td
≠t

1
P
M

≠fsQ, P, td
≠Q

2
≠UsQd

≠Q
≠fsQ, P, td

≠P
 ga

(
D

a21
P fPfsQ, P, tdg 2

2TM
ah̄2 sih̄daDa

P f fsQ, P, tdg

)
,

(27)
as
s,

.

s-

s.

E

E

d

where T  1yb is the temperature and the operat
D a

P  s2iyh̄daF 21 sgnsXd jXjaF , with the property
D 1

PfPfg  ≠sPfdy≠P. The generalized friction coeffi-
cient is given by

ga 
bG#h̄a

2MXa
0

. (28)

For a  2 we recover Kramers equation [18]. What w
see is that it is not the coordinates which acquire
fractional character, as usually assumed, but the mome
Because the coupling to the background is not momen
dependent, the correlation functionGsXd results only in
fractional derivatives with respect to momenta. This c
be traced back to the nature of the chaotic correlatio
in Eq. (13). Further, these processes, related to L
processes, do not require the introduction of fractio
time derivatives. We note here that our transport the
has a consistent classical limit for all of these transp
coefficients only when they remain finite ash̄ ! 0. This
requires in turn that the parameters of our quantum the
cannot remain constant as̄h ! 0, if we are to recover a
well defined classical transport. Finally, we observe th
this approach provides finite coefficientsDQQ, DPP , DQP,
and so forth (e.g.,A, B, . . .) for a fractional kinetic equation
in phase space.

We have shown that the quantum evolution of a wa
packet in a chaotic environment can lead to reduced d
sity matrices which behave as Lévy processes. The sh
distance energy fluctuations of the background, which
characterized by a parametera [ s0, 2g, are found to be
precisely related to the quantum time evolution with
Lévy process of the same charactera. For a  2 one
has Gaussian processes, which can display normal to
bulentlike diffusion or Brownian diffusionsb . 0d, while
for a  1 one has the dynamics of the Dyson proce
The general quantum evolution of a wave packet display
crossover between Gaussian and Lévy dynamics. In p
ing to the classical limit of this behavior, we find that th
dynamical evolution results in a fractional kinetic equ
tion, which is a generalization of Kramers equation. F
a  2 Kramers theory is recovered. This approach p
vides a means to develop fractional kinetic theory in mo
than one dimension, since the expansion coefficients
determined from the microscopic theory. It also provid
the possibility to explore the connections between qu
r
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tum and classical transport in chaotic systems, as well
the links between chaos, quantum statistical fluctuation
Lévy processes, and classical fractional dynamics.
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