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Delocalization in Coupled One-Dimensional Chains
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A weakly disordered quasi-one-dimensional tight-binding hopping model withN rows is considered.
The probability distribution of the Landauer conductance is calculated exactly in the middle of
band, wheré ­ 0, and it is shown that a delocalization transition at this energy takes place if
only if N is odd. This even-odd effect is explained by level repulsion of the transmission eigenva
[S0031-9007(98)06686-1]
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The existence of delocalization transitions in a diso
dered one-dimensional system is surprising, as it go
against the general wisdom that disordered systems
less than two dimensions are localized [1]. Neverth
less a delocalization transition in one dimension go
back to Dyson’s work on models for a glass in 195
[2,3]. Dyson’s one-dimensional glass is related to a lar
variety of disordered systems: a one-dimensional tigh
binding model with nearest-neighbor random hoppin
[3], a two-dimensional asymmetric random bond Isin
model [4] which is equivalent to the one-dimensiona
random quantum Ising chain [5], one-dimensional ra
dom bond quantumXY models [6] and more generally
randomXYZ spin-1y2 Heisenberg models [7], and nar
row gap semiconductors [8]. These models are of curre
interest in view of their rich physics: new universality
classes, logarithmic scaling, the existence of strong flu
tuations calling for a distinction between average an
typical properties. They might also be useful laborat
ries to address the problem of disorder induced quant
phase transitions in higher dimensions such as the plat
transition between insulating Hall states in the quantu
Hall effect [9,10].

The one-dimensional nearest-neighbor random hopp
model is described by the Hamiltonian

H ­ 2
X
n

stncy
n cn11 1 tp

nc
y
n11cnd , (1)

where the operatorscy
n andcn are creation and annihila-

tion operators for spinless fermions, respectively, and t
hopping parametertn ­ t 1 dtn consists of a nonran-
dom part t and a fluctuating partdtn. The fundamen-
tal symmetry of the Hamiltonian (1) that distinguishe
it from one-dimensional systems with on-site disord
is the presence of a sublattice (or chiral) symmetr
particles can hop only from even- to odd-numbered site
The energy´ ­ 0 is special since it corresponds to
a logarithmically diverging mean density of states [2
Furthermore, there are several independent correlat
lengths that diverge foŕ ! 0 [7] indicating that the
energy ´ ­ 0 represents a (disorder induced) quantu
critical point [4,6,7,9]. In particular, at́ ­ 0 the con-
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ductance exhibits large fluctuations superimposed on
algebraically decaying mean value [10]. By contras
for nonzero energy the system described by Eq. (1)
noncriticial resulting in standard localized behavior:
typical sample is well characterized bykloggl, which
is proportional toL and has relatively small sample-to
sample fluctuations.

A different type of delocalization in one-dimensiona
disordered systems was considered recently by Hat
and Nelson [11], who considered a chain with on
site disorder and an imaginary vector potential. As
function of the strength of the imaginary vector potentia
the system reaches a critical point and goes through
delocalization transition.

The discussion so far applies to the case ofstrictly
one-dimensional systems. In this Letter we address
question of whether aspects of the behavior describ
above carry over to the multichannel case. Surprising
it will turn out that the answer depends on theparity
of the channel numberN : For N even, the system be-
haves very much like standard disordered multichan
wires; i.e., in the limitL ! ` all states are localized.
However, for N odd, precisely one mode remains cri
ical and, moreover, exhibits much of the behavior
the single critical mode of strictly one-dimensional sy
tems. For largeL, where the contribution of all other—
localized—modes is negligible, the phenomenology
the wire is determined by the contribution of the sing
critical mode, and, in this sense, remains critical. To o
knowledge, this parity effect was first noticed by Mille
and Wang in their study of random flux and passive a
vection models [12]. However, in that work, the effec
has been washed out by taking a two-dimensional th
modynamic limit. KeepingN finite, we here focus on
a different regime, where parity has pronounced ph
nomenological consequences.

To probe the onset of critical behavior as´ ! 0 we cal-
culate the probability distribution of the conductance. A
will be shown below the even/odd effect manifests itself
the level repulsionbetween transmission eigenvalues. W
also discuss the effect of staggering in the nonrandom p
of the hopping parametert (connected, e.g., to a Peierl
© 1998 The American Physical Society
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instability) and establish a relation between delocalizati
transition in random hopping models and in non-Hermitia
quantum mechanics.

To be specific, we consider the Hamiltonian

H ­ 2
X
n

NX
i,j­1

stn,ijc
y
n,jcn11,i 1 tp

n,ijc
y
n11,icn,jd , (2)

where the indicesi and j label the N chains. Weak
staggering in the hopping is introduced by settingtn,ij ­
tdij 1 s21dnt0dij 1 dtn,ij, where t0 ø t. We distin-
guish between the cases in which time-reversal symme
is present (b ­ 1, tn,ij real) from those where it is absen
(b ­ 2, tn,ij complex). The weakly fluctuating parts o
the hopping amplitudesdtn,ij are taken to be independen
and Gaussian distributed, with zero mean and with va
ancekdtn,ijdtp

n,ijl ­ by2yg, whereg ­ bN 1 2 2 b.
Upon linearization of the spectrum in the vicinity of the

Fermi energý ­ 0, the lattice model (2) can be approxi
mated by a continuum model obeying the Schröding
equation

´cis yd ­
NX

j­1

hijs ydcjs yd, i ­ 1, . . . , N , (3a)

hij ­ iyFdijs1≠y 1 yijs yds1 1 wijs yds2 . (3b)

Here c is a two-component wave function, correspond
ing to even- and odd-numbered sites in the original latti
model,y ­ 2na, a being the lattice constant, andyF ­
2ta is the Fermi velocity. The sublattice symmetry o
the lattice model (2) translates tos3hijs3 ­ 2hij , which
we refer to as chiral symmetry. The chiral symmetry di
tinguishes this system from one-dimensional systems w
on-site disorder, which do not show a delocalization tran
tion. The random potentialsy andw are Hermitian (yij ­
y

p
ji, wij ­ wp

ji) while, in the presence of time-reversa
symmetry, one has the further conditionyij ­ 2y

p
ij and

wij ­ wp
ij . Apart from the symmetry constraints, the ran

dom potentials are independent and Gaussian distribu
with meankyijsydl ­ 0 and kwijsydl ­ 2t0dij, and vari-
ancesy2 ­ 2y2abg21d

kdyijs yddyijs y0dpl ­ y2ds y 2 y0d s1 2 db1dijd

kdwijs yddwijs y0dpl ­ y2ds y 2 y0d s1 1 db1dijd .

In order to find the conductance at zero energy, w
calculate the distribution of the2N 3 2N transfer matrix
M, which relates wave functions at the left and righ
of a disordered strip of lengthL [13]. The eigenvalues
of MMy, which arise in inverse pairs exps62xjd, de-
termine the transmission eigenvaluesTj ­ 1y cosh2 xj

and hence the conductanceg through the Landauer
formula

g ­
NX

j­1

Tj ­
NX

j­1

1
cosh2 xj

. (4)

In the absence of disorder, all exponentsxj are zero, and
conduction is perfect,g ­ N . On the other hand, trans-
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mission is exponentially suppressed if allxj ’s are larger
than unity. Thexj ’s are related to the channel-dependen
localization lengthsjj ­ Lyjxjj. The largest lengthj
determines the exponential decay of the conductanceg
and serves as the localization length of the total system
coupled chains.

To compute the distribution ofM, we use the Fokker-
Planck approach pioneered for disordered wires with ra
dom on-site disorder by Dorokhov [14] and Mello, Pereyra
and Kumar [15]. Following the method of Refs. [14,15]
we first consider the case of disorder confined to a sm
strip0 , y , dL. Denoting the wave function fory , 0
by cjsLd and fory . dL by cjsRd, we find

cjsRd ­
NX

k­1

MjkcksLd , (5)

where the (random) transfer matrixM of the slice reads

M ­ Ty exp

(
y21

F

Z dL

0
dyfiys yd 2 s3ws ydg

)
. (6)

HereTy denotes the ordering operator for they integration.
For any given realization of the disorder, the transfe

matrix has the following symmetry properties:

s3Ms3 ­ M schiral symmetryd, (7a)

Ms1My ­ s1 sflux conservationd, (7b)

Mp ­ M stime reversald. (7c)

Taking the symmetries (7) into account, we find that th
transfer matrix can be parametrized as

M ­ u expsxs3dy , (8)

whereu and y are the tensor product ofN 3 N unitary
matrices (orthogonal ifb ­ 1) with the 2 3 2 unit ma-
trix and x is a diagonalN 3 N matrix with real diago-
nal elementsx1, . . . , xN . The numbersx1, . . . , xN are the
radial coordinates of the transfer matrix (eigenvalues
1
2 logMMy), and the matricesu andy are the angular co-
ordinates. In contrast to systems without chiral symmetr
thexj can be both positive and negative.

The transfer matrix of a system of lengthL is found by
multiplication of the transfer matrices of the many individ
ual slices of widthdL. As each multiplication results in
a small change of the radial coordinatesxj , they perform
a “Brownian motion” [14,15]. Upon multiplication with
the transfer matrix of a slice of widthdL, we find that the
radial coordinatesxj change according toxj ! xj 1 dxj,
where the first two moments of the incrementdxj, aver-
aged over the disorder configuration in the added slice, a
given by

kdxjldL ­
bdL
2,g

√
2f 1

X
kfij

cothsxj 2 xkd

!
, (9a)

kdxjdxkldL ­
dL
,g

djk . (9b)
863
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Here the mean free path, and dimensionless staggering
disorder ratiof read

, ­ y2
Fy4y2a, f ­ gt0yFyy2ab . (9c)

The first term on the right-hand side of Eq. (9a) resul
in a simultaneous drift of all radial coordinatesxj . The
second term describes repulsion between nearbyxj in the
Brownian motion process. The Fokker-Planck equatio
corresponding to Eq. (9) reads

,
≠P
≠L

­
1

2g

NX
j­1

≠

≠xj

√
bf 1 J

≠

≠xj
J21

!
P , (10a)

J ­
Y
k.j

j sinhsxj 2 xkdjb . (10b)

The initial condition corresponding to perfect transmissio
at L ­ 0 is Psx1, . . . , xN ; 0d ­

Q
j dsxjd.

The Fokker-Planck equation (10) is the central resu
of this Letter [16]. It contains all information on the
transport properties of the random hopping system
zero energy. Equation (10) is the chiral analog of th
so-called Dorokhov-Mello-Pereyra-Kumar (DMPK) equa
tion, which governs the evolution of the transmissio
eigenvalues of a disordered wire [13–15]. The key diffe
ence between the two equations is the presence of “mirr
imaged” eigenvaluesxj in the DMPK equation, which are
absent in Eq. (10). [For wires with on-site disorder, th
eigenvaluesxj not only repel from different eigenvalues
xk , cf. Eq. (9a), but also from the mirror image2xk; in
particular,xj and2xj repel.]

In the absence of time-reversal symmetry (b ­ 2), the
DMPK equation has been solved exactly by Beenakker a
Rejaei [17] by a mapping to a problem of noninteractin
fermions. Using the method of Ref. [17], we have bee
able to find an exact solution of Eq. (10) forb ­ 2. It
reads

P ­ csLd
Y

j

exp

√
2fxj 2 x2

j
N,

L

!

3
Y
k.j

sxk 2 xjd sinhsxk 2 xjd , (11)

wherecsLd is a normalization constant. The exact solutio
(10) has a formal analogy to the distribution of eigenvalue
of a random matrix: it consists of a pair interaction and
potential part. However, while for random matrices th
eigenvalue interaction is quadratic, here we find a mo
complicated level repulsion. Comparing our result (11)
the exact solution of Beenakker and Rejaei, we note t
absence of the mirror-image eigenvalues in the interacti
and potential factors. No exact solution of Eq. (10) fo
b ­ 1 could be found.

To determine whether the system is at a critical poin
we investigate the distribution ofxj ’s for L ! `, which
can be obtained from Eq. (9) for bothb ­ 1 andb ­ 2.
For L ¿ N,, the radial coordinatesxj are well separated,
say,x1 ø · · · ø xN . We then find from Eq. (9) that the
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“dynamics” of thexj ’s (j ­ 1, . . . , N) separate, and tha
they show small Gaussian fluctuations around equidis
equilibrium positions,

kxjl ­ sN 1 1 2 2j 2 fdLby2,g, var xj ­ Lyg, .

(12)

This is the so-called “crystallization of transmission eige
values” [13], which is a signature of localization in wire
with on-site disorder. Transmission is exponentially su
pressed ifall radial coordinatesxj are larger than unity,
cf. Eq. (4). For on-site disorder allxj ’s grow linearly
with L [13], which inevitably leads to strong localization
(Within the framework of the DMPK equation, this resul
from the repulsion betweenxj and the mirror image2xj.)
The situation is different for the coupled random hoppi
chains, where we find from Eq. (12) that the radial coor
natexj remains (on average) close to zero, thus result
in a delocalized state and a critical point, provided

N 1 1 2 2j 2 f ­ 0 . (13)

As a result, in the absence of staggering (f ­ 0), a
critical point existsonly if the number of chains is odd
If there is no staggering, an even number of coup
random hopping chains show an exponential decay of
conductance. The conductance distribution at the crit
point follows directly from the Landauer formula (4) an
the Gaussian distribution of the radial coordinatexj. As
fluctuations ofxj around zero are large [see Eq. (12)], th
conductance at the critical point shows large sample
sample fluctuations, and the random hopping chains at
critical point can by no means be regarded as a “go
conductor.”

The parity effect for the presence of a critical poi
in the absence of staggering can be understood fr
the “level repulsion” of the variablesxj . In the large-
L limit, where x1 ø · · · ø xN , the coordinatesxj repel
by constant forces; see Eq. (9a). For an even numbe
channels, there is a net force on allxj ’s, driving them
away from0 and resulting in an exponential suppression
the conductance (see Fig. 1a). However, as is depicte
Fig. 1b, if the number of channels is odd, there is no fo
on the middle exponentxsN11dy2. Therefore, this variable
will remain close to zero and give rise to a divergin
localization lengthj ­ LyjxsN11dy2j and a critical state.
For comparison, in the case of a wire with on-site disord
the repulsion betweenxj and its mirror image2xj results
in a nonvanishing force for all radial coordinates [13] (s
Fig. 1c).

By fine-tuning the staggering parameterf (9c), which
measures the ratio of the uniform staggeringt0 and the
random disorder strengthy, an additionalfNy2g critical
points can be reached, for both even and odd number
chains (fNy2g is the largest integer# Ny2). According
to Eq. (12), as the staggering parameterf approaches the
critical value f ­ 2j 2 N 2 1, the localization length
j ­ jj ­ Lyjxjj diverges with (critical) exponent1.
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FIG. 1. The parity effect results from level repulsion betwee
the transmission eigenvalues. (a) For an even number
chains, all radial coordinatesxj are repelled away from0, while
(b) for an odd number of chainsxsN11dy2 remains close to
0. (c) Repulsion from mirror images for a wire with on-sit
disorder results in a positive driving force for allxj .

The fact that we find exponential suppression of t
conductance if Eq. (13) is not obeyed may be due
either the existence of localized states or to a gap in
spectrum. For instance, in Peierls materials, stagger
opens a gap in the excitation spectrum, which explains
exponential suppression of the transmission even for z
disorder. The presence of disorder leads to a finite den
of states below the excitation gap, but these subgap st
are localized except for critical realizations of the disord
strength that satisfy Eq. (13).

In conclusion, we discuss the relation between the cr
cal points for the multichain random hopping model stu
ied in this Letter and the Hatano-Nelson delocalizatio
transition in (one-dimensional) non-Hermitian quantu
mechanics [11]. The relation between the two systems
established through the “method of Hermitization” [18
in which the non-Hermitian problem with “Hamiltonian”
h at (complex) energyz is made Hermitian by consider-
ing the HamiltonianHz ­ s1Resh 2 zd 1 s2Imsh 2 zd.
An eigenfunction ofh at eigenvaluez is an eigenfunction
of Hz at eigenvalue0 and vice versa. For complex disorde
in the the non-Hermitian system, we find that theN-chain
non-Hermitian problem maps to2N coupled chains with
Hermitian quantum mechanicsand with chiral symmetry.
The staggering parameter in the chiral system plays the r
of an imaginary vector potential considered by Hatano a
Nelson [11]. Thus, comparing the non-Hermitian proble
with the random hopping chain containing an even numb
of rows, we deduce that, in the absence of an imagin
vector potential, the non-Hermitian system is localize
Since the imaginary vector potential maps to the stagg
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ing, a series ofN critical points (and the corresponding
branches of delocalized states with complex energy; s
Ref. [11]) can then be obtained by tuning the values of t
imaginary vector potential.
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